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A POCKET-BOOK FOR MECHANICAL ENGINEERS. By 
DAVID ALLAN Low. Feap. 8vo, 740 pages, gilt edges, rounded 
corners. With over 1000 specially prepared Illustrations. Fourth 
Edition, Price 7s, 6d. 


Press Opinions. 


‘*Tf we turn from such general matters to something more specific, we find the 
same brief, almost curt, but still effective, treatment. Thus the formule and 
figures which the locomotive engineer needs to have at his finger tips are all 
given clearly, but without any waste of words. 

tt One of the good characteristics of Mr. Low’s work is the wide use he 
has made of valuable authorities. . . . In the section on heat there is some clever 
work in definitions and their elucidation. We cannot devote more space to the 
consideration of this little volume, and probably we have already said more than 
enough to show that we rate it very highly.”—The Engineer. 

‘Opinions may differ as to what shape and size may be carried in a pocket 
with comfort, but we venture to think that opinion will not differ much as to the 
merits of its contents, for it is without doubt one of the very best and ‘ up-to-date ’ 
pocket-books which have been published.”—The Railway Engineer. 

‘* Everything which in the literary way Mr. Low puts his hand to has finality 
and reliability. . .. Certainly this pocket-book of tables and rules is no excep- 
tion to the rule, 

‘* We have nothing but praise for the volume, and mechanical engineers will 
find in it a boon.”—Jndustries and Iron. 

** Although the last few years have seen several additions to an already fairly 
large number of engineers’ pocket-books, it is safe to say that Mr. Low’s recently- 
issued work merits the first place among modern works of this character.”—The 
Mechanical World. 

‘* Any work by Mr. David Allan Low would find ready acceptance among 
engineers and engineering students, and we have no hesitation in saying that 
the pocket-book for mechanical engineers is altogether admirable and excel- 
lent. . . ."—The Science and Art of Mining. 

** Will certainly take a prominent place amongst works of a similar character. 
. .. This pocket-book is very freely illustrated, and will be widely appreciated 
when it becomes known.”—English Mechanic. 

“ This is an altogether admirable work of the most complete kind. 

‘* We have been through the book with great care . . . and conclude by 
confidently recommending it to mechanical engineers of every grade in the 
profession.” —Invention. 

‘The author is to be congratulated on having produced a pocket-book for 
mechanical engineers which will be found indispensable, and will, we feel sure, 
be adopted in every drawing office and workshop asa standard book of reference.” 
—The Steamship. ° ; 

“Tt is a mine of vaiuable information presented in a terse form, easily under- 
stood by engineers. 2 

‘*The book is beautifully printed- and the type is astonishingly clear.”— 
Scientific American. 

‘* A lack of space alone prevents us from giving this book the extended notice 
which it deserves, for it is a complete and reliable work, worthy of a prominent 
place among the works intended for mechanical engineers.” —American Engineer. 

‘* A pocket-book for mechanical engineers, which is the most complete work 
of that nature yet produced in comp2ct form, 

‘*Tn illustrations, letterpress, paper, and general make-up the work is a credit 
to the author and to the publishers.”—Toronto Globe. 

“This is not a ‘scissors and paste’ production, as many engineering manuals 
are, but 4 genuinely valuable pocket-book for mechanical engineers, 

“* We can cordially recommend this useful work to all mechanical engineers.” 
—British Journal of Commerce. 

““. ,. Isreally one of the best of its kind.”—Leeds Mercury. 

‘“*. . . Is welcomed as an important addition to the class of literature dealing 
with engineering work. . . . Much care and thought have been exercised in the 
compilation of the work, which may be confidently regarded as a reliable aid to 
the theoretical and practical engineer.”—Nottingham Daily Guardian. 

‘** Professor Low has probably produced the best work of its kind, the most 
rattan SC most reliable, and by far the most illustrated.”—Newceastle Daily 

ronicle, 

“To railway and hydraulic engineers, boiler-makers, or machinery con- 
structors the work will be invaluable.”—The Dundee Advertiser. 
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PREFACE 


| THe subject of Applied Mechanics is one which covers a very wide field, 
and it would not be possible adequately to cover the ground in a single 


volume. In the present work the author has attempted to compress into 


one volume of moderate dimensions sufficient material for a two years’ 
course in the subject. To carry out this object the author has endea- 
voured to be as clear and concise as possible, and he has written the text 


on the assumption that the student will spend a considerable time in 


working out the numerous exercises which are given. _ 

The illustrations, which are very numerous, have all been specially 
prepared for this work, they have been made as small as possible 
consistent with clearness, and they have been set up with the text in 


i such a manner as to be in close connection with it and to economise 
___ Space as much as possible, 


- 


_ A special feature has been made of the exercises, which will be found 

in groups in the various chapters. Of the 780 exercises given, 600 are 

/ original, and the author has given as much attention to these as to the 

text. The remaining 180 exercises have been selected with great care 

3 from the examination papers of various examining bodies. Many of the 

___ exercises will be found to amplify the text, and thus add to the scope of 
the book. = 

The author would here desire to impress upon the student the great 

- importance of working a large number of exercises. A student may 


Pcie, imagine, after hearing a lecture, or after reading the text on a part of 


the subject, that he knows it thoroughly, and that he may therefore 


os ~ leave it, but he will generally find, if he proceeds to apply his knowledge 


to a practical example, that some important point has escaped his 
attention or has not been thoroughly understood. This applies to the 
_ clever student as well as to the student of ordinary ability. Besides, the 
working of exercises is essential for thoroughly impressing the subject on 
his mind. Another matter of very great importance to the student is 


the cultivation of neatness and accuracy and the systematic arrangement 


of his work. 
The majority of the exercises given involve numerical answers, and 


these will be found at the end of the book. Some teachers who may use 


this book in their classes may object to their students having the answers 
v 
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to the exercises beforehand, but such teachers may, if they choose, make 
simple alterations in the data of the exercises before giving them to their 
students, and thus in an easy way have their own set of good exercises. 
The answers given at the end of the book will, however, be useful to 
students who may be studying privately, and also to conscientious and 
industrious students who may desire to get thoroughly familiar with the 
subject by working examples. 

The three chapters on the design of structures have been written and 
illustrated, on lines suggested by the author, by Mr. E. H. Salmon, B.Se. 
(Lond.), A.M.Inst.C.E., and the author feels that these chapters will add 
very considerably to any merit which the other chapters may give to the 
book. 

To Mr. J. W. Barrett the author is deeply indebted for the great care, 
intelligence, and skill which he has bestowed on the preparation of the 
illustrations from the author’s pencil drawings and sketches. 

A good and enthusiastic teacher interested in his subject does not as 
a rule follow strictly any particular text-book, not even if he has written 
it himself, and many of the best teachers seldom refer to any text-book 
in their lectures. It is, however, very important that a student should 
form as good a library of his own as he can afford, and the author of this 
book hopes that it will not be unworthy of a place in such a library, 
especially in the initial stages of its formation. 


D. A. L. 


East LONDON COLLEGE (UNIVERSITY OF LONDON) 
September 1909. 
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APPLIED MECHANICS 


CHAPTER I 


PRELIMINARY 
(Mainly for Reference) 


1. Definitions Relating to Divisions of Subject.—Newton used the 
term mechanics for “the science of machines and the art of making 
them,” but the term has been used by most writers since Newton’s time 
for the science which treats of the laws of motion and force. This 
includes (1) kinematics, the science of motion without reference to its 
cause ; i) statics, the science of forces which balance one another ; and 
(3) kinetics, the science of unbalanced forces, or the relations between 
motion and force. Many modern writers use the term dynamics in the 
same sense as that of mechanics as just defined, but the most logical 
writers restrict the term dynamics to statics and kinetics, and consider 
kinematics as a branch of pure mathematics. Writers who use the term 
mechanics in place of dynamics generally apply the latter term to what 
has been defined above as kinetics. 

In statics the forces considered may act at a point, or on a solid, a 
liquid, or a gas. That branch of statics which considers the relations 
between forces acting on a liquid at rest is called hydrostatics, and that 
branch which considers the equilibrium of a gas is called pneumatics. In 
hydrodynamics the relations between motion and force in fluids is con- 
sidered. Hydraulics relates to the application of the principles of hydro- 
statics and hydrodynamics to engineering. 

2. Values of Various Constants.—Except where otherwise given, 
the values of the more common constants required in working the 
exercises in this book should be taken as given below. Various useful 
functions of 7 are also given. 

Ratio of the circumference of a circle to its diameter = 7 = 3°1416. 


72=9-8696. 7*=31-0063, Yr=1:7725. fr =1°4646, 


© 1 =Q: te ° 1 =() 9 1 ='68? 
Zr O13 7,=003225, 7 =05642, 7, = 06828. 
1=0:3183, Log + =0°49715. 


Accelerating effect of gravity =g = 32-2 feet per second per second. 
Weight of 1 cubic foot of water = 62°3 Ibs. 
1 gallon of water at 62° F. weighs 10 lbs, 

A 
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3. The C. G. S. System of Units.—This is the system of units 
recommended, for scientific purposes, by a committee of the British 
Association. The centimetre is the unit of length, the gramme is the 
unit of mass, and the second is the unit of time. 

- The unit of area is the square centimetre. 

The unit of volume is the cubic centimetre. 

The unit of velocity is a velocity of a centimetre per second. 

The unit of momentum is the momentum of a gramme moving with 
a velocity of a centimetre per second. 

The unit of force is that force which generates a unit of momentum 
in a second, and is therefore that force which, acting on a gramme for 
one second, generates a velocity of a centimetre per second. This unit 
of force is called the dye. 

The unit of work is the work done by a force of a dyne acting through 
a distance of a centimetre. This unit of work is called the erg. 


4. Equivalents of Ordinary British and C. G. 8. Units. 
1 foot = 30°479 centimetres. 
1 centimetre = 0°0328 foot. 
1 square inch=6°451 square centimetres. 
1 square foot = 928-997 square centimetres. 
1 square centimetre = 0°155 square inch = 0:001076 square foot. 
1 cubic inch = 16-386 cubic centimetres. 
1 cubic foot = 28315°3 cubic centimetres. 
1 cubic centimetre = 0°061027 cubic inch = 0:00003532 cubic foot. 
1 lb. avoirdupois = 453°593 grammes. 
1 gramme = 0°0022 Ib. avoirdupois. 
1 foot per second = 30°479 centimetres per second. 
1 mile per hour = 44°703 centimetres per second. 
1 centimetre per second = 0°0328 foot per second = 0:02237 mile 
per hour. 
1 Ib. per cubic foot = 0°01602 grammes per cubic centimetre. 
1 gramme per cubic centimetre = 62°4245 lbs. per cubic foot. 
Accelerating effect of gravity =32°2 feet per second Sg second — 
= 981:44 centimetres per second per second. 
In the equivalents below g is taken = 981 centimetres per second 
per second. 
1 lb. avoirdupois = 444974 dynes. 
1 gramme = 981 dynes. 
1 foot-pound = 13562570 ergs. 
1 kilogrammetre = 98100000 ergs. 
1 lb. per square inch= 68974 dynes per square centimetre. 
_ 1 Ib. per square foot = 478-98 dynes per square centimetre. 
‘1 kilogramme per square centimetre = 981000 dynes. per square 
centimetre. 


5. = ei. 2 asaam — 


2 
+ax+b=0, then #= r5e sven! — 46 
The roots of an equation are the values of x which satisfy the e cin 
If a and B are the roots of the equation ee Ge. b=0, then | e+P= —a, 


and By 


PRELIMINARY % 
_ ie equations.—If “poo ape then Cardan’s wes gives 


vf Se 

oe “af beak ere oy +{-8 2 att) is 
The equation x + px* + gu +1=0 may be reduced to the form 
a A b=0 by substituting af for x in the given equation. 
‘The terms a, , (a+ 5), (a+ 2b), (a+ 3b), ete., are in arithmetical pro- 
on. The vn‘ term re the beginning is a+ (n - 1). 


r oo bhemglene 1}. 


_ If M, A, and N are in arithmetical progression, then anh, 
3 Ab the arithmetical mean of M and N. 
‘es a Geametrical progression. 


The terms a, ar, ar’, ar’, etc., are in tag progression, 
ES ~The n*™ term from the beginning i is ar"! 


4 a The sum of m term = “0” — 1)_a(l- my 


ee a: -l l- =f 


..@ If ris less than 1'the sum of an infinite number of terms is ics 
3 aM M, G, and N are in geometrical progression, then G= ./MN, and 
the geometrical mean of M and N. 


Saeco Ss, =sum of n terms. 
8, =14+243+. - tn=5(n+1). 


2 (n+ 1)(2n + 1) 
6 


8, = 124+ 224+ 37+. o'te.-e. + 
>. . | 
a foam TP 4: SP es --* . oy tnte (MOE DY 


& Binomial Hessese (a+a)"= 
“f Se enertes Gantt ME) ee) 


, a 


(n-2) . . (n-r+l) | 


: 1 
‘he @ 1) term of (a+z)"= ae=)) G uae f 
Aeoe jr, read factorial r,=1.2.3....... 7% 
hase 5) and logarithmic series. 
At? A®x? Atz 


with ied Bod se 


2 Pikes A=log,a, and e = base of Napierian von” of logarithms, 
rs he, e= 271828. . . 
ne : hat +0)=2- matt, a 
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Logarithms.—If a®=N, then # is the logarithm of N to the base a. 
In the common system of logarithms the base is 10. In the Napierian 
system of logarithms the base is e= 2°71828. . . . Napierian logarithms 
are also called natwral and also hyperbolic logarithms. 


log (A x Bx C) =log A+log B+ log C. 

log }}=log A —log B. log A” =n log A. log hws log A. 
aa = _ log b 

If a*=0, then x log a=log b, and oS loa ; 


The foregoing rules are true whatever be the system of logarithms 
used. 


If ~=log,m, and y elegy: then y= log,a = log : 


x 
logy @ 
log, 10 = 2°3026 nearly, and log,,¢ = 0°4343 nearly. 


If x=log,,m, and y=log.m, then y= log,10 = 


6. Trigonometrical Formule.— 


cosec A = pany ee sec A = fore 
sin A 1 cos A ti 
tan A= A eta. cotA = A tanA’ 
sin? A +cos? A= 1. 
sec? A=1+ tan? A. cosec? A = 1 + cot? A. 


sin (A +B) =sin A cos B + cos A sin B. 
sin (A — B) =sin A cos B -- cos A sin B. 
cos (A + B)=cos A cos B — sin A sin B. 
cos (A — B) =cos A cos B+ sin A sin B, 
_ tan A+tan B 
tan (A+B)=i~4tan A tan B’ 
tan A -—tan B 
tan (A-B)=Tyitan A tan B’ 
sin 2A =2 sin A cos A. 
cos 2A =cos? A — sin? A =2 cos? A—~1=1 —-2 sin? A, 
2 tan A 
1-tan? A’ 
2 tan A oA = La tan? A 
1+tan? A’ 08 ae TF ten AL 
sin 3A=3 sin A—4 sin? A. 
cos 3A = 4 cos? A — 3 cos A. 


3tanA—tan? A 
tan3A= 1-3 tan? A ‘ 


. 


tan 2A = 


sin 2A = 


PRELIMINARY 
oh ras pee gm Bosal - sin? B = cos* B — cos® A. 


cos (A + B) cos (A — B) = cos* A — sin? B = cos? B — sin? A. 
sing = + YE(T= ond) cos A). A_ sinA 
peed: J/1+sin AL 


sin 3-008 = + ,/1—-sinA. 


yoy heceg ame ee abe A-B). 
2 cos A sin B=sin (A + B) —sin(A-B 

2 cos A cos B= cos (A + B) + cos (A ~B 
— 2 sin A sin B =cos (A + B) — cos (A — B). 


sin A +sin B=2 sin “+P eos A-®. 
Gia A atin Baten 442 ag AWB 
cos A +cos B= 2008 A+B eos A-F. 

A+R AR -B 


cos A —cos B= — 2 sin 5 sin 


4. Formule for Triangles.—a, }, and ¢ are the sides of a triangle, 
and A, B, and C are the opposite angles. 


athb+e= 2s, A+B+C=180". 


a b c 


> Jon Se = bcos C+ ene Bi 
aA ain B an© eens ae 


a? = b? +2 — Qhe cos A. ge see 
2he 
sin 4. ape aR 
A 8(s — a) A_ (s- b)(s—¢) | 
“op a be ~ 2 ~s(s—a) 


sin A= o Valea) 0). 


tan Bt cot 
2 a+b 


| Area of triangle =A — Pe sin A= ,/s(s— a) (s— 0) (s—c). 


, 
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R=radius of the circumscribing circle of a triangle. 
vr =radius of the inscribed circle. 


__ @ _ abe PRN sie 
“San A 4A" atb+e 


8. Differential and Integral Calculus. —The curve APB (Fig. 1) is 
the graph of the equation y= 202 — 2x73. Let # and y be the co-ordinates 
of the point P on the curve. Take another point Q on the curve near 
to P, and let its co-ordinates be « + dx and y + dy. Then for P, 
y= 20. — 2°, and for Q 


y + dy = 20 (a+ dx) — 2 (w+ dx)8 
= 20x + 208x — 2a — 6x?dx — 6(8z)? — 2(dx)8, 
fhetefore dy = 208a — 6xda — 6x(dx)? — 2(dx)°, 


and rd = 20 — 6x? — Gade — 2(8n)?. 


Now let Q approach nearer 
and nearer to P so that dz and 
dy get smaller and smaller, “ 
then the terms 6x32 and 2(dx)? ATS 
will get smaller and smaller, jg 
8 
approaches Ls 4 
nearer and nearer to 20 — 622. 

In the limit when Q is inde- 5 , 
finitely near to P the ratio A 
oy - ; dy 
Sr 18 written da? 
to 20 — 6x. 

dy 


The ratio ae is evidently a measure of the slope of the curve or 
2 


(25 


.* 
i\ 


and the value of 


me f -|— SS Lf 4 


ty 
—) 


and is equal 


tangent at any point whose co-ordinates are « and y. Also, - is a 
x 
measure of the rate of increase of y with respect to x. 
The ratio a is called the differential coefficient of y with respect 


to x. 

At the highest point B of the curve APB, y has its maximum value, 
and the slope of the tangent CB is zero. Hence where y is a maximum, 
= = 20 —62?=0, or x= a =1:826 nearly, and the maximum value 
of y is 20 x 1°826 — 2 x 18263 = 24°34 nearly. 


The process of finding a differential coefficient is called differentiation. 
Now let ue 20 — 6x? be plotted as shown by the curve A’P’B’ 


in Fig. 1. Then, when dx and dy are very small, ual very nearly, 


and wx = dy very nearly. But wd is the area of the shaded strip very 
nearly when 6x is very small, and when dx is indefinitely small wdx= dy. 


= _ PRELIMINARY 7 
___ Next suppose the figure HJ’P’K’L to be divided into an infinite 
_ number of indefinitely narrow vertical strips, each of width dz and 
_ Variable height u. Let the ordinates of J and K be denoted by y, and y, 
respectively ; also let the abscissw of these points be denoted by ~, and x, 

respectively. The sum of the areas of the strips into which the figure 
a4 


_HJ’PK’L. is supposed to be divided is written Y ude or | udz, where 
 * Cs 
© is the Greck lettor sigma, and f is the old English letter 8. The 
expression fuze is read, “the sum of successive values of udx between 
. 2 


the limits «=a, and x=2,.” 
Since for each strip udx = dy, it is obvious that the sum of the areas 
of the strips is y,—y,. But y,=202,—2x3, and y,=20z,—2z}, 
therefore 


v9 
| wile = 20(a', — x,) — 2(a3 — x3). 
. Ly 
In Fig. 1 2,=0°5, and x,=1°5, and inserting these values in the 
; expression 20(a,—2,)—2(x;—a}), the area of the figure HJ’P’K’L is 
found to be 13°5, where the unit of area is a rectangle whose base is 
LT inch and height 0°05 inch. ' 


The expression [ute is called the definite integral of udz, and the 
a 


expression fudz where no limits are specified is called the indesinite 
integral of udx, or the indefinite integral of u with respect to 2. 
The process of finding an integral is called integration, and f is the 

symbol of integration. 
wf In the foregoing example fuda« = {dy =y = 20x — 22° is the indefinite 
integral of udx or (20 — 6x*)dx. 
_ The process of integration is seen to be the reverse of that of 
differentiation. 

If y is a function of 2, then a. u, and fudx=y are equations which 


- follow, the one from the other. 
In the process of integration expressed by fudr=y, y has to 
‘be found, and uv must first be recognised as the differential coefficient 
of some function of z, and that function of 2 being known, y is 
found. 
Constant of integration.—Suppose the example already discussed in 
which y= 20x — 22° to be altered so that y=20r—2z+10. It is easy 


~ to show, by the method already used, that 4y= 20- 6x2, the same as 


before. Hence in integrating (20-6z2%)ir the result, to be quite 
general, should be written J(20 — 6x)\de = 202 — 2284+C, where C is a 
constant of integration which has to be determined from other con- 
ditions. For example, it may be known that when z=0, y=0, then C 
must equal 0, 

The following table contains the differential coefficients and integrals 


vus 
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likely to be required in ordinary engineering problems. Those in the 
first and second lines occur most frequently. 


y=C dy _ hohe [uan=cx 
da 
d: . =e 
yaa Y= naxn 1 ear" fude= am 
(except when n= — 1) 
y=a logx So auiae u=ag-1= [ude log « 
1 
ya qY — abe uae [uae = fo 
y=a sin ba at EP cos bx u=a cos be [ude = sin bx 
dx b 
d : : 
y=a cos bx ah= — ab sin ba u=a sin ba [ude =~ $ 00s bx 
dy _ ap 2h 2 a 
y=a tan bx ister ee u=a sec bx Jude = ¢ tan bx 
y=a cot bx Bs —ab cosec? bz u=a cosec? bx [uae = -¢ cot bx 


The differential coefficient of a constant is zero. 

The differential coefficient of the sum of a number of functions is the 
sum of the differential coefficients of the functions. 

Thus, if y=w+v+w, where w, v, and w are functions of x, then 


dic die de dee’ 

The differential coefficient of the product of a number of functions is 
found by multiplying the differential coefficient of each factor by all the 
other factors and adding the products thus formed. Thus, if y=wvw, 
dy _,,, du dv, dw 
dz dz da da 

The differential coefficient of the quotient of two functions is found 
as follows: From the product of the denominator and the differential 
coefficient of the numerator subtract the product of the numerator and 
the differential coefficient of the denominator, “8 divide the result by 


where u, v, and w are functions of x, then 


the square of the denominator. Thus, if y= 7, where ~ and v are 


y_ oft 
functions of 2, ae dx dz 
Hi - eee * 
Function of a function.—If y is a function of uw, and w is a function 
dy _dy du 


of z, then 7 =— +a For example, let y= /at+tba+cx. Put 


i 
— &@=a+be+cx*, theny= /u=u and dy = ful? = Junt= = 
; du 


and radius of the circle of curvature are called 
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1 
i Jatteteat’ 


Also, SY = 0 + 2ex, therefore ay __ b+ dex 
; dz 


| 2 Jat ba + cx” 
Successive differentiation.—If y is a function of «, and o =u, where 
Fig 


u is also a function of x, then mo, where v is another function of «. 
du dt. 2 

Hence, 7 dx, and this is written et 

—— ¢ la dx 


The integral of the sum of a. number of functions is equal to the 
sum of the integrals of the functions, Thus, 


(ax + ba")de = [ae + [eae +C, 
where C is the constant of integration. 


9. Circle of Curvature.—APB (Fig. 2) is any curve. M and N are 
two points on this curve, on opposite sides of the 
point P. A circle may be drawn through the three 
points M, P, and N. If the points M and N be 
moved nearer to P, then when M and N are inde- 
finitely near to P, the circle becomes the circle of 
curvature of the curve APB at P. The centre 


the centre of pitoatene and radius of curvature 

respectively. or “ 
Let CPD be the eisile of curvature of the Fic. 2. 

curve APB at P. Let X and Y be the co-ordinates 

of the point P, considered as a i point on the circle CPD. Then, 

(X-a)?+(Y¥ —-b?=R* 


Differentiating once, (X —a)+(Y—- wr : aohe 


2 
Differentiating again, 1 + (%) + (x- - “ex otk: 


Let x and y be the co-ordinates of the point P, considered as a point 
on the curve APB. Then X=, and Y=y. Also, since the circle CPD 


and the curve APB have the same tangent at P, ay and “Y denote 


dX dz 
the slope of this tangent, therefore e a. Lastly, since the circle 
: c 
CPD and the curve APB have the same curvature at P, and since 
curvature is measured by the rate of change of the slope of — 
ey _@y, ly (2 y pty —0. 
aX2 de? hence, z-a+(y—- t= 0, and 1+ +(y—b)— 78 


: 
1+(# * dy { + (92) ; 
det da\ ~~ \dx} J, 
: Therefore, y-b= == Oy and 2-—-a=-—— By ee. 


10 APPLIED MECHANICS 


Substituting these values in the equation (X —a)?+(Y — ap = R?, the 


iaatk Se 


d*y 
da? 

The sign to be taken in the numerator of the right-hand side of this 
last expression should be the same as that of the denominator, so as to 


make the value of R positive. 
If the curvature of a curve is very small, and the inclination 0 of the 


result R= is obtained. 


tangent at any point is small (Fig. 3), then ge tan 0 Y 


dt 
is also small. In this case the expression just found eae ly 


A “bag . * 
for R becomes R=dy nearly or soo and this Fig. 3. 

dx? | 
is sufficiently accurate for the curves into which beams and struts 
deflect. 


10. Construction of Parabola.—A problem of very frequent occur- 
rence is, given the vertex A (Fig. 4), axis 
AB, and double ordinate CBD of a para- C B D 
bola, to construct the curve. Complete the 
rectangle CDEAF. Divide AE into any 
convenient number of equal parts, and 
divide ED into the same number of equal 
parts. Join the points of division on ED | 
with A. Lines through the points of 
division on AE parallel to AB to meet F Att 2.3 € 
the former lines as shown determine points Fra. 4. 
on one half of the curve. Points on 
the other half of the curve are found in a similar manner. 


11. Equations to Parabola.—OK (Fig. 5) is a fixed straight line, 
and F is a fixed point. P is a point which moves in the plane of F and 
OK, so that its distance from F is always equal to its distance from 
OK. The path of P is a parabola, whose axis is the line through F 
perpendicular to OK. The line OK is called the directrix, and the 
point F the focus of the parabola. The curve cuts the axis at A, the 
vertex of the parabola. FA is equal to AO. 

Draw PK perpendicular to OK, and PN perpendicular to the axis. 
Draw the tangent to the parabola at A, and let it meet PK at K’. The 
tangent at A is obviously perpendicular to the axis of the parabola. 


Let FA=a, PN =a, and PK’= 

Then PN? +FN?= adit = ON? 

That is, a? +(y—ayP=(y+a)y. 

Therefore tR=4ay . : ; : i, Os 


which is the equation to the canbe referred to the axis of the 
parabola and the tangent at the vertex, the axis being the axis of y, and 
the tangent the axis of x. 

If the axis of « be moved parallel to itself until it is at a distance 


a 
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b from the vertex (Fig. 6), then y in (1) will become y+, and the 


es — equation will be 


BG Basay+0)=sayttab 2... (8) 


ae 


It the axis of y be moved parallel to itself until it is at a distance ¢ 


v y i ec 
‘ b x Pp b 
Fo ; Fe 
¥ t <_< 
A 
Fra. 5. Fig. 6. Fa. 7. 


from the axis of the parabola (Fig. 7), then « in (2) will become z+¢, 
and the new equation will be 


(x +c)? = 4a(y +5) . é ; ‘ #3) 


“In the foregoing equations y is positive or negative according as it is 
measured above or below the axis of x, and x is positive or negative 
according as it is measured to the right or left of the axis of y. 

_ 12. Cycloidal Curves.—If a circle be made to roll along a line, and 
remain in the same plane with the line, a point on the circumference of 
the rolling circle will describe a cycloidal curve. The line upon which 


- the circle rolls is called a base line, a directing line, or a director, If the 


base line is a straight line, the curve described is called a cycloid. If 

the base line is a circle, the curve described is called an epicycloid or a 
id, according as the generating circle rolls on the outside or 

inside of the directing circle. 

_. The hypocycloid becomes a straight line passing through the centre 


Fia. 8. Fig. 9. 


of the directing circle (Fig. 8) when the diameter of the rolling circle is 
equal to the radius of the directing circle. 

The same hypocycloid may be described by either of two rolling 
circles whose diameters are together equal to the diameter of the direet- 
ing circle (Fig. 9). 

The same epicycloid may be described by either of two rolling circles 
whose diameters differ by an amount equal to the diameter of the 


directing circle (Fig. 10) 
BLEASE RETURN TO 
WEpT. ‘oF RPPETED (MECHANION, 
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The most convenient method of drawing any of the cycloidal curves 
is the transparent templet method. Let AB (Fig. 11) be the directing 
line or circle, and CDP the rolling circle. The directing line or circle is 
to.be drawn on the drawing paper, and the rolling circle is to be drawn 
on a piece of tracing paper or thin transparent celluloid, Mark the 
tracing point P by a short radial line cutting the circle, and also by a 
small needle hole. Place the tracing paper 
on the drawing paper so that the directing 
line and the rolling circle touch one another 
at P. Place a needle through the tracing 
paper and into the drawing paper at P. 
Turn the tracing paper round until the 
rolling circle cuts the directing line at a 
near point Q,. Transfer the needle from 
P to Q,, and turn the tracing paper until ¥1c. 11. 
the rolling circle touches the directing 
line at Q,. The tracing point will now have moved from P to P,. 
Mark the drawing paper at P, with a needle-pointed pencil. Again 
turn the tracing paper until the rolling circle cuts the directing line at 
another near point Q,. Transfer the needle from Q, to Q,, and turn the 
tracing paper until the rolling circle touches the directing line at Q,. 
The tracing point will now have moved to P,. Mark the drawing paper 
at P,. Continuing the process, any number of points on the required 
curve may be obtained, and these points may then be joined by a fair 
curve. 

13. Scalar and Vector Quantities.—Certain quantities, such as the 
weight of a body, the volume of a body, a sum of money, the energy 
stored in a moving body, can be denoted by numbers representing their 
magnitudes in terms of suitable units. For example, a body may weigh 
5 lbs., the energy of a moving body may be 205 foot-pounds. All such 
quantities are called scalar quantities. 

Other magnitudes, such as velocity, acceleration, force, involve the 
idea of direction as well as magnitude, and they cannot be completely 
defined by numbers. There must also be descriptions defining their 
directions. For example, a velocity may be 10 feet per second in a 
direction from south to north. All such quantities are called vector 
quantities. 

A vector quantity may be represented by a straight line, which is 
called a vector. The length of the vector represents the B 
magnitude of the quantity, and the direction of the line 
represents the direction of the quantity. A line AB (Fig. 12) Se f- 
represents a vector quantity whose magnitude is the length <A 
AB, measured with a certain scale, and whose direction is yy, 19, 
parallel to AB. It is necessary to distinguish between the 
direction AB and the direction BA, the one being opposite to that 
of the other. This distinction is the sense of the direction, and may 
be given by the order in which the letters on the line are mentioned 
in referring to the line. An arrow-head placed on the vector is 
the best way of showing the sense of the direction. A vector 
with an arrow-head on it may be referred to by using a single letter, 
as P. 


+g 
rf ' 
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14, Addition of Vectors.—A number of vectors, P, Q, R, and 8, 
shown to the left in Fig. 13, are added 
____ together as follows: Draw AB parallel and 
ual to P, BC parallel and equal to Q, 
CD parallel and equal to R, and DE parallel 
and equal to §, then the vector AE equal to 
T is the sum of the vectors P, Q, R, and 8. 
The sum will be the same whatever be the 
order in which the vectors are taken in per- . 
forming the addition. The vector T is also wig Te 
called the resultant vector. The polygon ABCDEA is called a vector 


ygon. 
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CHAPTER II 


MOTION AND FORCE 


16. Rest and Motion.—One point A is said to be jixed or to be at 
rest in relation to another point B when the straight line AB does not 
alter in length or direction. If the straight line AB changes in length 
or direction, then A is said to move or have motion in relation to B, If 

* the straight line AB changes in length but not in direction, A has 
rectilinear motion in relation to B, and if AB changes its direction but 
not its length, A has angular or rotary motion in relation to B. If AB 
changes both in length and direction, then A has both rectilinear and 
angular motion in relation to B. Motion is therefore change of position, 
‘but since position can only be defined in relation to points or bodies 
which are fixed or whose motions are neglected, all motion is relative 
motion. 

A point is said to have plane motion when, while it changes its 
position, it remains in the same plane. Of the many problems on 
motion which the engineer has to consider, those on plane motion are by 
far the most common. In an ordinary steam-engine, for example, all the 
points in the piston, piston-rod, cross-head, connecting-rod, crank, crank 
shaft, fly-wheel, eccentric, eccentric-rod, and valve have plane motion. 
The points in the piston, piston-rod, and cross-head have rectilinear 

- motion ; the points in the crank, crank shaft, and fly-wheel have angular 
motion ; and the points in the connecting-rod have both rectilinear and 
angular motions. . 

17. Velocity.—The rate of motion, or rate of change of position of a 
point or body, is called the velocity of the point or body. When the 
changes in position are the same in equal intervals of time,. however 
short these intervals may be, the point or body has uniform velocity. 
When the changes in position are not equal in all equal intervals of 
time, the point or body has variable velocity. At any instant the velocity 
‘of a moving point is completely known when (1) the direction in which 
the point is moving, (2) the rate at which it is moving in that direction, 
and (3) the sense, are known. For example, a point may be moving (1) 
in a direction perpendicular to the surface of still water, (2) at a rate of 
so many feet per second, (3) in an upward direction, The statements 
(1), (2), and (3) are required to completely specify the velocity of a 
point. The statement (2) is called the speed of the point, or the magni- 
tude of the velocity. The term velocity is often used in the same sense 
as speed, but modern writers incline to using the term speed as defined 
above. at . 

A velocity may be completely represented by a straight line. The 
direction of the line is the direction’ of ‘the ‘velocity, the length of the 
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line is the magnitude of the velocity or speed, and an arrow-head placed 
on the line shows the sense of the velocity. The sense may also be 
given by placing letters, say, A and B, one at each end of the line, and 
stating that the velocity is AB for one sense, and BA for the opposite sense. 

- Innear velocity is measured in units of distance per unit of time, as, 
feet per second, feet per minute, or miles per hour. <A knot is a linear 
velocity of one nautical mile (6080 feet) per hour. 

If v denote the linear velocity or speed of a point or body, and s the 
space or distance through which it moves in time ¢, then s=vt. The 
unit of distance used in measuring v must be the same as that used in 
measuring s, and the unit of time used in measuring v must be the same 
as that used in measuring ¢. For example, if v is in feet per second, 
s must be in feet, and ¢ in seconds. 

Angular velocity is measured in radians * per second, revolutions per 
second, or revolutions per minute. The Greek letter w is generally used 
to denote angular velocity in radians per second. If a point moves ina 
circle of radius 7 feet with a linear velocity of v feet per second, and if the 
point makes 2 revolutions per second or N revolutions per minute, then 

v 2rN 


18. Acceleration.—When a velocity is not uniform, its rate of change 
is called acceleration. Acceleration is positive or negative according 
as the velocity is increasing or decreasing. Negative acceleration is 
frequently called retardation. Linear acceleration is rate of change of 
linear velocity, and is generally measured in feet per second per second. 

Angular acceleration is rate of change of angular velocity, and is generally 
measured in radians per second per second. The symbols f and a will 
be used to denote linear acceleration and angular acceleration respec- 
tively. The linear acceleration due to gravity is denoted by the symbol 
g. The value of g will be taken as 322 feet per second per second. 

Acceleration, like velocity, isa vector quantity, and may be completely 
represented by a straight line. 

19. Kinematical Equations.—Let v, or w, denote the velocity of a 
point or body at a given instant, and let v or » denote the velocity after the 

. lapse of ¢ seconds, the acceleration being uniform and denoted by f or a. 

Then v=0,+/t, and w=, +at. 

During the interval of ¢ seconds the mean velocity is 

2( +v)=v,++4f/t for linear velocity, and 
4(o, +0) =0, + + lat for angular velocity. 
If s is the linear distance moved, or @ the angle described in the 
interval of ¢ seconds, then 
=1(1, + vt=v,t+t/¥, and 0=}(o, + o)t=o,t + pal®. 
Eliminating ¢, it follows that 
r=vi +2fs, and w? =; + 2a0. 
If V,=0 ‘and i then 
v=ft, s=2 ft, and = 2fs, 
also, o=at, 0= Taf2, and w? = 2a0, 

* A radian is the angle subtended at the ceritre of a circle by an are of that 

circle equal in length to the radius. Hence the number of radians in an angle 


or the circular measure of an angle subtended at the centre of a circle of radius 
v by an arc of length a@ is equal to a/r. 


_~ 
> 


in 


if 


U 


i wD 


el ie 


MOTION AND FORCE 17 
20. Composition and Resolution of Velocities and Accelerations.— 


Bs Two or more velocities may be reduced to a single velocity, and two or 
_ more accelerations may be reduced to a single acceleration by composition, 
_ exactly as for forces. Also, conversely, a single velocity may be resolved 


into two or more velocities, and a single acceleration may be resolved 


_ into two or more accelerations, exactly as for forces. For the com posi- 


tion and resolution of forces, see Chapter IV. 

21. Radial Acceleration of a Point moving in a Circle with 
Uniform Velocity.—Let a point A (Fig. 14) be moving with a uniform 
velocity v along the circumference of the circle, 
whose centre is C and radius CA=r. Let Ade- P : 
scribe the small arc AB in the time ¢. The 
velocity of the point when at A is in the direction @ 
of the tangent to the circle at A or perpendicular 
to CA, and the direction of the velocity of the 
point when at B is in the direction of the tangent 
to the circle at B or perpendicular to CB. Draw 
OP perpendicular to CA and equal to v ; also draw c r 
OQ perpendicular to CB and equal to », and join Fic. 14 
PQ. The change in the velocity of the point in i 
moving from A to B is represented by PQ=wu. If ACB isa very small 
angle, the difference between the chord AB and the arc AB may be 


‘neglected, and ACB and POQ are then similar triangles. 


PQ _ AB - &@ vt uw ¥ u 
OP = Ga’ that is, Phar or Vanes But > =f 


Hence 


is the rate of change of velocity of the point moving in the circle, 


therefore. f= eS Also, when the angle ACB is indefinitely small the direc- 


tion of u is perpendicular to that of v, and is therefore at any instant in 
the direction of the radius of the circle from the moving point at that 
instant. Therefore if a point moves witha uniform velocity v in a circle of 


radius 7, there is a constant acceleration f -2 towards the centre of the 


circle. If v is in feet per second, and / in feet per second per second, then 
- » must be in feet. If » is the angular velocity of A about C in radians 


| per second, then w= and f= wr. 


22. Instantaneous or Virtual Centre.—Let A and B (Fig. 15) be 
two definite points in a rigid body which has plane motion, the plane of 
the paper being the plane of motion of. the points 
A and B. Suppose that at the instant that the b 
body is in the position shown the point A is 
moving in the direction Aa, and that the point 
B is moving in the direction Bb. Draw AC and 
BD perpendicular to Aa and Bé respectively, and 
let AC and BD meet at O. Just for an instant /¥ a 
the point A can be made to revolve about any 


_ point in AC without altering the direction of its Fic. 15. 
motion. Also, just for an instant the point B 


can be made to revolve about any point in BD without altering the 
B 
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direction of its motion. Hence if just for an instant the whole body 
be made to revolve about O, the directions of the motions of A and B 
will be unaltered. 

‘Again, since A and B are definite points on a rigid body, they must 
remain at the fixed distance AB from one another. Hence the com- 
ponents of the velocities of A and B along AB must be equal, that is, 
V, cos a= Vz cos B, where V, and Vy are the velocities of A and B 
respectively in the directions in which they are actually moving. An 
inspection of Fig. 15 shows that cos a=sin OAB, and cos f = sin OBA, 
therefore V, sin OAB= Vz sin OBA, or 


V,_ sin OBA monies OA 
V, sin OAB’ which is equal to OB ° 
: ; Vv, _ OA 
But if the body be made to revolve for an instant about O, then v.-OB' 
B 


Hence, for the instant, the motions of A and B are unaltered by making 
the body revolve about the point O. 

The point O is called the instantaneous centre or virtual centre of the 
body for the position shown. The instantaneous centre is continually 
changing, except for a body which has rotary motion only. The locus of 
the instantaneous centre is called a centrode. A line through the instan- 
taneous centre perpendicular to the plane of motion is an émstantaneous 
axis, and the locus of the instantaneous axis is a surface called an axode. 

23. Force.—Force is any cause which tends to move a body which is 
at rest, or which tends to change the motion of a moving body. 

A force is completely specified when its magnitude, its direction, and 
a point in its line of action are given. 

A force may be completely specified graphically on paper. Thus, a 
line ab (Fig. 16) has a length which, measured with a certain scale, 
represents the magnitude of the force, the direction of this line re- 
presents the direction of the force, and a point 
O is given as a point in the line of action of the wi 
force. The line along which the force. acts will getty 
obviously be the line OX drawn through O parallel 
to ab. The force may act from O to X or from X OT est a 
to O, and this may be fixed by an arrow-head placed x 
on the line ab. The arrow-head determines the Fic. 16. 
sense of the force. The sense may also be fixed by 
the order in which the letters a and 6 at the extremities of the line are 
stated ; thus a force ab would be a force acting in the direction ab from 
a to 6, while a force 6a would be one acting in the direction da from 
b toa, . ; 
24. Mass and Weight.—The mass of a body is the quantity of 
matter which it contains. The weight of a body is the force of attraction 
which the earth exerts\on it. The mass of a body is proportional to its 
weight. The weight of a body is, however, slightly different at different 
parts of the earth’s surface. 

25. Engineer's Units of Force and Mass.—In engineering calcula- 
tions the unit of force is the attraction which the earth exerts in the 
latitude of London on a certain standard piece of platinum, and the unit 
is called the pound or pound weight. The unit of mass is taken as the 
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mass of matter weighing g pounds, so that if W is the weight of a body 
in pounds, its mass is M= W 


ro 
‘e 26. Momentum.—The quantity of motion or the momentum of a’ 
moving body is measured by the product of its mass and velocity. 


~ Momentum = Mv = Wo. 


27. Newton’s First Law of Motion.—Zvery body continues in its 
state of rest or of uniform motion in a straight line, except in so far as it 
may be compelled by force to change that state. 

28. Newton’s Second Law of Motion.— Late of change of momentum 
ts proportional to the impressed force, and takes place in the direction of 
the straight line in which the force acts. 

Rate of change of momentum is equal to mass multiplied by rate of 
change of velocity or acceleration. Hence if P denotes the impressed 
force, M the mass of the body, and f the acceleration, Pa Mf. If the 
unit of force be such as will give unit mass unit acceleration, then P= Mf. 


Using engineer’s units, P= v f or = =f : 

29. Impulse.—If a constant force P acts on a mass M for ¢ seconds, 
then, since P= M/, it follows that Pt = M/t = M», where v is the change in 
the velocity of the body in the time ¢ due to the action of the force P. 

_ The product P¢ is called the impulse of the force P. The impulse of 


a force is therefore equal to the change in the momentum which the 


_ force produces in the body on which it acts. 


If the force is not constant the above equations are only true if ¢ is 


‘indefinitely small, or if P is the average value of the force during the 


time te 

__ The equation P¢ = Mv also shows that equal forces acting on different 
masses will in the same time produce in these masses equal amounts of 
momentum. For example, when a projectile is fired from a gun, the 


forward momentum of the projectile is equal to the backward momentum 


of the gun. 
30. Newton’s Third Law of Motion.—70 every action there is always 


an équal and opposite reaction. For example, a body is attracted to the 
~ earth by the force of gravity, but it is equally true that the earth is 


attracted to the body by an equal force. Again, a body resting on a 
table exerts a pressure on the table, but the table exerts an equal pressure 
on the body. 

31. Centrifugal Force.—When a point moves in a circle of radius r 


_ feet with a uniform velocity v feet per second, or an angular velocity of 


w radians per second, it has been shown (Art. 21) that the point has a 
radial acceleration f equal to v*/r or w*r. If the point be replaced by a 


small body of weight w lbs., then a radial force F must be applied to the 


body to constrain it to move in the circle, the magnitude of F, in Ibs., being 


eee 2" XS fheve dcactibed, the force F is called the deviating 


RS ae | ‘ 
force or the centripetal force. The body in moving in the circle will 


evidently exert an equal radial force F acting outwards from the centre, 


‘and this force is called the centrifugal force. Of these two forces, the centri- 


petal and the centrifugal, one may be said to be the reaction of the other. 
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32. Resultant Centrifugal Force of Two Small Revolving Masses. 
—tLet A and B (Fig. 17) be two small masses of weight w, and w, — 
respectively, revolving in the same 
plane with uniform angular velocity 
about the centre O. The centrifugal 


2, 
ww, . a 
1-1 in the direc- 


force of A is F,= 

tion OA. The centrifugal force of 
2 

B is Fo in the direction OB. 


Make OC = F,, and draw CD parallel to 
OB and equal to F,. Join OD, then OD will be the direction and 
magnitude of F, the resultant centrifugal force.of A and B. Join AB, 
cutting OD at E. Draw EH perpendicular to OA, EK perpendicular to 
OB, and EL parallel to CD or OB. Since E is a point in the resultant 
of the forces F, and F,, the moment of F, about E must be equal to the 
moment of I", about E, 


; 2, 2 
therefore  —11. BH = 2" "2. EK, 


g 
ae w, 1,:EK area of triangle OBE BE 
w, 1,°EH area of triangle OAE AE’ 


Therefore E is the centre of gravity of A and B. 


ale CO BE. aay - Wr; 
Again, OA = BA = w, + w, therefore OL = w,+u, + Wy, 
Also, OD _OC _Fy(w, + wy) _ wyw*ry (07, +) _ (0, + 9)u? - 


OE OL Wy"; J"; g 
2 
But OD=F, and if OB=r; then FoC1 "That ia, Phe 


g 
resultant centrifugal force of the two masses A and B is the centrifugal 
force of the sum of the masses concentrated at their centre of gravity. 

33. Centrifugal Force of a Thin Plate revolving about an Axis 
Perpendicular to its Plane.—If the plate be divided into a large 
number of small parts of weights w,, w., ws, etc., then by the preceding 
Article the resultant centrifugal force of the parts w, and w, is the same 
as if these parts were concentrated at their centre of gravity. Again, 
the resultant centrifugal force of w, and w, (at their centre of gravity) 
and w, will be the same as if w,, w,, and w, were concentrated at their 
centre of gravity. Proceeding in this way until all the masses have been 
included, it is evident that the centrifugal force of the whole plate will 
be the same as the centrifugal force of the whole mass concentrated at 
its centre of gravity. 

34. Extension of the Foregoing to Certain Solids.—If a solid can 
be built up of a number of thin plates, the centres of gravity of which 
all lie on a line parallel to the axis of revolution, then it is easy to see 
that the centrifugal force of the whole solid is the same as if the whole 
mass were concentrated at its centre of gravity. . 

35. Moment of a Force.—The moment of a force about a point, or 
about an axis perpendicular to it, is the product of the magnitude of 
the force and its perpendicular distance from the point or axis. This 
moment is called a torque. If the distance is measured in inches and 
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the force in pounds, the torque is measured in inch-pounds. Other units 
of torque are—the inch-ton, the foot-pound, and the foot-ton. 

36. Rotational Inertia—Moment of Inertia.—Consider a small 
body A (Fig. 18), whose mass is m, revolving about an axis O under 
the action of a force P, whose line of action is tan- 
gential to the path of A. If / is the linear accele- 
ration produced in A by P, then (Art. 28) P=m/. 
If a is the angular acceleration, then f= 7a ; therefore 
_P=mra, and Pr=mr*a, or T=Ia, where T is the 
torque causing rotation, and I is called the moment 
of inertia of the body A about the axis O. Fia. 18. 

If a large body, revolving about an axis, be ; 
divided into small parts, whose masses are 1, m,, mg, etc., and whose 
distances from the axis are 1,, 7, 7, ete., respectively, then T=(m,r} 
+ Mg + Mgr; +etc.)a=Ia, where T is the torque causing the rotation of 
the body, and I=m,r} +m,r; + mgr; +etc. is the moment of inertia of 
the body. 

If the whole mass M of the body be placed at a distance k from the 
axis without altering its moment of inertia, then I = MA*, and k is called 
the radius of gyration of the body. 

37. Moment of Momentum—Angular Momentum.—Referring to 
the small body A of the preceding Article and Fig. 18, if v is its linear 
velocity and w its angular velocity, then its linear momentum is 
mv=mro. The moment of this momentum about the axis O is 
mro=Iw. This moment of momentum of the body about the axis O 
is also called the angular momentum of the body about that axis. 

For a large body made up of small parts, whose masses are m), Mo, 
Ms, etc., and whose distances from the axis about which the body 1s 
rotating are 7, 7 713, etc., respectively, the total linear momentum is 
evidently (m,r, + mr. + mg’, + etc.)o, and the sum of the moments of 
momenta, or the total angular momentum, is 

(myr} + mary + mgr; + ete.)w =e, 
where I is the moment of inertia of the whole body. 

Since T=Ia, it follows that if the torque T acts on the body for 
_ t seconds, Tt = Iat =I, where w is the increase in the angular velocity in 
the time #, and Iw is the increase in the angular momentum in that time. 
Hence, equal torques acting during equal times will produce equal 
amounts of angular momentum. 


Exercises II. 
Take 1 metre=3°281 feet. 


1. Express the following velocities in feet per second: 45 miles per hour, 
225 feet per minute, 11} knots, and 150 metres per minute. 

2. Express the following velocities in feet per minute: 3°5 feet per second, 
18 miles per hour, 18 knots, and 15 metres per second. 

3. Express the following velocities in miles per hour: 33 feet per second, 
3080 feet per minute, 16} knots, and 48 kilometres per hour. 

4. Express the following velocities in radians per second: 5 revolutions per 
second, 270 revolutions per minute. 

5. Convert a velocity of 63 radians per second into revolutions per minute. 

6. What is the angular velocity, in radians per second, of a train when 

running round a curve of 18 chains radius at the rate of 36 miles per hour? 
1 chain =22 yards. 


= 
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diameter, andL.su Gtiege tigenghc © 6s: aearipe:. ied tae aeaien ae 

in eter, and are driven h5tol the 

So cadlinnne ne osopul OF fies Recoieedloh tie manta poare "ary 
$. The opsed of a tain Tecreaben ot a. tallecan aee Soom 0 SS G0 mieten 

hour in 1 minute 20 seconds. What is the acceleration in feet per second per 

second ? 

9. A rotating wheel increases its speed from 100 to 250 revolutions per 
minute in 35 seconds. What is the mean angular acceleration in radians per 
second per second ? 

10. A body starts from rest and its velocity increases at the uniform rate of 
Sit pee econ ee How long will it take to travel 144 feet? 

11. A moving body has its velocity reduced 2 feet per second in each second 
while it moves a distance of 45 feet, and its velocity is then 4 feet per second. 
What was the initial velocity of the body? 

12. A stone is dropped into a well, and after the lapse of 2-5 seconds the sound 
of the splash is heard. Taking the velocity of sound as 1100 feet per second, 
calculate the depth to the water in the weil. 

appear i araer atime Pigmre c tot eet ot phe pedo he 
an hour and it is brought to rest, covering a distance of 220 yards during the 
time of application of the brakes. Assuming the retardation to be uniform, find 
the time of action of the brakes. 

14. The speed of a motor car is determined by observing the times of passing 
a number of posts placed 500 feet apart. whe’ kisan et ‘eovectboge tins iolanaot 
between the first and second posts was 20 seconds, and between the second and 
third 19 seconds. If the acceleration of the car is constant, find its 
in feet per second per second, and also the velocity in miles per hour at the 


instant it passes the first post. [Inst.C.E_] 
15. A rotating wed ee eee 
second while it makes 300 revoluti yb pr eateiey spp hoer Bed aguas oe 76 
minute. What was the initial f the wheel in revolutions per minute? 
Also, what was the time occupied in the above reduction in speed ? 


16. The wheels of a motor car are 30 inches in diameter, what is their 
angular velocity in revolutions per minute and in radians per second when the 
speed of the car is 20 miles per hour? If the car is brought to rest in a distance 
of 60 yards under a uniform xehensiatdans whan te Sie AaGar Tpit SP 
wheels in radians per second per second ? 

17. Determine the apparent velocity and direction of rain-drops falling 
vertically with a velocity of 20 feet per second with reference to a bicyclist 
moving at the rate of 12 miles an hour. [inst.C.E.] 

18. A cyclist is riding due west at a speed of 12 miles per hour, and the 
wind is at the time blowing from the south-east with a speed of 5} miles per 
hour. If the cyclist Car ee eee ee 
At what speed would the cyclist require to ride if the flag is to fly due north? 


19. A man standing on a train which is moving with a ett ats 
hour shoots at an object running away from the railway at right angles at 
speed of 12 miles per hour. Tf the bullet’ Whick ts eappoued i 
horizontal straight line, has a velocity of 880 feet per second, and if the line 
connecting man and object makes an angle of 45° with the train when he fires, 

E.] 
ina 


Raat e 


find at what angle to the train he must aim in order to hit the object. 


20. A and B-are two points in a rigid body. A and B are moving in 
vertical plane, and when AB is inclined at 30° to the 
horizontal A is moving in a horizontal direction with 
a velocity of 10 feet per second. At the same instant 
the point B is moving in a vertical direction. Find 
the velocity of the point B. 

21. AC and BD (Fig. 19) are.two cranks which 
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e 


“" plane, are such that AB=3 feet, BC=2 feet, and AC=2'6 feet. At 
_ @ certain instant it is known that the point A has a velocity of 4 feet per second 
in the direction from A to C, and that the point B is moving in the direction 


_ from Cto B. Show how the velocity of any other point on the body may be 


obtained, "parang / or otherwise, and determine the values for the velocities 

4 point midway between A and B. 

acting on a body weighing 250 lbs. for 10 seconds changes 
body from 8 to 24 feet per second. Find the magnitude 


2%. Two men, each exerting a constant force of 50 lbs., set a waggon weighin 
5 tons in motion. The frictional resistances amount to 10 lbs. per ton. F 
the distance through which the waggon is moved from rest in 1 minute. 
25. A locomotive draws a train of 100 tons with a uniform acceleration such 
that a speed of 60 miles per hour is attained in 4 minutes on the level. If the 
frictional resistances are 10 lbs. per ton and the resistance of the air, which 
varies as eet erage ene ae unas, Der, beer, Fad the pal 
exerted by otive at 30 and at 60 miles per hour. [Inst.C.E.} 
ce See Socata Uae Oppeenaom OF 9 Sse 
equal to one-fortieth of its gross weight, and be braked with a force equal to 
one-tenth of its gross weight, find the least time in which it may run from one 
to another of two stopping stations 5000 feet apart. What is the 


ra tee {Inst.C.E.] 
27. In an electric railway the average distance between stations is 4 mile, 
the ronning time from start to stop 1} minutes, and the constant between 


the end of acceleration and beginning of retardation 25 miles an hour. If the 
acceleration and retardation be taken as uniform and numerically equal, find 


their values; and, if the weight of the train be 150 tons and the frictional 
resistance 11 Ibs. per ton, find the tractive force necessary to start on the level. 


{Inst.C.E.} 
28. A projectile weighing 100 lbs. is fired from a gun weighing 5 tons with 
a velocity of 1000 feet per second. What is the velocity of free recoil of the 


- gun? 
E66 -A we of 10 Ibs. is s ded from a balloon by a cord. What is the 
tension in the cord when the is ascending with an acceleration of 3 feet 


per second per second? 
30. t of 5 lbs. hangs from the hook of a spring balance nded 
a er of a balloon. is the vertical acceleration of the 
the spring balance indicates 5°5 lbs. ? 
31. A cage weighing 1000 lbs. is being lowered down a mine by a cable. 
e cable (1) when the speed is increasing at the rate of 5 
2) when the speed is uniform, (3) when the speed is 
ig at the rate of 5 feet per second per second. The weight of the 
may be neglected. [Inst.C.E.] 
32. gp comply Jeo A W and w Ibs. respectively are connected by a fine 
pulley, as shown in Fig. 20. 


Show that the tension in the string is -”™ 1bs., and that the 


E 
F 


Wiw 


33. A locomotive weighing 60 tons rune on a horizontal track 
1000 feet radius at a speed of 15 miles per hour. What is 
horizontal thrust exerted on the outer rail? 


FS 


34. Referring to Fig. 20, W and w are weights of 1000 lbs. 

and 800 lbs, io ely. The pulley over which the rope pe | we | 
passes which co and w is 2 feet in diameter, measured 

to the centre of the rope, its weight is 80 Ibs., and its radiasof —-—*F1G. 2). 
gyration is 10 inches. Assuming that the rope is flexible, and 

neglecting friction, find the torque which must be applied to the pulley to raise 


4 
B 
¥ 


wer w with an acceleration of 5 feet per second per second. 


CHAPTER III 


WORK AND ENERGY 


38. Work.—When a force acting on a body causes that body to 
move, the force is said to do work. Also, if a body is moved against a 
resistance, work is done in overcoming the resistance. The amount of 
work done depends on the magnitude of the force and also on the distance 
through which it acts. 

In measuring work the unit which is generally used by engineers is 
the work done when a force of one pound acts through a distance of one 
foot, this unit being called a foot-pound. If the unit taken be the wofk 
done when a force of one ton acts through a distance of one foot, it is 
called a foot-ton. The foot-ton is used in measuring large quantities of 
work. For measuring small quantities of work the inch-pound, or the 
work done when a force of one pound acts through a distance of one inch, 
is frequently used. 

The work done by a force is found by multiplying the magnitude of 
the force by the distance through which it acts. 

39. Work by an Oblique Force.—lIf a force acting on a body acts in 
a direction inclined to that of the body’s motion the force may be resolved 
into two components, as explained in Chapter IV., one 
acting in the direction of the body’s motion, and the Bee 
other perpendicular to that direction. The latter com- [A | 
ponent does no work, and the work done by the former OHOTTT 
is its magnitude multiplied by the distance through Fic. 21. 
which the body moves. For example, if a body A 
(Fig. 21) is dragged along a horizontal plane by a force P whose lin 
of action is inclined at an angle @ to the horizontal, the horizontal com- 
ponent of P is P cos. @ and the work done is S x P cos 0, where S is the 
distance through which A is moved. 

40. Work in Raising a System of Weights.—When a number of 
weights are raised through different heights, or when all the parts of one 
weight are not raised through the same height, the amount of work done 
is obtained by multiplying the total weight lifted by the distance through 
which the centre of gravity of the system is raised. The proof of the 
foregoing rule is as follows :—Let w,, w,, ws, ete., be the weights of the 
parts of a system of weights, or the weights of the parts of a single body. 
Let h,, hy, hg, ete., be the heights of above a fixed horizontal plane 


before they are lifted, and let /,, k,, %s, etc., be their heights above the 
fixed horizontal plane after they are lifted. Also, let H and K be the 
heights of the centre of gravity of the system above the fixed horizontal 
plane before and after lifting respectively, and let W =the total weight 


of the system = 2, + w, + Ww, + ete. 
24 


the area of the rectangle BC will represent to scale 
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Work done = ,(k, — h,) + wo(Ig — hy) + w4(Ig — hy) + ete. 
oR pak ~~ ag leat — (wyh, + thy + wyhy + ete...) 
= - by a property of the centre of gravity 
= W(K-H). 
41. Diagram of Work.—If a straight line OC (Fig. 22) represents 
to seale the distance 8 through which a body moves under the action of 
a force, and if OB drawn at right angles to OC 
represents to scale the magnitude P of the force, then 8 


the work done by P in acting through the distance 9 
8. For, let the linear scale be 1 inch to m feet, and 
the force scale 1 inch to m Ibs.; also let OC bez P12 
inches, and let OB be h inches long. Then the magnitude P of the force 
is hn lbs., and the distance S is /m feet. Work done=PS =hnlm=hlmn 
=Aman, where A is the area of the rectangle BC in square inches. 

If the body moves along the horizontal path represented to scale by 
OC (Fig. 23) under the action of a force which varies in magnitude, and 
if the magnitude of the force at each point of the path is represented to 
scale by the height of the diagram BC at that point, then the area of the 
diagram will still represent to scale the work done. Consider the work 
done from E to F, two points near to one another, and Jet the dimensions 
of the diagram be in inches, and let the linear and 
force scales bé the same as before. At E the magnitude D 
of the force is ED x  lbs., and at F the magnitude of 
the force is FH x lbs., and since E and F are near to 
one another DH may be considered to be a straight line. QE F c 
and the mean magnitude of the force between E and F Fic. 23. 
is }(ED+FH)xxn lbs. The work done between E and 
F is }(ED+FH) xxx EF xm foot-pounds. But the area of EDHF 
is }(ED+FH) x EF square inches, therefore the work done from E to 
F is equal to the area of the vertical strip DF in square inches multiplied 
by m and by n. Hence dividing the whole diagram BC into vertical 
narrow strips, it follows that the work done in moving the body through 
the distance represented by OC is equal to Amn, where A is the area 


of the diagram BC in square inches. 


42. Turning Moment— Work in Turning.—When a force P acting 
on a body causes that body to rotate about a fixed axis, the line of action 
of the force being in a plane perpendicular to that axis, the product of P, 
the magnitude of the force, and the perpendicular distance R of its line 
of action from the axis is called the turning moment or torque of the driving 
force P. If P is in pounds and R is in feet, the turning moment PR is 


_in pound-feet or foot-pounds ; but if P is in pounds and R is in inches, PR 


is in pound-inches or inch-pounds. If the line of action of P is not in a 
plane perpendicular to the axis of rotation, but makes an angle @ with 
that plane, then the turning moment is PR cos @. 

tf R, the leverage of P, remains constant during the rotation of the 
body, and if the magnitude of P is also constant, then if is the angle in 
radians through which the body turns, the distance through which P acts 
is oR, and the work done by P is PoR, or Tw, where T is the turning 
moment. If the leverage R or the force P, or both, should vary, then if 
T is the mean turning moment the work done is Tw. 


26 APPLIED MECHANICS 


If the amount of turning is given as m revolutions, then the distance _ 

through which P acts is 2rRn, and the work done is 2rPRn, or 27Tn. 

43. Rate of Work—Horse-power.—The working power of any 
agent depends on the amount of work which it can do in a given time. 
Watt found that a good working horse could do 33,000 foot-pounds of 
work in one minute, and he introduced this as the unit for measuring 
the working power of steam-engines. A steam-engine or any working 
agent is said to be of one horse-power when it can do 33,000 foot-pounds 
of work in one minute, or 550 foot-pounds in one second. 

Evidently the simple rule for finding the horse-power of any working 
agent or the horse-power transmitted by any piece of machinery is to 
divide the number of foot-pounds of work done or transmitted per minute 
by 33,000, or horse-power equals work per second divided by 550. 

Horse-power is a measure of the rate of doing or transmitting 
work. 

44, Electrical Units and their Mechanical Equivalents,—The 
electromotive force, or electric pressure of an electric current, is measured 
in volts, and the strength of the current, or the rate of flow of the 
electricity across a section of the conductor, is measured in amperes. The 
power of a current of 1 ampere at an electrical pressure of | volt is called a 
watt, Volts x ampéres= watts. 1 horse-power = 746 watts. 1 kilowatt 
= 1000 watts. 1 electrical unit or 1 Board of Trade unit = 1000 watt-hours. 

45, Machines.—For the purposes of this Article a machine may be 
defined as a contrivance for overcoming a force applied at one point by 
means of another force applied at another point. In books on mechanics 
it used to be the practice to call the former force the weight and the 
latter force the power, but since the force to be overcome is not necessarily 
that of gravity, it is better to call it the resistance, and since the term 
power is used in connection with rate of work, it is better to use the term 
effort instead of power when referring to the driving force in a machine. 
In this Article the effort will be denoted by P, and the resistance by W. 

The points at which the effort and re- 
sistance act may be called the driving point 
and working point respectively. 

In machines when the driving point 
moves through a definite distance, say a, 
the working point moves through another 
definite distance, say 6, and in many ma- 
chines the ratio of a to bis constant. In other 
machines the ratio of a to 0 is different for 
different positions of the driving and working 
points. In a simple wheel and axle (Fig. 24), 
for example, the displacement of P will bear a constant ratio to the 
displacement of W, whereas in a toggle joint (Fig. 25) the ratio of the 
displacement of P to that of W will be different for different positions 
of the parts of the machine. 

In a machine in which the displacement of the driving point bears a 
constant ratio to the displacement of the working point, this ratio (a/b) 
is called the velocity ratio of the machine. In a machine in which this 
ratio is variable, the velocity ratio of the machine for any given positions 
of its parts is the ratio of the displacement of the driving point to the 


Fig. 24 Fig. 25: 


7 >” 


ot WORK AND ENERGY 27 


i enema of the working point when these displacements are in- 
nitely small. 


The ratio of W to P is called the mechanical advantage of the 

machine. 

In all machines a certain amount of work is wasted in overcoming 
friction, and the result is that Pa, the work done by the effort in a given 
time, which may be called the total work or the work put into the 

machine, is greater than Wd, the work done on the resistance in the same 

_ time, which may be called the useful work or the work got out of the 
machine, and the difference between these two quantities of work is the 
lost work. 

_ The ratio of the useful work to the total work is called the efficiency 
of the machine. The efficiency must evidently be always less than unity. 
The reciprocal of the efficiency is called the counter efficiency. If the 
machine be reversed so that W becomes the effort and P the resistance, 
the efficiency under this condition is called the reversed efficiency. 

Let E=efficiency, M=mechanical advantage, and V = velocity ratio, 


WwW Wd M 
then v=5, M= p> E= Pav The lost work is Pa—Whb, and 


~ 


assuming that the lost work is the same when the machine is reversed 
under the action of W as the effort, Wd must be greater than Pa— WA, 


or — must be greater than 3. A machine will therefore not reverse 


under the action of the resistance W unless its efficiency is greater than 
50 per cent. 

46. Usual Relation between the Effort and Resistance in a 
Machine.—If experiments are made with a machine by varying the 
useful resistance W and finding the corresponding values of the effort P, 
it is found that if the results are plotted on squared paper the points 
thus obtained generally lie very nearly in a straight line, and if the 
straight line which most nearly contains all 


the points be drawn, the equation to this line Y 8 
is P=mW +c, where m and ¢ are constants ™m 
for the particular machine. 
In Fig. 26 the dots represent points 
plotted as described above, the values of W ~l~— L 
being measured horizontally from the vertical 
axis OY, and the values of P vertically from 0 N x 


the horizontal axis OX. AB is the straight Fic. 26. 

line which most nearly contains the points. 

Take any point Q in AB, draw QM parallel toOX to meet OY at M, and 

QN parallel to OY to meet OX at N. Then QM and QN represent corre- 

sponding values of W and P respectively. Draw AL parallel to OX to meet 

QN at L. It is evident that wherever Q may be taken in AB the ratio 

QL+AL will be the same. Let QL+AL=™m, and let OA=c, then 
_QL_QN-LN P-c £ 

m= 77 = a a therefore P=mW +e. 

In plotting it is not necessary that the scale for P be the same as 
that for W, but in determining the value of m care must be taken to_ 
measure QL and OA with the scale for P, and AL with the scale for W. 

The relation between P and W is sometimes called the law of the 


28 APPLIED MECHANICS 


machine. When the law of a machine is known to be a straight line law 
it is evident that since a line is fixed when two points in it are known, 
the law of the machine can be found from two values of W and the two 
corresponding values of P. 

The quantity c is evidently the magnitude of the effort required to 
drive the machine unloaded. 

The effort to overcome a resistance W when the machine is friction- 
less is P’=W+V, where V is the velocity ratio of the machine. The 
efficiency is obviously equal to the ratio of the effort without friction to 
the effort with friction, hence 

E= te: WwW 1 
W 


on 


As W increases the term nud diminishes, and by making W large enough . 


will become so small that it may be neglected; hence the limit to the 
efficiency of the machine is TV? assuming of course that the law of the 
m 


machine, P=mW +c, remains true with the increased value of W. 
The mechanical advantage ; 
Wc W WwW 1 


Po mW+e a's 
mp 
W 


and reasoning as for the maximum efficiency, it follows that the maximum 
mechanical advantage is ze 


Since M=EV, it follows that if an efficiency curve be drawn this 
curve will also represent the mechanical advantage, but to a scale whose 
unit is 1/V of the unit of the efficiency scale. 


Exercises IIIa. 


1. A man raises a weight of 25 kilogrammes to a height of 22 metres. A 
small steam-engine raises a weight of 98 lbs. to a height of 4 feet, and does the 
same amount of work as the man. Find A, having given that 1 kilogramme 
= 22046 lbs. and 1 metre =39°371 inches. 

2. A block of stone is pulled along level ground at a uniform velocity over a 
distance of 6 yards by a force of 450 lbs. acting on a rope attached to the stone 
and inclined at 45° to the ground. How many foot-pounds of work have been 
done ? 

8. A cylindrical column of granite, 2 feet in diameter and 5 feet long, stands 
with one end on the ground. If the weight of the stone is 170 lbs. per cubic 
foot, how many foot-pounds of work are done in tipping it over into the position 
from which it is about to fall over into a horizontal position ? 

4. A wire rope 250 feet long, and weighing 1 lb. per foot, hangs from the 
drum of a winding-engine, and carries a weight of 15 cwt. at its lower end. 
Find the work done in foot-pounds in winding up the first 200 feet of the rope. 

5. A rectangular tank, 7 feet broad, 8 feet long, and 6 feet deep, is half full of 
water weighing 62'3 lbs. per cubic foot. How many foot-pounds of work will 
be required to raise all the water over the top of the tank? 

6. 250 cubic feet of water are pumped from a rectangular tank, whose base is 
5 feet square, into a cylindrical tank, whose base is 6 feet in diameter. The 

. bottom of the cylindrical tank is 20 feet above the bottom of the other. Find 
the work done in foot-pounds, taking the weight of a cubic foot of water as 
62:3 lbs. 


ie. 


— ee 


°357? Assume the law 
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7. A weight of 1 lb., hanging at rest on the hook of a spring-balance, has 

tched the spring one-tenth of an inch. How many foot-pounds of work must 
be done in stretching the spring 14 inches farther? 

8. A weight of 50 lbs. is lifted 30 inches. ‘The force which does this work 
acts through a s -balance, which at the beginning registers zero and at the 
end 50 lbs. ‘The stiffness of the spring is such that a weight of 20 lbs. gradually 
applied stretches the spring 1 inch. Determine the work done by the lifting 


9. Find the horse-power of a steam-pump which can raise 1100 gallons of 
water to a height of 90 feet in 5 minutes. 

10. What weight will an engine of 8 horse-power raise to a height of 90 feet 
in ? minute? 

11. Coal is raised from a mine 660 yards deep. The cage and its load weigh 
5 tons, and the rope weighs 24 lbs. per fathom. Find the horse-power of the 
winding-engine if the load is raised from the bottom to the surface in 55 seconds. 

12. How many gallons of water may be raised per hour from a depth of 
140 feet by an engine of 200 indicated horse-power, the efficiency of the engine 
and pump being 80 per cent. ? 

13. An electrically driven overhead crane raises a weight of 5 tons at the rate 
of 90 feet per minute. What is the horse-power? Convert this into watts. The 
motor drives the lifting machinery, whose efficiency is 70 per cent. How many 
ampéres of current must be supplied to the motor if the voltage is 220 and the 
efficiency of the motor is 87 per cent.? If the current is supplied by a company 
which c es at the rate of 24d. per Board of Trade unit for power purposes, 
what is the cost of lifting in pence per foot-ton ? tee 

14. Electric current is supplied to a certain motor plant at 220 volts, an 
150 ampéres are taken. What H.P. does this represent? How much would it 
cost if used for an average of 6-5 hours per day for a whole year of 313 days? 
The power is supplied at 2-24d. per H.P. hour (i.e. 3d. per B.T.U.). [B.E. 

15. A machine is concealed from sight, except that there are two verti 
ropes; when one of these is pulled downwards the other rises. If the falling of 
a weight A on one causes a weight B on the other to be steadily lifted, first 
when A is 12 lbs. and B 700 Ibs., second when A is 7°6 lbs. and B is 300 lbs., 
what is A likely to be when B is 520 lbs.? If B rises 1 inch when A falls 
70 inches, what is the efficiency of this lifting machine in each of the three 
cases ? [B.E.] 

16. In a lifting machine an effort of 26-6 lbs. just raised a load of 2260 lbs. ; 
what is the mechanical advantage? If the efficiency is 0°755, what is the 
velocity ratio? If on this same machine an effort of 11°8 lbs. raised a load 
of 580 Ibs., what is now the efficiency? What is probably the effort required 
to raise a load of 1000 lbs., and what would the efficiency be? Explain why, 
when the efficiency is somewhat less than ,0°5, a lifting machine does not 


' overhaul. [B.E.] 


17. The law of a machine is P=0-03W+1, and its velocity ratio is 210. 
What is the mechanical advantage, and what is the efficiency when W = 300 lbs. ? 
What is the maximum mechanical advantage, and what is the maximum 
efficiency? Denoting that part of the effort which is used in overcoming the 
friction of the machine by F, find F when W=300 lbs., and determine the 
relation between F and W for any value of W. Plot the effort, friction, and 
efficiency, on the resistance as a base, from W=0 to W=300 lbs. Scales.—Effort 
and friction, 1 inch to 2 lbs.; resistance, 1 inch to 50 lbs. ; efficiency, 1 inch to 
4 per cent. 

18. Referring to the machine of the preceding exercise, if Q is the effort to 
reverse the machine, or lower the load W, find the relation between Q and W. 

19. If B be the B.H.P. of a certain gas-engine and I the re 
I.H.P., and the results of two tests gave B=57 corresponding to I=73, an 
B=117 corresponding to I=139, what would the B.H.P. be if the I.H.P. were 


B=al+y,wherez and Ww 28 56 84 112 | 140 | 168 | 196 
[Inst.C.E-].} p | 73 | 123 | 16 | 21 | 255 | 30g | 343 


Weston differential pulley tackle having a velocity ratio of 16, and the results 
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here tabulated were obtained, W being the load and P the effort, both in lbs. 
Plot these results. Draw the straight line which most nearly represents the 
relation between P and W, and find its equation in the form P=mW-+c. Draw 
the efficiency curve, and calculate the maximum efficiency. 

21. A crane requires the expenditure of 30 foot-tons of work per second to 
lift 10 tons at the rate of 2 feet per second, and 20 foot-tons per second to lift 
3 tons at the rate of 4 feet per second. Assuming that the law connecting the 
rate at which work is done on the crane (A) with the rate at which the crane 
does work (B) is of the form A=pB+gq, where p and gq are constants, find the 
values of p and g, and use the expression to calculate the efficiency of the crane 
for a load of 5 tons lifted at the rate of 2 feet per second. 


47. Energy.—In mechanics the term energy means capacity for 
doing work. . 

Potential Energy is energy due to the relative position of one body to 
another, or of one part of a body to another part when the two bodies 
or the parts of the same body are under the action of a force or forces 
tending to alter their relative positions. For example, a body which is 
allowed to fall towards the earth may be made to do work ; hence before 
it begins to fall it possesses potential energy, or energy due to its 
position in relation to the earth. A compressed spiral spring has 
potential energy, because if it is allowed to resume its unstrained form 
it can be made to do work. Likewise compressed air possesses potential 
energy. ‘The energy stored in a piece of coal is potential energy, and 
under favourable conditions the atoms of the constituents of the coal and 
the atoms of the oxygen of the air will rush together and produce heat 
which may be converted into work. 

Kinetic Energy is energy due to the motion of a body. A gallon of 
water at rest at a height of 100 feet above the level of the sea possesses 
1000 ft.-lbs. of potential energy, and if this water is allowed to fall 
freely to the level of the sea, without doing work on the way, it will in 
every position of its fall possess 1000 ft.-lbs. of energy, but as it 
descends its potential energy will diminish, and the remainder of the 
1000. ft.-lbs. will be stored in the water as kinetic energy. When the 
gallon of water has fallen 25 feet its potential energy will be reduced to 
750 ft.-lbs., and its kinetic energy will then be 250 ft.-lbs. 

If a body of weight W lbs. falls freely from rest through a height of 
h feet it will then have stored in it Wh foot-lbs. of kinetic energy, and its 
velocity will then be v= ,/2yh feet per second. Hence the kinetic 


2 
energy Wh is equal to 2 It is evident that the kinetic energy of a 


body weighing W lbs., and moving with a velocity of v feet per second, 


2 
will be the same, namely, = , Whatever be the cause of the velocity, 


whether, for example, the cause be the force of gravity, as in a falling 
body, or the force of an explosion, as in a gun. 

48. Kinetic Energy of a Rotating Body.—If an indefinitely small 
body of weight w lbs. be moving with a linear velocity v feet per second 
in a circle of radius r feet, then its angular velocity » in radians per 

; herd Wes se - We Wwr? 
second is equal to v/7, and its kinetic energy is "a9 aR ft.-Ibs. 

If a body of weight W, rotating about a fixed axis with an angular 
velocity w, be divided into indefinitely small parts of weights w,, w,, ts, 


a 
3 
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etc., whose distances from the axis of rotation are 7,, 7, r;, etc., respec. 


tively, then the kinetic energy of the whole body is 


Ww? _ Tw* 
29 29 
where & is the i 2 of gyration, and I the moment of inertia of the body 
about the axis of rotation. If these expressions give the kinetic energy 
in ft.-Ibs., then W must be in lbs., & in feet, and I in Ib. and foot units, 
49. Total Kinetic Energy of a Body. —If a body of weight W 
rotates about an axis through its centre of gravity with an angular 
velocity , and if the radius of gyration of the body about that axis 
is &, then its kinetic energy due to its rotary motion is — . If the 
centre of gravity of this body has a linear velocity v, then its kinetic 
2 
energy due to its motion of translation is S . If the body has both 
kinds of motion simultaneously, then its total kinetic energy is 
Work? | Wr? 
po, 
2g og 
50. Mechanical Equivalent of Heat.—Heat and work are mutually 
convertible the one into the other. In a heat engine the heat produced 


by the combustion of the fuel used is converted into the work done by the 
engine. When the brakes are applied to the wheels of a moving train, in 


5 g (iri + WN" + war's + etc.) = , 


order to bring it to rest, the kinetic energy of the train is converted into 


heat at the rubbing surfaces of the brake blocks and wheels, or if the wheels 
skid the heat is produced at the rubbing surfaces of the wheels and rails. 

Careful experiments have shown that 778 ft.-lbs. of work are equiva- 
lent to one British thermal unit (B.Th.U.) of heat, or the heat required to 
raise the temperature of 1 Ib. of water 1° Fahrenheit. The number 778 
is called the mechanical equivalent of heat. In terms of the lb.-degree 
centigrade unit of heat the mechanical equivalent of heat is 1400 ft.-lbs. 

51. Analogies of Linear and Angular Motions.—The student 
would do well to study the analogies of linear and angular motions 
exhibited in the following table :— 


“ 7 
QUANTITY. LINEAR. ANGULAR. 
Time . : t t 
Distance or Aisplacement : 8 0 
Velocity . v w 

Acceleration DB a 
Inertia Mass, M =1/g Moment of inertia, I 
Effort . ' Force, P= Mf Torque, T=Ia 
Momentum. Mv Iw 
Impulse , . mb Pt= Mv Tt=Iw 
Work done=U . as Ps ; Té 
Space average of effort. 5 U+s U+0 
Time average of effort ; 4 Mv+-t Iw+t 
Kinetic energy . : 4Mv? }Iw* 
Kinematical equations for uni- v=ft w=at 

form acceleration from rest s=4 ft? 0=}at* 

in time ¢ ws 2fs w* = 2a0 


x} 
in thine is = 


‘ 
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Exercises IIIb. 


_ 1, A railway train has a speed of 30 miles per hour. How far will this train 
travel, after steam is shut off, under a resistance of 15 lbs. per ton? Also, what 
additional resistance, in lbs. per ton, must be applied to stop the train in a 
distance of 100 yards ? > Sit 

2. Through what distance must a force of 74 lbs. act on a body weighing 
20 lbs., in the direction of its motion, in order to change its velocity from 15 to 
25 feet per second ? ‘ 

3. What must be the magnitude of a force acting on a body weighing 50 lbs. 
through a distunce of 10 feet, in the direction of its motion, which will double 
the kinetic energy of the body, if the velocity when the force begins to act 
is 200 feet per minute? 

4. To draw a waggon weighing 10 tons up an incline 50 feet high requires 
the expenditure of 530 foot-tons of work. Ifthe waggon is liberated at the top of 
the incline, what speed, in miles per hour, will it have when it reaches the 
bottom? Assume that the frictional resistances are the same coming down as 
going up the incline. Further, if the brake is applied during the descent, and 
the velocity acquired at the foot of the incline is 25 miles per hour, how many 
foot-tons of work have been absorbed by the brake ? 

5. How far will a train, moving at the rate of 40 miles per hour, run up an 
incline of 1 in 150 after steam is shut off? In addition to the resistance of 
gravity there is a mean resistance of 12 lbs. per ton in the direction opposite to 
that of the motion. 

6. A vehicle weighing 4 tons is proceeding at the rate of 10 miles an hour 
along a level road; the pull on it is suddenly stopped: supposing the whole 
resistance equivalent to 500 lbs. applied to the rim of one of the wheels 4 feet 
in diameter, calculate how far the vehicle will run before stopping. [Inst.C.E.] 

7. A fly-wheel alters in speed from 99 to 101 revolutions per minute when 
its kinetic energy alters by the amount of 500,000 ft.-lbs. What is its 
moment of inertia? What is its kinetic energy when making 1 revolution per 
minute ? [Inst.C.E.] 

8. A fly-wheel of a shearing machine has 150,000 ft.-lbs. of kinetic energy 
stored in it when its speed is 250 revolutions per minute; what energy does 
it part with during a reduction of speed to 200 revolutions per minute? If 
82 per cent. of this energy given out is imparted to the shears during a stroke of 
2 inches, what is the average force due to this on the blade of the shears? [B.E.] 

9. A fly-wheel when running at 90 revolutions per minute has a stored 
energy of 3,000,000 ft.-lbs. By reason of additional load it is slowed down to 
86 revolutions per minute in two seconds. By how much will the stored energy 
be reduced, and what is the average HP. produced by the slowing down of the 
fly-wheel ? [Inst.C.E.] 

10. A machine is found to have 300,000 ft.-Ibs. stored in it as kinetic energy 
when its main shaft makes 100 revolutions per minute. A similar machine (that 
is, made to the same drawings but on a different scale) is made of the same 
material but with all its dimensions 20 per cent. greater ; what will be its store 
of kinetic energy at 70 revolutions per minute? If when at 70 revolutions 
per minute energy is being stored for a short time at the rate of 1 horse-power, 
how does the speed alter during this time? [B. E.] 

11. When the fly-wheel of a certain traction engine lessens in speed from 
150 to 140 revolutions per minute there is a loss of kinetic energy (on the 
motion of the whole engine as well as the fly-wheel) of 25,000 ft.-lbs. If 
the speed is 160 revolutions per minute, how far will the engine travel up 
an ascent of 1 in 100, before coming to rest, if engine and truck together weigh 
30 tons, and there is a constant frictional resistance on a level road of 20 Ibs. to 
the ton? [B.E.] 

12. An electric tram-car has a total weight of 10 tons. The driving axle and 
driving wheels weigh 1050 lbs., and the other axle and its wheels weigh 650 Ibs. 
Each axle with its wheels has a radius of gyration of 1l inches. The diameter 
of the wheels at the tread is 30 inches. What is the total kinetic energy of this 
car in foot-tons when it is travelling at 15 miles per hour? What fraction of 
the total energy of the car is due to the rotation of the wheels and axles ? 
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18. A projectile weighing 12 lbs. bas a linear velocity of 2500 feet per second 
and an angular velocity about its axis of 500 revolutions per second. If its radius 
ration is 0°75 inch, what is the total kinetic energy of the projectile ? 
Apply the principle of the conservation of energy to find the velocity of 
ow circular cylinder after rolling a distance of 12 feet down a plane 
ed at a slope of 1 vertical in 5 horizontal. ; {Inst.C.E.] 
A fly-wheel (Fig. 27) mounted on a horizontal spindle in bearings is 
ted by winding a cord on the ones 
shing a weight to the cord, and allowing 
weight to fall to the ground. Inan 
actual experiment the ser Br weight was 21 
ibs., the total height of fall, 5 feet ; the 


se - whole time of rotation of the fly-wheel 
starting from rest was 70°25 seconds, and 


the total number of rotations of the fly- 


f 10 lbs. fall freely from rest so that i 
equi 


17. Two cylindrical tanks, A and B, of, respectively, 4 square yards and 
_ Square horizontal cross section, stand on the same floor and are 
mnected near the bottom by a narrow pipe. A at first contains 8 cubic yards 
of water, and B is empty. The water flows slowly into B. Find the amount of 
at which will have been generated when the water has ceased to flow and it 
has all come to rest. [Inst.C. E.] 
_ 18. Find the combined efficiency of a steam-engine and its boiler when the 
“Gen used is 14 lbs. per horse-power per hour, the calorific value of the coal being 


zy 


). The balls on the arms of a fly-press weigh 112 lbs, each, and they are 

ng with a velocity of 12 feet per second. How many ft.-lbs. of work 

ist be expended in bringing them to rest? If the die sinks ,; inch into the 
netal while the balls are being brought to rest, find the mean resistance to the 
_ motion of the die into the metal. 

20. A hammer used for driving a nail weighs 2 Ibs., and at the instant of 
riking the blow it is moving with a velocity of 16 feet. per second ; the blow 

- causes the nail to penetrate into the wood y*, inch. Find the mean pressure on 
at hdd ‘of the vial, . 


CHAPTER IV 
THE POLYGON OF FORCES | 


52. Composition and Resolution of Forces.—The single force 
which would produce the same effect as a number of forces acting 
together is called the resultant of these forces, and the forces are called 
components of their resultant. : 

The single force which will balance a. number of forces acting together 
is called the equilibrant of these forces. The equilibrant has the same 
magnitude as the resultant, and acts along the same line, but in the 
opposite direction. 

The process of finding the resultant of a number of forces is called 
the composition of forces, and the converse process of replacing a forces 
by two or more components is called the resolution of a force. 

The resultant of a number of forces acting in the same straight line 
is equal to the algebraical sum of the forces. If forces acting in one 
direction along a straight line are positive (+), those acting in the 
opposite direction are negative (— ). 

53. Parallelogram of Forces and Triangle of Forces.—If OP 
and OQ (Fig. 28) represent in magni- 
tude and direction two forces acting 0 piesa ge g 2:8 
at the point O, then the diagonal / 

OR of the parallelogram OPRQ will / 

represent the magnitude and the Q ~~~ c 
direction of their resultant, Con- Fria. 28 
versely, if a parallelogram OPRQ be Mare 

described on OR as diagonal, OP and OQ will represent components of 
the force represented by OR. 

In applying the parallelogram of forces OPRQ it should be noticed 
that the forces OP and OQ must both act either from O towards P and 
Q respectively, or towards O from P and Q respectively. Since the only 
difference between the resultant and the equilibrant of two forces is that 
the sense of the one is opposite to the sense of the other, the parallelo- 
gram of forces may be applied to find the equilibrant of two forces. 

If AB and BC be drawn parallel and equal to OP and OQ respec- 
tively, and CA be joined, then it is obvious that the triangle ABC is equal 
in all respects to the triangle OPR, and therefore AC is equal and 
parallel to OR. Hence the resultant or the equilibrant of two forces 
OP and OQ may be. determined by drawing the triangle of forces ABC. 
If arrow-heads be placed on the sides of the triangle of forces to show 
the sense of the forces, then, when two forces and their resultant are 
represented, the arrow-head for the resultant will point in the opposite 


direction round the triangle to that of the other two arrow-heads. But 
34 


7 


when the sides of the 


_ given forces and their 


in the same direction 
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Sieh two forces and their equilibrant are represented, the three arrow- 


heads will point in the same direction round the triangle. 


Referring to Fig. 28, OR?=OP?+0Q?+20P+OQ cos POQ, also 


: AC AB + BC? - 2AB+ BC cos ABC. 


54. Polygon of Forces.—If a number of forces OP, OQ, OR, and 


4 os act at a point O (Fig. 29), their resultant or their equilibrant may 


be found by repeated 
application of the 
parallelogram or tri- 
angle of forces. The 


weet POQT 
nes OT, the 


resultant of OP and 
OQ. The _parallelo- 
gram TORU deter- 
mines OU, the re- 
sultant of OT and 
OR, and _ therefore 
the resultant of OP, Fig. 29. 

OQ, and OR. The 

parallelogram UOSV determines OV, the resultant of OU and OS, and 
therefore the resultant of OP, OQ, OR, and OS. 

If AB be equal and parallel to OP, and BC be equal and parallel to 
OQ, then AC will be equal and parallel to OT; if CD be equal and 
parallel to OR, then AD will be equal and parallel to OU ; and if DE be 
equal and parallel to OS, then AE will be equal and parallel to OV. 
Hence if a polygon ABODE be drawn, having its sides respectively 

allel and equal to the given forces, the closing side AE will represent 
in magnitude and direction the resultant of the given forces, and EA 
will represent their equilibrant. 

If arrow-heads be placed on the sides of the polygon of forces to show 


_ the sense of the forces, then when the sides of the polygon represent the 


given forces and their resultant, the arrow-head for the resultant will 
point in the opposite direction round the polygon to that of the other 
arrow-heads. But 


polygon represent the 


equilibrant, all the 
arrow-heads will point 


round the polygon. 
When the given 

forces do not all act 

at the same point, or 

when their lines of 

action are not concur- 

rentand notall parallel, 

their resultant may still . Fie. 30. 

be determined by re- 

peated application of the parallelogram of forces, as shown in Fig. 30. 
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The lines of action of OP and OQ intersect at O, and the parallelogram 
POQT determines OT, their resultant. The lines of action of OT and 
O,R intersect at O,, and O,T, being made equal to OT, the parallelo- 
gram T,O,RU determines O,U, the resultant of OT and O,R. The lines 
of action of O,U and O,S intersect at O,, and O,U, being made equal 
to O,U, the parallelogram U,O,SV determines O,V, the resultant of 
O,U and O,S, and therefore also the resultant of OP, OQ, O,R, and 
O,S. By this method the resultant of the given forces is completely 
determined: 

The polygon of forces ABCDE may be drawn as before, and the 
closing line AE will represent in magnitude and direction the resultant 
of the given forces, but the line of action is undetermined. A point in 
the line of action of the resultant may however be found by drawing 
another polygon, called the funicular polygon, which is discussed in the 
next Article but one. 

When the given forces are all parallel, the polygon of forces becomes 
a straight line. 

55. Lettering of Forces—Bow’s Notation.—In Fig. 31 the diagram 
(m) shows the lines of action of a number of forces which act at a point 
and which are in equilibrium. The ; 
diagram (n) is the corresponding poly- b 
gon of forces. In one system of letter- 
ing, each force is denoted by a single 
letter, as P. In Bow’s notation, each 
force is denoted by two letters, which 
are placed on opposite sides of the 
line of action of the force in diagram 
(m), and at the angular points of the 
polygon in diagram (z). In Bow’s Fig. 31. 
notation the force P is referred to as 
the force AB. In like manner the force Q is referred to as the force BC. 
The diagram (m), which shows the lines of action of the forces, is called 
the spice diagram, and the diagram (7), which shows the polygon of forces, 
is called the farce diagram. 

In this work, when Bow’s notation is used, capital letters will be 
placed on the space diagram, and the corresponding small letters on the 
force diagram. 

56. The Funicular Polygon.—Let P, Q, R, and § (Fig. 32) be four 
forces which act on a rigid body, and which are balanced by a fifth force 
T, which is at present unknown. Draw the polygon of forces abcde, 
then from what has already been shown the,line ea which closes the 
polygon will represent the magnitude and direction of the fifth force T. 
Take any point o and join it to a, 6,¢c,d,ande. Take any point 2 in 
the line of action of P and draw the line 2B3 parallel to ob to meet the 
line of action of Q at 3. Draw 3C4 parallel to oc to meet the line of 
action of R at 4. Draw 4D5 parallel to od to meet the line of action 
of S at 5. Draw 5El1 parallel to oe and 2A1 parallel to oa. The latter 
two lines will meet at a point 1 on the line of action of T. 

Conceive that the lines A, ae C, D, and E represent bars jointed to 
one another at the points 1, 2, $, 4, and 5. Then these bars may be 
supposed to take the place of the rigid body upon which the five forces 
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P, Q, R, 5, and T are supposed to act. In the case under consideration 
(Fig. 32) it is obvious that the bars A, B, C, D, and E are subjected to 


tension. Consider the point 2. Here there are three forces acting 


which balance one another, viz. the force P and the tensions in the bars 
A and B, and these three forces are represented in magnitude and 


direction by the three sides of the triangle abo. Again, the three forces 


; 
vy 


Ie a 
2 J 
a 
‘4 
5 
> 
F 
. 
\ 
is. 


acting at the point 3 are represented by the sides of the triangle dco, also 
the three forces acting at the point 4 are represented by the sides of the 
triangle cdo; and the three forces at 5 by the sides of the triangle deo. 
Now in order that the tensions in the bars E and A may be balanced by 
the force T, the force T must act at the point of intersection of the bars 
Eand A. The point 1 is therefore a point in the line of action of T. 

The polygon 12345 is called the funicular polygon, the link polygon 
or the equilibrium polygon of the forces P, Q, R, 8, and T with reference 
to the point 0, which is called the pole. 

Since the pole o may have an infinite number of positions, there are 
an infinite number of funicular polygons to any system of balanced forces. 


Fig. 32. Fia. 33. 


If the diagrams (F) and (/) (Fig. 32) be compared it will be seen 
that each line on the one is parallel to a corresponding line on the other. 
Also, if a system of lines on the one meet at a point, the corresponding 
lines on the other form a closed nee From these properties the 
diagrams (F) and are called reciprocal figures. 

No hi el yet been made to Fig. 33, but all that has been 
said with reference to Fig. 32 will also apply to Fig. 33, where the given 
forces are parallel to one another, except that the bars E and A are in 
compression, the remaining bars B, C, and D being in tension. 

An examination of Figs. 32 and 33 will show that the simple rule to 
be remembered in drawing the funicular polygon is, that any side of that 

lygon has its extremities on the lines of action of two of the forces, 
and that that side is parallel to the line which joins the pole to the point 
of intersection of the lines which represent these two forces on the polygon 
of forces. 

Referring to Figs. 32 and 33, it may be noted that the equilibrant of 
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P and Q is represented in magnitude and direction by ca, and that the 
point of intersection of the sides A and C of the funicular polygon is a 
point in the line of action of this equilibrant. Also the equilibrant of P, 
Q, and R is represented in magnitude and direction by da, and the point 
of intersection of the sides A and D of the funicular polygon is a point 
in the line of action of this equilibrant. 

Having shown that the funicular polygon together with the polygon 
of forces may be used to determine the equilibrant of a system of non- 
concurrent forces, it is obvious that the same construction will also deter- 
mine the resultant of that system of forces, since the resultant acts along 
the same line and has the same magnitude as the equilibrant, but acts in 
the opposite direction. 

57. Examples of the use of the Funicular Polygon.—T wo examples 
will now be worked out to further illustrate the use of the funicular polygon. 

(1) Three vertical forces, AB, BC, and CD, act on a horizontal beam, 
as shown in Fig. 34. The beam rests on supports at its ends where there 
are vertical reactions DE and EA. It is required to determine the 
magnitudes of these reactions. 

Since the forces are all parallel the polygon of forces will be a straight 
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line abcdea, and the reactions will be represented by de and ea, the 
position of the point e being as yet unknown. 

Choose a pole 0. Join oa, ob, oc, and od. Draw OA, OB, OC, and 
OD parallel to oa, ob, oc, and od respectively as shown. These four 
lines, OA, OB, OC, and OD, will form four sides of the funicular polygon, 
of which OE will be the closing side. Draw oe parallel to OE to meet 
ad ate. This completes the solution. It will be found that DE=1-48 
tons, and EA=1-27 tons. 

(2) A horizontal beam AB (Fig. 35) is acted on by an inclined 
force P= 200 lbs., a vertical foree Q@=150 Ibs., and an inclined force 
R=500 lbs., as shown. There is also a vertical foree T,; whose magnitude 
is unknown, acting at A, and a force S acting at B, whose magnitude 
and direction are both unknown. These forces being in equilibrium, it is 
required to determine T and 8. 

By the polygon of forces (a) and the funicular polygon 1234 the line 
of action 4N of the resultant U of the forces P, Q, and R is found, 
Replacing P, Q, and R by U, there are now only three forces acting on 


od 
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the beam AB, viz. U, T, and §, and since these forces are in equilibrium 
and are not parallel, their lines of action must meet at a point which 
must be the point N where the lines of action of U and T intersect. 
This determines the line of action of S, and the polygon of forces being 
completed, the magnitudes of T and § are found to be, T = 312°6 lbs., and 


Fig. 35. 


‘ 


S = 593°3 lbs., and 6, the angle which the line of action of S makes with 
the beam, is 26° 3’. 

The forces T and S may, however, be found without the use of the 
point N, as follows. Draw as much of the polygon of forces as the data 
of the problem will permit. Choose a pole o and draw the funicular 
polygon B5678, starting at the point B, which is the only point in the 
line of action of S which is as yet known. 8B is‘the closing side of this 
funicular polygon, and a line oc drawn parallel to 8B to meet that side 
of the polygon of forces which is parallel to the line of action of 'T will 
determine the remaining angular point of the polygon of forces, and will 
ere fix the magnitude of T and also the direction and magnitude 
of 8, . . 

58. Analytical Methods.—The following examples illustrate the 
methods of solving, by calculation, problems on forces acting in a plane 
and at a point. 

(1) Two forces, P = 20 Ibs., and Q= 10 lbs., act as shown at (a), Fig. 
36, the angle between their lines of action 


being 100°. It is required to find R, the FP so) P 
‘resultant of P and Q. > © ~ RQ 
Drawing the triangle of forces shown "Q (@) “(b) ~~ 


at ()), the angle opposite to R is Fic. 36. 
180° — 100° = 80°. 
Then, R? = P? + Q? — 2PQ cos 80° 
= 20? + 10? — 2 x 20 x 10 k 0°17365 = 430°54. 


Therefore, R= ,/430°54 = 20°75 Ibs. 
The angle @ which R makes with P is found from the equation 
sn@ Q 


in 80° R 
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: 10 : 

Therefore, sin 0= 50°75 * 098481 = 0°4746, 

and 0 = 28° 20’. 

(2) The lines of action of four forces, P, Q, 8, and T, are as shown at 
(a), Fig. 37. The magnitudes of P and Q are 10 and 20 units respec- 
tively, and the four forces are 
in equilibrium. It is required 
to find the magnitudes and 
senses of S and T. 

Drawing the polygon of 
forces shown at (0), the senses 
of S and T are seen at once, 

Projecting the sides of 
the polygon on to the hori- 
zontal, it is evident that the 
projection of T is equal to 
the projection of S minus the projection of P plus the projection of Q, 


or T cos 30° = 8 cos 45° — 10 cos 60° + 20 cos 30°... (A) 


Projecting the sides of the polygon on to the vertical, it is evident 
that the projection of T plus the projection of Q is equal to the projec- 
tion of S plus the projection of P, : 


or — Tsin 30° + 20sin 30°=Ssin 45°+10sin60°.. . . (ii) 


Solving the equations (i) and (ii), 
T=10(24+.,/3) =37°32, and S = 20,/2 = 28°28. 

(3) P,,P.,P3, ete., are forces acting at a 
point O (Fig. 38), and their lines of action 
are inclined to a horizontal axis OX at angles 
0,, 9, 93, etc., respectively. Produce XO to Xx 
X,, and draw the vertical axis YOY, Re- 
solve each force into two components, one 
along the horizontal axis and the other 
along the vertical axis. The horizontal Yi 
components are, P, cos 6,, P, cos 6,, P; cos 9; Fig. 38. 
etc. ; and the vertical components are, P, sin 6, P, sin @,, P, sin 0g, ete. 

The resultant of the horizontal components is, 


P, cos 6,+ P,cos 0,+P, cos O,+etc. . . .=2(P cos 6). 
The resultant of the vertical components is, 
P, sin 6,+P, sin 6,+ P; sin #,+ etc. . . .=2(P sin 0). 


If R is the resultant of all the forces, then _ 

R?= {>(P cos 6)? + {2(P sin 6)!2, and the line of action of R makes an 
: _ &(P sin 0) 

angle @ with OX such that tan O= rca | 

If the forces P,,P,,P,, etc.,are in equilibrium,then R =0, 2(P cos @) = 0, 
and 2(P sin #)=0. 

In applying the foregoing equations to numerical examples care must 
be taken to give the proper algebraical sign (+ or —) to each quantity. 
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Exercises IV. 


It is intended that all the following exercises should be worked graphically, but 
addition the student will find it advantageous to also calculate the reset: : =a 


1. Determine the resultant of the forces shown at Ex. 1, Fig. 39, (1) by means 
of the parallelogram of forces; (2) by means of the polygon of forces, taking 
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In reproducing the above diagrams the sides of the small 
Squares are to be taken equal to half an inch. 


the forces in the order given ; and (3) by means of the polygon of forces, taking 
the forces alternately, instead of in the order given. 

2. By means of the polygon of forces determine the resultant of the forces 
shown at Ex. 2, Fig. 39. Also, find the magnitudes of two forces, one acting 
horizontally and the other vertically, which will balance the given forces. 

= 3 he eae polygon, determine the resultant of the forces shown 
at Ex, 3, . 39, 

4. Using a funicular polygon, determine the resultant of the forces shown 
at Ex. 4, Fig. 39. 

- 5. Find the resultant of the forces shown at Ex. 5, Fig. 39. 

6. Find the resultant ofthe forces shown at Ex. 6, Fig. 39. 

7. The forces shown at Ex. 7, Fig. 39, are in equilibrium. Find the mag- 
nitudes of P and Q. 

8. A beam, loaded as shown at Ex. 8, Fig. 39, rests on supports at its ends. 
Determihe the magnitudes of the reactions R, and Rg at the supports. 

9. Determine the resultant of the forces shown at Ex. 9, Fig. 39. 

10. The forces shown at Ex. 10, Fig. 39, are balanced by parallel forces acting 
at Aand B. Determine the forces at A and B. 

11. Find the resultant of the forces shown at Ex. 11, Fig. 39. 

12. The forces shown at Ex. 12, Fig. 39, are balanced by two forces, one of 

_ which (P) acts along the vertical line through A, and the other (Q) acts in a 
horizontal direction. Determine the forces P and Q. 


CHAPTER V 
MOMENTS AND CENTROIDS 


59. Moment of a Force.—The moment of a force about a point or 
axis, perpendicular to its line of action, is the measure of its turning 
power round that point or axis. The magnitude of the moment 
(generally called the moment) is the product of the magnitude of the 
force and the perpendicular distance of its line of action from the point 
or axis. For example, the moment of the foree AB (Fig. 40) about the 
point M is equal to the magnitude of the force AB multiplied by MN, 
the perpendicular distance of M from the line AB. If the unit of force 
is the pound, and the unit of distance is the inch, then the unit of ~ 
moment is the inch-pound or pound-inch. Other units of moment in 
common use are the foot-pound or pouwnd-foot, the foot-ton or ton-foot, 
and the inch-ton or ton-inch. 

The construction shown in Fig. 40 is a very convenient one for 
determining graphically the moment 
of a force about a point. AB is 
the line of action of the force, and 
M is the point. The construction 
is as follows. Draw abd parallel to 
AB, and make the length of ab to 
represent the magnitude of the force. 
Through M draw a’MO’ parallel to 
AB. Choose a pole 0. Join oa and 
ob, Take any point o’in AB. Draw 
o’a’ parallel to oa to meet a’Md’ at 
a’, and draw o’b’ parallel to ob to 
meet a’Mh’ at 6’.. Then a’b’ measured with a suitable scale will be the 
magnitude of the moment of the force AB about the point M. 

Draw oh perpendicular to ab, and o’h’ perpendicular to a’b’. The 
triangles oad and o’a’b’ are obviously similar, and ab:a’b’:: oh:o'h’. 
Hence ab xo’h’=a’b’ x oh. But ad is the magnitude of the force AB, 
and o’h’, which is equal to MN, is the perpendicular distance of M from 
AB. Therefore abxo’h’ is equal to the moment of AB about M, and 
therefore a’b’ x oh is equal to the moment of AB about M. 

If oh is made equal to the linear unit, then a’b’ measured with the 
force scale will give the moment required. For example, if of is 1 inch 
and a@’b’ measures 20 lbs. on the force scale, then the required moment is 
20 inch-pownds. It is not always convenient to make of equal to the 
unit of distance, but it should be made a simple multiple or sub- 
multiple of it. 

The following is the simple rule for determining the moment scale. 


Let oh be m times the linear unit, and let the force scale be ~ units of 
42 
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force per inch. Then the moment scale will be m xn units of moment 


per inch. For example, let the linear unit be one foot, and suppose that 
oh, measured with linear scale, is 4 feet. Let the force scale be 
100 Ibs. per inch, then the moment scale will be 100 x 4 = 400 foot-pounds 
per inch. 

It may be pointed out that the figure a’o’’ is the funicular polygon 
of the force AB with reference to the pole o. 

60. Resultant Moment of a System of Forces.—The resultant 
moment of a system of forces about a point is equal to the algebraical 
sum of the moments of the separate forces about that point, and it is 
obvious that this sum must be equal to the moment of the resultant of 
the system about the same point. Hence the graphical determination 
of the resultant moment of a system of forces about a point resolves into 
constructing the resultant of the system, and the determination of the 
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moment of this resultant about the given point by the construction of 
the preceding Article. The two constructions may, however, be com- 
bined in one, as shown in Figs. 41 and 42. AB, BC, apd CD are three 
given forces, and M is a given point. It is required to determine the 
resultant moment of the given forces about the given point. . 

abcda is the force polygon ; ad, the closing line, gives the magnitude 
and direction of the resultant of the three given forces. A pole o is 
taken at a perpendicular distance oh from ad, which is a simple multiple 
or sub-multiple of the linear unit. The funicular polygon of the forces 
with reference to the pole o is next drawn, and the intersection of the 
closing sides OA and OD determines a point on the line of action of the 
resultant force AD. A line through M parallel to ad intersects the 
closing sides OA and OD of the funicular polygon at a’ and d’. The 
moment required is equal to a’d’ x oh. The triangle o’a’d’ is obviously 
similar to the triangle oad, and therefore, as shown in the preceding 
Article, the moment of AD about M is equal to a’d’ x oh. 
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It may be observed that the moment of any one of the forces, say 
BO, is obtained by drawing through M a parallel to BC to intersect the 
sides of the funicular polygon which meet on BC at 0’ and c’ ; b’c’ x oh 
is the moment of BC about M. 

61. Principle of Moments.—When a number of forces acting on 
a rigid body are in equilibrium, then the moments of all the forces about 
any given axis being taken, the sum of the moments of those forces 
which tend to turn the body in one direction about the axis is equal to 
the sum of the moments of those forces which tend to turn the body in 
the opposite direction about the same axis. 

62. Couples.—A couple consists of two equal parallel forces acting in 
opposite directions. The arm of a couple is the perpendicular distance 
between the lines of action of the two forces. The moment of a couple 
is the product of the magnitude of one of the forces and the arm of the 
couple. A couple tends to cause a body to rotate. 

Two couples will balance one another when (1) they are in the same 
plane or in parallel planes, (2) they have equal moments, and (3) their 
directions of rotation are opposite. 

63. The Centre of Parallel Forces.—If a system of parallel forces 
acts at fixed points, the resultant will act through another fixed point, 
called the centre of the system. ‘This centre is independent of the 


Fig. 43. 


direction of the forces so long as the sense of each in relation to the sense 
of one of the forces is unaltered. 

In Fig. 43, P, Q, R, and S§ are parallel forces acting at the fixed 
points A, B, C, and D respectively in a plane. By means of the force 
and funicular polygons the line of action LK of the resultant is deter- 
mined. Let the direction of the forces be changed so that they act as 
shown by P’, Q’, R’, and 8’. The line of action MK of the resultant is 
determined as before. The point K, where LK and MK intersect, is the 
centre of the parallel forces P, Q, R, and S acting at the points A, B, C, 
and D respectively. If the construction be repeated with the forces 
acting in any other direction, it will be found that the new resultant 
will act through the same point K. 

In Fig. 43 the forces P, Q, R, and § have all the same sense, and 
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therefore P’, Q’, R’, and S’ must have the same sense. But if the sense 
of Q were opposite to that of P, then the sense of Q’ would be opposite to 
that of P’. 

In applying the above method to the determination of the centre of a 
system of parallel forces, it is usually most convenient to take the two 
directions of the forces at right angles to one another. 

In determining the eentre of a system of parallel forces by caleula- 

tion, it is most convenient to apply the principle of moments. weg let 
Pes; P,, Ps, etc., be parallel forces in a plane acting at fixed points 1, 2, 3, 
etc., in a rigid body ; ; choose a point X in the plane of the forces, and let 
the ‘perpendicular distances of X from P,, P,, Ps, etc., be 2, 22, %,, etc., 
respectively. Let R be the resultant of the forces, and a the per- 
pendicular distance of its line of action from X, then 


Re= Pa, + Pw, + Pyx, + ete., and ages Egat gee : 


Care must be taken to give the proper signs to the products P,z,, P,7., 
P.a,, etc. If one force tending to turn the body in one direction about 
X be considered as having a positive moment, then another force tending 
to turn the body in the opposite direction about the point X is to be 
considered as having a negative moment. A line parallel to the direc- 
tions of the forces and at a distance 2 from X will be the line of action 
of R. Turning all the lines of action of all forces through the same 
angle in the original plane, and repeating the calculation with reference 
to the same point X, or any other point in the plane of the forces, a new 
line of action of R is determined which intersects the first at the centre 
of the given system of forces. 

If the fixed points, and therefore the lines of action of the forces, are 
not in the same plane, the procedure may be as follows. Select three axes, 
X, Y, and Z, perpendicular to one another. Take the lines of action of 
the forces in turn parallel to the axes Y, Z, and X, and in turn take 
moments about the axes X, Y, and Z to determine z, 2, and y the 
distances from X, Y, and Z respectively of three planes parallel to 
XY, YZ, and ZX respectively. The point of intersection of these three 
planes is the centre required. 

64. Centres of Gravity or Centroids.—The particles of which any 
body is made up are attracted to the earth by forces which are propor- 
tional to the masses of these particles. For all practical purposes these 
forces may be considered to be parallel, and their resultant will act 
through the centre of these parallel forces. In this case the centre of the 
parallel forces is called the centre of gravity or centroid of the body, and 
the determination of a centroid resolves into finding the centre of a 
system of parallel forces. 

The centre of gravity of a body may also be defined as that point 
from which if the body is suspended it will balance in any position. 

When the term centre of gravity is applied to a line, the line is 
supposed to be made of indefinitely thin wire ; and when the centre of 
gravity of a surface is spoken of, the surface is supposed to be made of 
indefinitely thin substance. 

The following results, which are not difficult to prove, should be 
noted :— 
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The centroid of a straight line is at its middle point. 

The centroid of a triangle is at the intersection of its medians. 

The centroid of a parallelogram is at the intersection of its diagonals. 

_If a plane figure is symmetrical about a straight line, the centroid of 

the figure is in that straight line. 

65. Examples on the Determination of Centroids.—(1) ABC is 
a triangle AB=BC=23% inches, AC=33 inches. D is a point within 
the triangle ABC 24 inches from A and 1} inches from B. Small bodies 
are placed at the points A, B, C, and D, their masses being proportional 
to the numbers 3, 3°5, 2°5, and 5 respectively. It is required to find the 
centre of gravity of the four bodies. 

The graphic method of working this example is fully explained in. 
Art. 63, and is illustrated by Fig. 43. The dimensions in Fig. 43 are, 
however, not the same as given above. (If G be the required centre of 
gravity, then AG = 1-94 inches, and BG = 1:21 inches.) 

(2) A piece of wire of uniform thickness is bent to the form ABCD 


a = © o 2 cep 3 


edbaes ta ine : 


w& 
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(Fig. 44). The parts AB, CD, and DA are straight, and the part BC is 
an are of a circle whose centre is A. AB=24 inches, CD=1 inch, 
DA = 2 inches, and the are BC subtends an angle of 60° at A. It is 
required to find the centre of gravity of the frame ABCD. 

The are BC is divided into four equal parts, and the centre of gravity 
of each of these is assumed to be at its middle point. This assumption 
only involves a small error, because the ares are small compared with the 
radius of the circle. It may also be assumed that the weights of these 
small arcs of wire are proportional to the length of their chords. The 
weights of the straight sides are proportional to their lengths, and their 
centres of gravity are at their middle points. The weight of each part 
into which the frame is divided may be supposed to act at its centre of 
gravity, and the problem becomes similar to the preceding one. G is the. 
required centre of gravity. ‘é 

Scales to be used.—For the frame, full size. For the forces, 1 inch 
equal to the weight of 2 inches of wire. 
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(3) A plane figure is formed by removing from a triangle ABC 
(Fig. 45) triangles ADE and FHK. It is required to find the centroid 
of the figure. ; 

The centroids of the triangles ABC, ADE, and FHK are first deter- 
mined by the intersections of their medians. Conceive that the triangle 
ABC is made of very 
thin sheet metal, and 
that it is suspended 
from its centre of 
gravity by a string. 
The tension R in the 
string would be equal 
to. the weight (or area) 
of the triangle. The 
upward force R would 
be balanced by the 
downward forces W, P, 
and Q, where W is the 
weight (or area) of the 
shaded figure acting at 
its centre of gravity G (as yet unknown), P is the weight (or area) of 
the triangle FHK acting at its centre of gravity, which is known, and 
Q is the weight (or area) of the triangle ADE acting at its centre of 
gravity, which is known. The parallel forces R, P, and Q are completely 
known, and G, their centre, is the centroid required. The force and 
funicular polygons for finding G are not shown. 

To work this example by calculation proceed as follows :— 

R=area of ABC= 4x 4} x 24 =4} square inches. 
P=area of FHK =} x 14 x $=, square inch. 

2 
Q=area of ADE=(7}) x $1.9 square inch. 
W =shaded area= R —- P- Q= $3 -  — 95 = $3 square inches. 
Distance of centroid of ABC from BC =} x 44 =14 inches. 
Distance of centroid of FHK from BC = 44 — 14 - 3 x 14 =2 inches. 
Distance of centroid of ADE from BC = 44 —% x 14=3} inches. 
Distance of centroid G from BC =z. 

Take forces parallel to BC, and take moments about B, then 
te x lg =e x 244% x 3444230. Hence x= 1+ inches. 

Taking the forces parallel to AB, and taking moments about B, the 
distance y of the centroid G from AB is found to be £ inch. 

Further examples on the determination of centroids will be found 
later on in this chapter in connection with moments of inertia. 

66. Centre of Pressure and Centre of Stress.—If a plane figure be 
subjected to fluid pressure, the point in the plane of the figure at which 
the resultant of the pressure acts is called the centre of pressure. If 
a plane figure be a section of a bar which is subjected to stress, the point 
in the plane of the section at which the resultant of the stress acts is 
called the centre of stress. 

If the pressure or stress be uniform over the figure, then the centre 
of pressure or centre of stress coincides with the centroid of the figure. 


48 APPLIED MECHANICS 


A general construction for determining the centre of pressure or 
centre of stress of any plane figure when the pressure or stress varies ~ 
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uniformly in one direction is illustrated by Fig. 46. ABNCDMA is a 
plane figure supposed to be vertical, and AB and CD are horizontal, AA, 
is the altitude of the figure, and the pressure or stress is supposed to 
vary uniformly from an amount represented by AP at the level AB to an 
amount represented by A,Q at the level CD. AP and A,Q are horizontal. 
Join QP and produce it to meet A,A produced at O. Draw any 
horizontal SRMN to cut the given figure. Draw the horizontal OF, and 
the verticals MM, and NN). Through K, the middle point of MN, draw 
the vertical KF. Join FM, and FN, cutting MN at mand xn. If this 
construction be repeated at a sufficient number of levels, and all points 
corresponding to m be joined, also all points corresponding to m, a figure 
abnCDma is obtained, and the centroid of this figure will be the centre 
of pressure or centre of stress of the original figure. 

The proof is as follows. Suppose that the line MN is the centre line 
of a very narrow horizontal strip of the original figure, and let the width 
. of this strip be denoted by w. The magnitude of the resultant pressure 
or stress on this strip is equal to MN x wx RS, and it will act at K, the 
middle point of MN. 


Since SRMN is parallel to QA,DC, 
M,N, :mn::O0A,: OR, 

and, MN : mn::A,Q: RS, 

therefore MN x RS=mn x A,Q, 

and MN x wx RS=mn x w x A,Q, 


that is, the resultant of the pressure or stress on the strip of length mn 
when subjected to a pressure or stress A,Q will have the same magnitude 
as the resultant of the pressure or stress on the strip of length MN when 
subjected to a pressure or stress RS, and it will act at the same point K, 
which is also the middle point of mun. 

It follows that the resultant of the pressure or stress on the figure 
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alnCDma when subjected to a uniform pressure or stress A,Q will be 
the same as the resultant of the varying pressure or stress on the original 
figure. But when the pressure or stress on a plane figure is uniform, the 
centre of pressure or centre of stress is at its centroid. Therefore the 
centroid of the figure a’nCDma is the centre of pressure or centre of 
stress of the original figure. 


Exercises Va. 


The following exercises may be worked graphically, or by calculation, or by a 
combination of these methods. 


1. ABCD is a square of 6} feet side. A force P=5 tons acts from A to D, and 
a force Q=3} tons acts from Bto ©. Determine the moment (in foot-tons) of 
the resultant of P and Q about a point within the square and 4 feet from AD. 

la. Same as preceding exercise, except that the force P acts from D to A 
instead of from A to D. 

ib. ABC is a triangle, AB=1}4 inches, BC=24 inches, and CA=2 inches. 
A force P has a moment of ~12 inch-lbs. about A, a moment of —30 inch-lbs. 
about B, and a moment of +20 inch-lbs, about C. Determine the magnitude 
and line of action of the force P. 

2. Six parallel forces, having the same sense, act at the angular points A, B, 
O, D, E, and F of a regular hexagon of 2 inches side. The magnitudes of the 
forces, taking them in the order A, B, C, etc., are 2, 14, 24, 3, 1,and 14. Find 
the centre of these parallel forces. : 

3. ABC isa right-angled triangle having the right angle at C. AB=2} inches, 
AC=lI} inches. Determine the centroid of the three squares described on the 
three sides of this triangle. 

, 3a. Determine the centroid of the three equilateral triangles described on 
the sides of the triangle given in the preceding exercise. 

4. A wire is bent into the zig-zag form ABCD shown at Ex. 4, Fig. 47, and 
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aS IEX7. \ 
2% R 
B are D x *, 
x5 Ex.6. B < 
B A % ! A 
~ B A Vv 
x. X 
Exlli\| | — 
Cc Ex.9. \ Ex 
L| l 
Cc A Cc oc 
Fria. 47. 


In reproducing the above diagrams the sides of the small 
squares are to be taken equal to half an inch. 


- is suspended by a string attached to the wire at the point A. Draw the direc- 
tion of the string. 
5. Determine the centroid of the figure shown at Ex. 5, Fig. 47. 
6. Determine the centroid of the figure shown at Ex. 6, Fig. 47. 
7. The intensity of the load at any point of the beam AB, Ex. 7, Fig. 47, is 
peoeeers! to the height of the diagram above the beam at that point. The 
ength of AB is 16 feet. Determine the position of the resultant load. 
8. Determine the centroid of the figure shown at Ex. 8, Fig. 47. 
9. Determine the centroid of the figure shown at Ex. 9, Fig. 47. 
D 


+ 
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10. UAB is a quadrant of a circle, the radii OA and OB being 23 inches long. 
CD is a straight line cutting OB at C and OA at D. OC=2 inches, OD=1} 
inches. Determine the centroid of the figure ABCD. . z 

11. The figure shown at Ex. 11, Fig. 47, is subjected to fluid pressure, which 

varies uniformly from } lb. per square inch at the level AB to 1} lbs. per square 
inch at the level CD. Determine the position of the centre of pressure of the 
figure. 
: 12. The figure shown at Ex. 12, Fig. 47, represents the section of a bar 
which is subjected to tensile stress. The stress varies uniformly from nothing 
at AB to 3 tons per square inch at CD. . Determine the position of the centre of 
stress of the section. 

13. A vertical wall is 80 yards long and 42 feet high. The adjoining table 


gives the pressures of the en 
wind on it, p pounds per 
square foot,atvarious heights h 4 10 18 25 33 42 


h feet above the ground. 
Draw a diagram showing 
the relation between p and p 9 12 | 16°7 | 20°3 | 23°5 | 26 
hk. Find the mean pressure 
on the wall in lbs. per square 
foot, and the total wind force on the wall in lbs. Find the line of action of 
this force. Employ scales of 1 inch to 10 feet, and 1 inch to 10 lbs. per square 
foot. [B.E.] 


67. Moment of Inertia.—The sum of the products of the mass of 
each elementary part of a body and the square of its distance from a 
given axis is called the moment of inertia of the body about that axis. 
Thus, if m,, m,, mg, etc., be the masses of the parts of the body, and 
1) %g Tg, etc., be the distances of these parts respectively from the axis, 
then the moment of inertia =I =m,rj + Mors + Mel 3 +ete.... =2Zmr’, 

The moment of inertia of an area and the moment of inertia of a line 
are defined in a similar manner by substituting area or length for mass. 
But since areas and lines have no inertia, they have, strictly speaking, no 
moment of inertia. 

The moment of inertia of a force about an axis perpendicular to the 
line of action of the force is the product of its magnitude and the square 
of the distance of its line of action from the axis. 

The graphic method of determining the moment of inertia of a plane 
area, or of a system of parallel forces, will be understood from the two 
examples worked out in Figs. 48 and 49. 

Fig. 48 shows the application of the method to finding the moment 
of inertia of a force AB about a point 
M or about an axis through M and 
perpendicular to the plane of the paper. 
Through M draw MY parallel to AB. 
Draw MN perpendicular to AB. Ap- 
plying the construction explained in 
Art. 59, a/b’ x oh = ABx MN. Choose 
a pole o’ at a distance o’h’ from a/b’, 
which is a simple multiple or sub- 
multiple of the linear unit. From a 
point »”’ in AB draw n’’a’’ parallel 
to o’a’ and n”b” parallel to 0’b’. Since ) 
the triangle abn’ is similar to the Fic. 48 
triangle a’b’o’, it followsthat ab” x oh’ : erp 
=a'b’ x MN,and thereforea”b” x o’h' x oh =a'b! x oh x MN. Buta’d’ x oh 
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=ABx MN. Therefore ab" x oh’ x oh = AB x MN? = moment of inertia 
of AB about M. a’b’n’ and a’’b’’n” are funicular polygons, of which the first 
determinesthemomentAB x MN, 
and the second determines the 
moment of this moment, namely, 
(AB x MN) =x MN. The lengths 
al’ and a’’b” must be measured 
with the forcescale,and thelengths 
oh and o’h’ with the linear scale. 

Fig. 49 shows the application 
of the method to the determina- 
tion of the moment of inertia of 
the shaded figure about an axis 
aa’ in the plane of the figure. 
The area is divided into parallel b 
strips, and parallel forces AB, 
BC, CD, DE, and EF are sup- 
posed to act at the centres of 
gravity of these strips, the magni- 
tudes of the forces being pro- 
portional to the areas of the 
strips. The sum of the moments 
of these forces about the given 
axis is equal to a‘/” x’oh, and the Fia. 49. 


-sum of their moments of inertia 


is equal to a"f” x o'h’ x oh. The lengths a‘f and a”f” must be measured 
with the area scale and the lengths of and o’’ with the linear scale. 

68. Moment of Inertia—Theorems.—A knowledge of certain 

theorems, which will now be proved, will be found of great use in solving 
problems on moment of inertia. 
_ Theorem I.—If I, and I, are the moments of inertia of a plane 
figure (Fig. 50) about axes OX and OY in its plane and perpendicular 
to one another, and if I, is the moment of inertia 
of the figure about an axis OZ perpendicular to 
the plane XOY, then I,=I,+I,. 

Consider a small element P of the figure, 
whose distance from OY is «2, whose distance 
from OX is y, and whose distance from O is 7, 
and let a denote the area of this small element. 
Then P=22+%%, ar? =az? + ay’, 

Lar? = Lax? + Lay*, therefore I, =I, + I,. Fia. 50. 

Corollary 1.—If OZ is a fixed axis perpen- 
dicular to the plane of the figure, and if OX and OY are any two 
axes in that plane and perpendicular to one another, then I, +I, being 
equal to I, is constant. 

Corollary 2.—Since I,+I1, is constant, it follows that if I, is a 
maximum, I, is a minimum. 

Theorem II.—Let I=the moment of inertia of a surface EF (Figs. 
51 and 53) or a body HK (Fig. 52) about an axis XX passing through 
its centre of gravity G; I, =the moment of inertia of the surface or body 
about an axis X,X, parallel to XX and at a distance 7 from it; A=area 


, 
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of surface; W=weight of body; then I,=I+ Ar? for the surface, and 


I, =1+ Wr’ for the body. 
Consider a small element P of the surface or body, and let m denote 


Fig. 51. Fig. 52. Fig. 53. 


its area or weight. Referring now to Figs. 51 and 52, let PM and PN 
be perpendiculars from P to the axes XX and X,X, respectively, and let 
PQ be the perpendicular to MN from P. Then, 


PN?=MN? + PM? — 2MN “MQ 
mPN?2 = SmMN?2 + =mPM2 - 2MN=mMQ, 


but 2m MQ =0, therefore I, =I+A7* for the surface, and I, =I+W7? 
for the body. 

The case which is of most importance, on account of its frequent 
occurrence in practice, is the simple one in which the surface EF is 
a plane figure (Fig. 53), and the parallel axes XX and X,X, are in the 
plane of the figure. In this case P and Q coincide. 

Corollary 1.—If & and k, are the radii of gyration about the axes XX 
and X,X, respectively, I= Ak? or Wh’, and I, =Ak; or Wk}. Hence 
ki =k? +72, 

Corollary 2.—The radius of gyration about a given axis passing 
through the centre of gravity is less than the radius of gyration about 
an axis parallel to the given axis, and the axis about which the radius of 
gyration is least must pass through the centre of gravity. 

69. Moment of Inertia—Fundamental Examples.—The graphical 
method of finding moments of inertia was explained in Article 67, p. 50, 
The analytical method will now be used, and in 


practice this is generally the most convenient. Tis Eee 
(1) Straight line, or straight and uniform —x- —+ 1 
slender rod (Fig. 54) about an axis XX, per-  y! EA 50 


pendicular to it, and passing through one end. » r 
Consider an element of length dx at a dis- Ae Bae 
tance w from the axis. Let w denote the weight of the rod per unit 
of length. The weight of this element is wdx, its moment of inertia 
is wa*dx, and the total moment of inertia 
1 Y 
I,= | warda = w| edz = 
0 0 


? 


wit _WE 
a De 


where W is the total weight of the rod. 
?2 


Radius of gyration squared =k; = 3° 
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If the axis passes through the centre of the rod instead of through 


WE 
one end, it follows that I= 17 and i? = 13° 


2) Rectangle or parallelogram (Fig. 55) base of length a, and 


( 
altitude >, about an axis X,X,, coinciding with the base 
Consider an element of width dx parallel to the axis, and at a 


Xi 


| 
a 


2 


; 
Ss Le 


x 
Fig. 56. 


Fia. 55. 


distance z from it. The area of this element is adz, its moment of 


inertia is az*dx, and the total moment of inertia 
a es ab b? 
I,= [jeotae= = af’ ede = 3 and k}= 7" 


If the axis passes through the centre of gravity of the rectangle or 
parallelogram and is parallel to the base, then it follows that 
abs 3 8 
={9? and k? = 73° 
(3) Triangle (Fig. 56) base of length a, and altitude }, about an 


axis X,X, coinciding with the base. 
Consider an element of width dz parallel to the axis, and at a 
a(b — w)da 


distance « from it. The area of this element is its moment 


ae , and the total moment of inertia 


of inertia is 
_(? a(b -x)a*dx _a “(F- r)-% 
Fi faeces ‘(ate - dz) =9( oa 


0 
Tf the axis XX passes aan the centre of gravity G of the triangle 
and is parallel to the base, then by Theorem IT., Art. 68, p. 51, 


=1+00(2) _ abs 
1=1+ Jar . Therefore [= 36 
If the axis X,X, passes through the vertex of the triangle and is 
' parallel to the base, then 
2b\?_ al®  2ab® ab 
= i = : 

T,=1+ ja (F) = 36 +—— = ise 5 
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(4) Circle (Fig. 57) of radius R about an axis passing through its 
centre and perpendicular to its plane. 
Consider an element of the form of a ring con- 


eentric with the circle and having a width dr and : 
a radius r, The area of this element is 2rrdr, 


its moment of inertia is 27r%dr, and the total 
moment of inertia 


R R 4 
h={ ee an an arnt : 
0 


0 Fiq, 57. 


(5) Circle of radius R about a diameter. If I is the moment of 
inertia of the circle about a diameter XOX, then I will also be the 
moment of inertia of the circle about a diameter YOY at right angles 
to XOX. But the moment of inertia about an axis through the centre 
O and perpendicular to the plane of the circle is by Theorem I, Art. 
68, p. 51, equal to I1+I=2I, and by the preceding example this is 

7R* aRt 
equal to 5 therefore [= —_. 

(6) A right prism or right cylinder of any cross-section about an 
axis X,X, (Fig. 58) in the plane of the 
base and passing through G, the centre 
of gravity of the base. 

Let a=area.of base, 7=length of 
solid, I,=moment of inertia of base 
about axis X,X,. Consider a thin 
parallel slice of thickness dz parallel 
to the base and at a distance x from it. 
‘Phe centre of gravity G of this slice 
will lie on the line G,G,, joining the 
centres of gravity of the ends. Take 
an axis XX through G and parallel to X,X,. Then, moment of 
inertia of slice about XX =I,dz, and ralomaant) oF inertia of slice about 
X,X,=1,de+au*dx. Hence I,, the moment of inertia of the whole 
soli Shout X,X,, is 


= [tates J ax*de =1 Jeet al sade, 1+ Zal’, 


(7) A solid of revolution about its axis. Fig. 59 shows the section 
of a solid wheel or pulley. Take a parallel strip of this section parallel 
to the axis XX of the solid. The. 
distances of the outside and inside of 
this strip from XX are R and ¢ re- 
spectively, and its mean width is 
AB=«a. Consider this strip as the sec- 
tion of a ring whose axis is XX. The 
moment of inertia of this ring about 


XX is approximately 5 (Bt —7*)x. 


If the ends of the ring are parallel 
its moment of inertia is. exactly X 


5(Rt - 14), and when the ends are © 


“not paral 
the smaller the difference R-7v. The moment ‘of inertia of the whole 


39) 11 | 6x 11)18x 143] 54x . 1859 
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lel the error in the above value for its moment of inertia is less 


solid is the sum of the moments of inertia of all the rings into which it 


is divided. 


Fig. 60 shows how to convert the section of Fig. 59 into an equivalent 
section symmetrical about an axis perpendicular to XX. 

ab = AB, and cf=CD + EF. 

70. General Method of finding Moments of Inertia of Irregular 
Plane Figures.—T aking a standard rail section (Fig. 61) as an example,* 
let it be required to find the moment of inertia I of the section about an 
axis XX passing through its centre of gravity and perpendicular to its 
one axis of symmetry YY. Divide the section into a number of parallel 
strips, preferably of equal width, perpendicular to YY, and draw the 
centre lines, shown dotted, of these strips. In Fig. 61, 15 strips, each 
#-inch wide, have been taken. Take an axis X,X, perpendicular to YY 


and touching the lower end of the section. Let 2 be the length of any 


oné strip measured at the centre of its width, and let y be the distance of 
its centre line from X,X,. To avoid fractions in this example the linear 
unit is taken in the first instance as one-sixteenth of an inch. The area 
of any one strip is its width multiplied by x, and is denoted by a. Let 
7 denote the distance of the centre of gravity of the section from X,X,. 
Then 7Da= ay, and the moment of 
inertia about X,X,=I,= ay’. The 
work of finding a, MMM ta ee St 
should be tabulated as shown below. SPO BY BE a 


>| 
t 
1 
1 
, 
R 
\ 
| 
{ 


y|z}| a ay ay 


87 | 38 | 6x 38] 18x 1102/ 54x 31958 
81 | 42 | 6x 42] 18x 1134] 54x 30618 
75 | 42 | 6x 42/| 18x 1050| 54x 26250 
69 | 41 | 6x 41] 18x 943)54x 21689 
63 | 22 | 6x 22/)18x 462|54x 9702 
57} 11} 6x 11) 18x 209|54x 3971 
51) 11 | 6x 11) 18x 187) 54x 3179 
45 | 11| 6x 11) 18x 165)54x 2475 


4 


j 
j 


33 | 11 | 6x 11] 18x 121)54x 1331 
27) 11 | 6x 11|18x 99} 54x 891 
21) 11) 6x 11) 18x 77)54x § 539 
15 | 23 | 6x 23) 18x 115|54x 575 
9 | 41) 6x 41) 18x 123)54x 369 
3 | 39 | 6x 39)18x 39) 54x 39 


! 
Totals. } 6 x 365 | 18 x 5969 | 54x 135445 qf Sa ae be 


ee me eee we 
' 
! 
! 
l 


= >a =Zay = Zay? 


J= 


Lay 18x5969 
= as : 365 7 49 sixteenths of an inch. 


49 5 pF : 
= 16 = 3y'5 inches. 1, = eae = 111°6 in inch units, 


= 


* Fig. 61 is half full:size. 
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6 x 365 
Area of section = A= ‘ ar = 8°55 square inches. 


492 
I=], -A7=111°6 — 8°55 x 162 = 314 in inch units. 


31°4 


(Radius of gyration)? = 4? = x56 = 3°67, and k= ,/3°67 = 1-92 inches. 


71. Moments of Inertia of Plane Figures made up of Rectangles. 
—A large number of beam and column sections are made up of rectangles 
whose sides are either parallel or perpendicular to the axis about which 
the moment of inertia is required. In such cases the procedure in 
finding the position of the centre of gravity and moment of inertia is as 
follows. Referring to Fig 62, let the rectangle of 
breadth 6 and depth d be one of the rectangles of which +} 
the section is made up, and let X,X, be an axis parallel @ 
to the side b. Let y be the distance of the centre of '! 
the rectangle from X,X,. The area of this rectangle is dd, 
and the area of the whole section is 2jd. The moment 
of the area of this rectangle about X,X, is bdy, and x—_“_, 

> 
y= where 7 is the distance of the centre of Fia. 62. 


gravity of the whole section from X,X,. The moment of inertia of this 
. bb fA 
rectangle about X,X, is Tq + bdy? = bd ( ty), and the moment of 
sas 
inertia of the whole section about X,X, is 2bd (is +7" ) 1. 


The moment of inertia of the whole section about an axis passing 
through its centre of gravity and parallel to X,X, is I, — 7?2bd. 

The particulars for each rectangle and the results of the calculations 
should be tabulated in a form such as is shown below. 
d? 
i2 


@ 
b | d bd y bdy y? oa( i +9" ) 


Totals . .| dd Lhdy zna( 5+) 


72. Transformation of Moments of Inertia—Principal Axes of 
Inertia.—Let EF (Fig. 63) be a plane 
figure, and OA and OB two axes at 
right angles to one another in the 
plane of EF. Let A and B denote 
the moments of inertia of EF about 
the axes OA and OB respectively. 
Let OP and OQ be two other axes in 
the plane of EF, perpendicular to one 
another, and inclined at angles 6 and 
90°+6 respectively to OA. Let P 
and Q denote the moments of inertia of 


3 
b 
4 


a — a 


point O. When O is the 
~centre of gravity of the figure 
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EF about the axes OP and OQ respectively. It is required to find the 
relations between P and Q, and A, B, and @. 

Consider a small element of the figure EF at L, the area of this 
element being a. Draw LM perpendicular to OA, LNK and MH per- 
pendicular to OP, and MK parallel to OP. Let OM=z, and LM=y. 


LN=LK- KN =LK-MH=y cos 0-2 sin 0, and 


LN?=,? cos? 0+ 2° sin? 0—2ay sin 0 cos 0 
=y* cos? 0+ x? sin? 0—axy sin 20. 

The moment of inertia of the element at L about the axis OP is 
equal to ay? cos? 0+ ax? sin? @-—azxy sin 26, and the moment of inertia 
of the whole figure EF about OP is 

P= az’ cos? 6 + Laz? sin? 6 —- Lary sin 26, therefore 

P=A cos? 6+B sin? 0—C sin 20, where C = Lazy. 

Changing @ into 90° + 6, Q=A sin? 6+ B cos? 0+C sin 20. 

Hence P— Q=(A-B) cos 20-20 sin 20. 

If the moment of inertia of the figure is a maximum about the axis 
OP, then P will be a maximum and Q a minimum, also P—Q will be a 
maximum. 


Differentiating, ieee — 2(A —B) sin 20-4C cos 20, and when 


P—Q isa maximum, — 2(A — B) sin 20—4C cos 20=0, and 
2C = —(A-B) tan 20. 
Hence when P — Q is a maximum 
P-—Q=(A-B) cos 20+(A—-B) tan 20 sin 20, therefore 
A-B=(P-Q) cos2¢. But A+B=P+Q, therefore 


har( ites) + Q(-=as "ap cos? 04+ Q sin? 0, and 


2 
p=P(i- 2) +Q (98%) -P sin? 6+ Q cos? 0. 


The axes OP and OQ, about which the moments of inertia are a 
maximum and a minimum respectively, are called the principal axes of 
inertia of the figure for the 


the axes OP and OQ are then 
called the principal axes of 
inertia of the figure. 

If a plane figure is sym- 
metrical about an axis in its 
plane, it is obvious that that 
axis is one of the principal 
axes, and if the figure is 
symmetrical about two _per- 
pendicular axes in its plane, 
these will be the principal 
axes. 
73. Inertia Curves and 
Momental Ellipse.—Let OP 
and OQ (Fig. 64) be the 
principal axes of inertia of the plane figure shown by dotted lines. 


7 


: 
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Let the moments of inertia of the figure about OP and OQ be OP=P 
and OQ=Q respectively, and let the moment of inertia of the figure 
about an axis OA making an angle @ with OP be OA=A. ‘Then by the 
formula proved in the preceding Article, A=P cos? 64+Q sin? 6. If P 
and Q are known, and A be calculated for different values of 6 and the 
results plotted, a curve PAQ, called an inertia curve, for the given figure 
is determined. 

Let a denote the area of the given figure. On OP make OP’=7, 


Ee OQ make 0Q'=r,=./, and of OA make OA = re 
Draw A’N perpendicular to OP. Let ON =a, and A‘N=y. 
Fao? cos? 0+ 2 sin? = ee y” ,therefore™. 4 % =1, 


2 a a 2 2 
r @ a ak al at ae 


and therefore the locus of A’ is an ellipse whose principal axes are P’OP’ 
and Q’OQ’. This ellipse is called the momental ellipse of the given 
figure. It will be noticed that any semi-diameter of the momental ellipse 
of a given figure is the reciprocal of the radius of gyration of the figure 
about that diameter. 

74, Determination of the Principal Axes of Inertia of an Unsym- 
metrical Plane Figure.—There are cases in practice in which it is im- 
portant to know the least moment of inertia, or least radius of gyration, 
of an unsymmetrical plane figure, a common example being that of the 
section of an angle-bar 
used as a strut, and this 
form of figure will be 
used to illustrate this 
problem. Fig. 65 shows 
an L-section 3 inches x 
2 inches x $ inch, made 
up of two rectangles. 
In an actual angle-bar 
section there is a fillet 
at the inside angle, and 
the outer inside corners 
are rounded, and these 
modifications of the 
section shown in Fig. 65 
ean be allowed for if 
necessary. 

Find O the centre 
of gravity of the section 
ane any axes OA and Se 
OB parallel to the sides of the section. Determine A and B, the 
moments of inertia of the section about OA and OB respectively. 

Take another axis, OC inclined to OA, preferably at an angle of 45°, 
Find the moment of inertia C of the section about OC. If D is the 
moment of inertia of the section about an axis OD perpendicular to OC, 
then D=A+B-C. . 

Let OP and OQ be the principahaxes of inertia, and let 0 denote the 
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angle POA and ¢ the angle POC, Let P and Q denote the moments of 
inertia about the axes OP and OQ respectively. 
By Art. 72, A—-B=(P—Q) cos 20, and GO-D=(P—Q) cos 29. 


Therefore OLD If 0+ $=45%, then cos 24=sin 20, 
_ Having found 6, P~Q Sey and P+Q=A+B. Hence P and 
Q can be found. 


If OA, OB, OC, OD, OP, and OQ be made equal to A, B, C,; D, P, 
and Q respectively, the inertia curve for the section may be drawn. If a 


is the area of the section, and OP’ be made equal to J and OQ’ be 


made equal to ar, 6° thenOP’ and OQ’ will be the semi-principal axes 


of the momental ellipse of the section. 

In the example illustrated in Fig. 65, P = 2°17 and Q=0'42, in inch 
units. The student should work out this example, and draw the com- 
plete inertia curve and the momental ellipse. 

75. Bending Moment and Shearing Force Diagrams for Beams.— 
When a horizontal beam is acted on by vertical forces or loads, these 


= % SUTPEED, 
== ------~"Y SHEARING FORCE DIAGRAM. Z 
hile Aptcatbiiittiiile 


> 


Sse 


BENDING MOMENT SSS 1! 


Fig. 66. Fia. 67. 


forces tend to bend the beam, and the bending action at any transverse 
section is measured by the algebraical sum of the moments of the forces 
on one side of the section about a horizontal axis in that section. For 
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example, the beams shown in Fig. 66 are acted on by forces P, Q, and R 
to the right of the transverse section XY, and the bending moment at 
XY is equal to Px/+Qxm-Rxn. 

The loads on a beam also tend to shear the beam transversely, and 
the shearing action at any transverse section is equal to the resultant of 
the transverse forces on one side of the section. For example, the 
shearing action at the section XY of the beams shown in Fig. 66 is 
equal to the resultant of the forces P, Q, and R which act to the right 
of the section, and this resultant is equal to P+ Q-—R. 

The drawing of the bending moment diagram for a beam is simply 
the application of the construction explained in Article 59. In Fig. 67 
is shown a horizontal cantilever carrying vertical loads AB, BC, and CD. 
abed is the line of loads, or polygon of forces. A pole o is chosen so 
that the pole distance of is a simple multiple or sub-multiple of the 
linear unit. The funicular polygon a’d’n’ is then drawn. It is easy to 
show, as in Article 60, that the bending moment at any section XY is 
equal to a,d, x oh, z.e. the depth of the funicular polygon under the 
section multiplied by the pole distance. The depth of the funicular 
polygon is measured by the force scale, and the pole distance by the 
linear scale. It follows that, since the pole distance is the same for 
all parts of the funicular polygon, the depth of the funicular polygon 
under any section of the beam is a measure of the bending moment on 
the beam at that section, the scale for measuring the bending moment 
being found as explained in Article 59. 

The shearing force diagram is constructed by drawing horizontals 
across the spaces A, B, C, and D at ; 
the levels a, 6, c, and d respectively. A B c D E 
The depth of this diagram under any 
section of the beam, measured with 
the force scale, ‘gives the vertical 
shearing force on the beam at that 
section. For example, at the section 
XY the shearing force is the resultant 
of the forces to the right of XY, and 
is equal to BC+ CD=bc+cd=bd. 

Another example is illustrated in 
Fig. 68. The beam in this case is 
supposed to rest on supports at its 
ends. There are three forces AB, 
CD, and DE acting downwards, a 
force BC acting upwards, and the 
reactions EF and FA at the sup- 
ports acting upwards. The bending 
moment and shearing force diagrams Fic. 68 
are drawn as already explained. It sa 
will be noticed that the forces DE and EF are equal, and therefore 
there is no shearing force on that part of the beam in the space D; also, 
the bending moment on that part of the beam is uniform. The thick 
line HKLM shows roughly how the beam will bend ; the points K and L 
where the bending moment changes its sign are points of inflexion. 

In the examples illustrated by Figs, 67 and 68 the loads acting on 
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the beam are supposed to be concentrated loads, i.e. loads acting at 
definite points. When a load is distributed over the whole length or 
a part of the length of a beam the bending moment and shearing force 
i s are determined graphically by dividing the part of the beam 
carrying the distributed load into a number of parts, and assuming the 
loads on these parts to be concentrated loads acting at the middle points 
of these parts, and then proceeding as for concentrated loads. 
Bending moment and shearing force diagrams are further considered 
in Chapter VII. 


Exercises Vb. 


1. Referring to Ex. 5, Fig. 39, p. 41, determine the moment of inertia of the 
given forces about a point 1 inch to the right of A. The forces are in lbs, 

2. Determine the moment of inertia of the figure shown at Ex. 5, Fig. 47, 
p- 49, about AB as an axis. 

3. Determine the moment of inertia of the figure shown at Ex. 9, Fig. 47, 
p. 49, (a) about AC as an axis, (b) about an axis parallel to AC and passing 
through the centroid of the figure. 

4. Find the greatest and least moments of inertia of a section of a 
stanchion built up of an I and two channel joists, as shown in 
Fig. 69. For the I section the over-all depth is 8 inches, the | i 
greatest moment of inertia is 111°6 inch units, and the least is 
22 inch units. For the channel the over-all width of base is 
12 inches, the flange width is 3} inches, and the thickness 
throughout is } inch. Neglect the rivets. [U.L.] 

5. A cast-iron beam section is shown in Fig. 70. Find g, the 
distance of the centre of gravity of this section from the bottom, 
and determine I, the moment of inertia of the section about an 
= peseing through the centre of gravity and perpendicular to TFia. 69. 
the web. 

6. Fig. 71 shows the section of a Carnegie Z-bar column. The web plate 
and the Z-bars are 4 inch thick throughout, Find the square of the least 
radius of gyration of this section. 

7. The cross section of a built up column is shown in Fig. 72. The angles 


i5--— 


a 


Fira. 70. Fie. 71. Fig. 72. Fig. 73. 


are 3} inches x 34 inches x $ inch, and the plates are $ inch thick. Find the 
square of the least radius of gyration of this section. 

8. The cross section of a Phcenix column is shown in Fig. 73. Find the 
square of the least radius of gyration of this section. 

9. Calculate the greatest and least moments of inertia of a T-iron section 
5 inches wide, 4 inches deep, and 4 inch thick. Construct the inertia curve 
and momental ellipse for this section. Linear scale, full size, Inertia scale, 
$4 inch to 1 unit of moment of inertia, the moment of inertia being in inch 
units. 

10. A Z-bar section has a total depth of 5 inches, each flange is 3 inches 
wide over-all, and the thickness throughout is 3 inch. Find the principal axes 
of inertia, and construct the inertia curve and momental ellipse for this section. 
State the value of the square of the least radius of gyration. 
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11.. Calculate the square’ of the least radius of gyration of an angle-iron 
section’5 inches.x 34 inches x3 inch, and construct, the 
inertia curve and momental ellipse for this section. 

12. Show that the momental ellipse for any regular 
polygon is a circle, 

13. A column is built up of two channel irons 12 
inches x 34 inches x 4 inch, and two plates each 4 inch 
thick, as shown in the section Fig. 74. Determine the 
dimension « in order that the greatest and least moments 
of inertia about axes through the centre of gravity of the 
section may be equal. 

14. Fig. 75 shows the British standard section for 
No. 1 standard rail for tramways, a rail which weighs 90 lbs. per yard. Deter- 
mine (1) the area of the section, (2) the distance of the centre of gravity of the 
section from the bottom, and (3) the moment of inertia of the section about an 
axis through the centre of gravity and parallel to the underside of the bottom flange. 


#5 
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Fig. 75. Fig. 76. 


15. The section of a small cast-iron fly-wheel is shown in Fig. 76. Find (1) 
the weight of the wheel in lbs., taking the weight of 1 cubic inch of cast-iron 
= 0°26 lb., and (2) the radius of gyration of the wheel about its axis. 

16. A beam of 20 feet span, supported at the ends, is loaded at points 4, 9, 
and 17 feet from one apd, the loads being 24, 34, and 4} tons respectively. 
Construct, graphically, the bending moment and shearing force diagrams, and 
measure the bending monient and shearing force at the middle of the beam. 
diner scale, 4 inch to 1 foot. Force scale, } inch tol ton. Pole distance, 10 

eet. 
_17. A beam of 20 feet span, supported at the ends, carries a load of 20 tons 
uniformly distributed over its length. Determine, graphically, the bending 
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- moment and shearing force diagrams, and state the values of the ent 


moment and shearing force at a section 5 feet from one end. Linear scale, 
inch to 1 foot. Force scale, } inch to 1 ton, 

18. A horizontal lever 10 feet long is ag a at one end and supported by a 
vertical chain at a point 7 feet from the hinge. The lever carries a load of 
1120 lbs. at a point 4 feet from the hinge and a load of 1400 Ibs. at the free 
end. Determine, graphically, the tension in the chain, and construct the bending 
moment and shearing force diagrams, 

19. A beam AB, 30 feet long, rests on two intermediate supports at points 
C and D, which are 9 feet and 19 feet respectively from the end A. The beam 
carries a load of 20 tons uniformly distributed over its length, besides concen- 
trated loads of 2, 5, and 3 tons at points 1, 12, and 28 feet respectively from 
the end A. Determine, graphically, the reactions of the supports at C and D, 
and construct the bending moment and shearing force diagrams. State the 
values of the bending moment and shearing force at the centre of the beam, 
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CHAPTER VI 
SIMPLE STRAINS AND STRESSES 


76. Load.—The combination of external forces acting on any piece 
of construction is called the load on that piece. The following are 
examples of forces which may constitute the load on a piece :—(1) Forces 
arising directly from the purpose for which the piece is designed, and 
which constitute the useful load. For instance, the useful load on the 
chain or rope of a crane or hoisting engine is the weight to be lifted. 
(2) Forces due to the weight of the piece, or of pieces connected with it ; 
thus, in the chain or rope mentioned above the load partly consists of the 
weight of the chain or rope, and in winding engines for deep mines the 
weight of the wire rope used forms a considerable part of the load which 
the rope has to carry. (3) Forces due to the inertia of heavy moving 
parts when their velocities vary; thus, the thrust or pull on the piston- 
rod of a steam-engine is not simply that due to the pressure of the steam 
on the piston. When the velocity is increasing the effect of the inertia 
of the piston is to diminish the thrust or pull due to the steam pressure, 
and wice versa. (4) Centrifugal forces, as in the arms and rim of a 
rotating wheel or pulley. (5) Forces due to friction. (6) Forces due 
‘to the unequal expansion or contraction of parts following variations of 
temperature. 

77. Strain and Stress.—The effect of a load acting on any piece of 
construction is a change of form or dimensions of the piece, and this 
change of form or dimensions is called strain. The combination of 
internal forces which are called into play in the material of any piece of 
construction to resist or balance the load is called stress. ° 

There are three kinds of simple strain and stress :—(1) Tensile strain 
and tensile stress. (2) Compressive strain and compressive stress. (3) 
Shearing strain and shearing stress. 

78. Tensile Strain and Tensile Stress.—If a bar AB (Fig. 77) be 
pulled in opposite directions by forces 


PP acting at its ends the bar becomes abet abo > 
longer, and a tensile strain or elongationis |A B} 
produced. If 7 is the length of the un- C a0 
strained bar, and x the increase in length R_IK Qasr B 
produced by the action of the load, then. =[-——— eae oe s 
the tensile strain is measured by the Fic. 77. 


fraction x/. If any imaginary section of 

the bar be taken at right angles to its length, say at C, the internal 

forces Q at this section will balance the force P at B, and the internal 

forces R will balance P at A. These internal forces, which are distributed 

over the whole of the section at C, resist the tendency of the forces 
64 
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PP to pull the bar asunder at C. This system of internal forces is called 


tensile stress. 

Since stress is a distributed force, its intensity is measured in the 
same way as that of fluid pressure, viz. by the number of units of force 
on a unit of area, such as pounds per square inch, tons per square inch, 
or tons per square foot. 

If the stress at the section C be uniformly distributed over the section, 
and its intensity be denoted by f (say in lbs. per square inch), and if 
a denote the area of the section (say in square inches), and P denote the 
load (say in lbs.), then it is obvious that P= af. 

79. Compressive Strain and Compressive Stress.—If the external 
forces acting on the bar AB (Fig. 77) be reversed in direction, the bar 
becomes shorter by an amount x, and a compressive strain is produced 
whose amount is z//. At any cross section C there is compressive stress 
which resists the tendency of the forces PP to crush the bar at C. 

As in the case of tension, if the stress is uniformly distributed over 
the cross section, P=af, but f now denotes compressive stress. 

It should be mentioned here that unless a bar which is subjected to 
compression by a load acting in the direction of its length is short com- 
pared with its transverse dimensions, it has a tendency to bend, and the 
compressive stress at a transverse section is not uniform, hence the formula 
P=af only applies to short pieces, or to long pieces if special means are 
adopted to prevent the bending of the latter. Long pieces in compression 
are considered in Chapter X. 

80. Shearing Strain and Shearing Stress.—Suppose a rectangular 


block of india-rubber ABCD (Fig. 78) to have its face BC cemented to 


a vertical wall, and that it has a rigid plate cemented to its opposite face 
AD. The face ABCD being vertical, let a 
vertical force P be applied at the middle point 
of the lower edge of the plate. The force P ° 
will evidently tend to make the plate slide on- 
the face AD of the rubber. The force P will 
also tend to make the face BC of the rubber 
slide on the wall, and it is also evident that if 
any vertical transverse section XX be taken 
dividing the block into two parts, the force 
P will tend to make the part AXXD slide on 
the part BXXC along the interface XX, as 
shown to the right of Fig. 78. In each case 
the tendency to slide is resisted by a tangential or shearing stress acting 
along the face. 

The load P will cause the block ABCD to become distorted so that 
the rectangle ABCD will become a parallelogram aBCd, and the shearing 
strain produced is measured by the fraction Aa/AB or 2/1. 

If the area of a transverse section XX is denoted by a, and if the 
shearing stress is uniformly distributed over the section and is denoted 
by /, then as in the case of tension P=a/. 

81. Volume Strain.—If a body be subjected to pressure all over its 
surface, as when immersed in water under pressure, it will suffer a change 
of volume, and if V is the original volume of the body, and v the altera- 
tion of volume due to the pressure, then v/V is called the volume strain, 

E . 
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If 7 is the length of the edge of a cube, which, when placed under 
pressure all over its surface, becomes 1—z, then the new volume becomes 
B — 32x + 3lx2 — «8, and the change in volume is 73 — (7° — 3a + 3/a2 — x?) 
or 32x —3lz? +23, but since x is always a very small quantity, the second 
and third terms of this latter expression may usually be neglected 5 
hence the change in volume is very approximately 3/’, and the volume 
strain is 3/2x/l3 or 3x/, which is three times the linear strain. 

82. Elasticity.— Strain is produced in a body by the action of a load 
on it, and if, when the load is removed, the strain disappears, the body 
is said to be perfectly elastic up to that particular load, or up to the 
particular stress corresponding to that load. If when the load is removed 
the strain does not entirely disappear a permanent set has been produced, 
and the elastic limit is reached when the load is the largest which will 
not cause a permanent set. 

It was discovered by Robert Hooke that so long as the elastic limit is 
not passed the strain produced is directly proportional to the load pro- 
ducing it, and since the stress is directly proportional to the load causing 
it, it follows that stress+strain is a constant ratio up to the elastic 
limit for a given material, or more correctly for a given piece of material. 
This is known as Hooke’s law. 

The value of the constant ratio stress+ strain is called the modulus 
of elasticity or the coefficient of elasticity. 

When a body is subjected to simple tension or simple compression, 
there being no external forces acting to prevent the exceedingly small 
lateral contraction or lateral expansion of the body, the coefficient of 
elasticity is the coefficient of direct elasticity, and is called Young's 
modulus. The letter E is generally used to denote Young’s modulus. 

When the strain is a shearing strain, and the stress of course a 
shearing stress, the ratio stress + strain is called the coefficient of trans- 
verse elasticity or the coefficient of rigidity. In this work the coefficient 
of rigidity will be denoted by the letter C. 

When the strain is a volume strain the ratio stress + strain is called 
the coefficient of elasticity of volume or the coefficvent of cubical elasticity. 
In this work the coefficient of elasticity of volume will be denoted b 
the letter K. “ 

83. Applications of Young’s Modulus.—If a bar of length /, whose 
area of cross section is a, suffers an alteration of length amounting to a, 
under the application of a load W acting in the line of the axis of 
the bar, and if f is the stress produced, then by Art. 78 or Art. 79 


W=af. Also by Art, 82, E=°S_/” From these two equations 
stram @# 
the following results are easily obtained :— 
__ ft _ Wl _aEr _ Ex 
t= = oR? W= j sand f= —. 


If the bar mentioned above be heated or cooled so that if free to 
expand or contract it would expand or contract by an amount #, then 
the forces which must be applied at each end of the bar, to prevent the © 
expansion or contraction, will be each equal to W, and the equations 
above will apply to this case if /+2 be substituted for 7. But since is 
very small compared with /, the error introduced by using / instead. of 
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7+ may be neglected. The quantity z will of course be determined 
from the change of temperature and the coefficient of expansion of 
the bar. 

If a compound bar be made up of two bars of different -materials, 
firmly united at their ends, so that the component bars must suffer the 
same alteration of length when the compound bar is placed in tension or 
compression by a load W, then if a, and a, be the areas of the cross 
sections of the component bars, /, and /, the stresses produced in them 
by the load W, E, and E,, their coefficients of elasticity, / the original 

of the compound bar, and @ the alteration in length produced 
by the load W, then the following equations will obviously apply :— 


l l E 
E, B=, dng and W=a,/, + ayfy. 

If the foregoing is understood, the case of a compound bar made 
up of more than two bars of different materials presents no difficulty. 

Considering further the compound bar made up of two bars of 
different materials ; suppose that the compound bar is heated or cooled, 
so that the component bars, if entirely free, would expand or contract by 
amounts x, and x, respectively. Assuming that the two materials have 
different coefficients of expansion, then x, and 2, would not be equal. 
Let x, be the greater. The first bar will tend to lengthen or shorten by 
an amount 2,, but will be prevented by the other bar, which tends to 
alter by the amount , by the change of temperature. The first bar will 
therefore drag the other in one direction, while the second will drag the 
first in the opposite direction. The result will be that the alteration in 
length of the compound bar will be an amount x, which will lie between 
2, and z,. Also the stress produced in one bar will be tensile, while 
in the other it will be compressive. Using the same notation as 
before— 


Strain on first bar =“1—" &£, fill + #)) 


b+2, L,— 2 
‘Strain on second bar =" —*2 By =72(/+%) 
b+ x, L~ Ie 
and since the pull on the one bar must balance the thrust on the other 


af, =Ay)y : > 

Since 2, and x, are very smal] compared with /, the error introduced 
by putting / instead of 7+, and 7+, in the above equations may be 

ected. 

The method indicated above may easily be extended to determine the 
relations: between the various quantities when the compound bar is made 
up of more than two bars of different materials. 

84. Bars of Varying Cross Section.—If at any point in the length 
of a bar which is in tension the cross section suddenly changes, then the 
stress at that section will not be uniformly distributed over the section ; 
and at sections for some distance on each side of that section the stress 
will not be uniformly distributed, and the rules already demonstrated in 
this chapter will not apply. But if the several parts of a bar between 
the points where sudden changes of section occur be long compared with 
their cross sections, the elongations of these several parts of the bar may 
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be determined without great error by assuming that the stress is every- 
where uniformly distributed and given by the formula f= P/s, where fis 
the stress at a cross section whose area is a, and P is the load. 

The effect of sudden changes of section on the behaviour of a loaded 
bar is further considered in Article 165, p. 174. 

85. Strength and Factor of Safety.—If the load on a piece which 
is in tension or shear be continuously increased, the piece will ultimately 
fracture or break in two, and the smallest load which will do this is 
called the breaking load, and the corresponding stress or breaking load 
per unit of original section is called the ultimate stress or ultimate 
strength of the piece. All solid materials have an ultimate tensile and 
ultimate shearing strength, and many have an ultimate crushing strength, 
but for certain ductile materials, such as wrought-iron and mild steel, 
there is no definite load which will cause complete fracture when they are 
subjected to compression. 

When a piece is loaded up to the elastic limit, the stress produced is 
the elastic strength of the piece. 

The largest load, repeatedly applied, which a piece will carry without 
taking a permanent set is called the proof load, and the corresponding 
stress is the proof stress or proof strength. 

The proof strength, as above defined, is less than the elastic strength, 
because experiment has shown that a load less than that required to 
produce permanent set may, if repeated a sufficient number of times, 
cause permanent set, and a load just under the elastic load will, after 
one or two applications, generally cause permanent set. This proof 
strength is difficult to determine, and in practice the term proof strength 
is often taken to mean elastic strength. Also, the elastic strength is 
frequently taken to mean the stress when the first decided set has taken 
place, as in mild steel, when the yield point is reached. 

The load put upon a piece in actual use is the working load, and the 
corresponding stress is the working stress or working strength. For 
safety the working stress must be less than the proof stress. The 
working stress is usually determined by dividing the ultimate stress by 
a number called a factor of safety, but it may also be fixed by dividing 
the proof stress by another factor of safety. a 

The value of the factor of safety to be used in any particular case 
must be determined by experience and judgment. Some of the con- 
siderations which influence the value of the factor of safety are—(1) the 
degree of certainty as to the magnitude of the greatest load which is 
likely to act on the piece ; (2) the character of the load, z.e. whether it 
is a fixed or constant load, or a constantly changing ioad; (3) the 
consequences of a breakdown; (4) the reliability of the material used ; 
(5) the amount of deterioration or wear which may take place in the 
piece when in use. 

86. Stress-strain Diagrams.—If the strains and corresponding 
stresses on a loaded bar be plotted in the usual way (Fig. 79), then since 
stress-strain is a constant up to the elastic limit, the diagram up to 
this point will be a sloping straight line OA. After the elastic limit 
is reached the strains increase more rapidly than the stresses, and the 
results are represented by a more or less irregularly curved line AB. 

So long as the cross section of a loaded bar does not sensibly alter, 
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the stress is sensibly proportional to the load, but ductile materials, such 
as wrought-iron and mild steel, alter considerably in 
cross section when loaded in tension or compression 
beyond the elastic limit, and the stresses are there- 
fore no longer proportional to the load. For 
example, if a bar in tension has an area of cross 
section at the fracture equal to half its original 
area, the actual stress at fracture will be twice 
the nominal stress, the nominal stress being equal 
to load + original area. If, therefore, the diagram . 
(Fig. 79) is a true stress-strain diagram, it will 
not be a true load-strain diagram. In practice it 
is the load-strain diagram which is actually drawn 
by the autographic apparatus on a testing machine. The diagrams are, 
however, often spoken of as stress-strain diagrams when they should be 
called load-strain diagrams. 

The actual form of the stress-strain diagram or load-strain diagram 
varies greatly for different materials. Different forms of the diagram are 
considered in Chapter XI. 

87. Work.done in Producing Strain——The load-strain diagram is 
also a diagram representing the work done in producing the strain, In 
previous Articles of this chapter strain has been 
denoted by x//. Hence referring to Fig. 80, it fol- 
lows that if OX represents a particular amount of 
strain it will by altering the scale also represent 
the quantity z. Lengths along ON then represent 
distances through which the load acts, and the 
heights of the line OAB above ON represent the 
variation in the load as the bar is deformed. It 
follows that the work done in deforming the bar, ~~ STRAIN 
say by the amount OX, is represented by the area Fra. 80 
of the figure OAYX, where XY is perpendicular <u 
toON. (See Art. 41, p. 25.) 

88. Resilience and Shock.—The work done in straining a bar up to 
the elastic limit is called the resilience of the bar. Referring to Fig. 80, 
the area of the triangle OAM represents the work done in straining the 
bar up to the elastic limit. If the bar is in tension or compression, 
OM =z, the amount of extension or compression, and AM is the load W 
at the elastic limit. Hence the resilience=4Wx=4afx, where a is 
the area of the cross section of the bar, and / the stress at the elastic 


limit. But it has been shown (Art. 83) that za, therefore 


STRAIN 
Fia. 79. 


B 


resilience = aa , but al is the volume of the bar, therefore, putting V = al, 
resilience = hag 


If the bar is strained to some point below the elastic limit the 
expression for the work done will still be oe but the stress f will not’ 


now be the stress at the elastic limit, but will correspond to the strain 
produced, 
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If w is the weight of a unit volume of the bar, then the weight of the 
bar will be Vw. Let % equal the height through which this weight must 
fall in order to accumulate an amount of energy equal to the resilience of 


the bar, then Vf? ft 
Vwh = OE” and h= TE 


The resilience of a bar is a measure of its power to resist a blow or 
shock without taking a permanent set. . 

Suppose a bar AB (Fig. 81) of length 7 and area 7% 
of cross section @ to be suspended from one end, and : 
let it have a weight W threaded on it as shown. If 
the weight is allowed to fall freely through a heighth 5 
before striking the head formed on the lower end of | 
the bar, the bar will lengthen an amount #, and the i 
total fall of the weight will be h+a. At the end j=] |p 
of the fall the resistance offered by the bar to i 
further stretching will be af, where f is the maxi- 
mum stress. The diagram of work done on the bar, 
assuming that it is not strained beyond the elastic «af - 1 
limit, will be a triangle whose area 3a/x will equal Fiq. 81. 
the work done in stretching the bar, and this must 
equal the work done by the falling weight. 


ke--00 - 


Therefore W(h+2) = _. but «= _ ; 
SO afl 
Hence w(h + rt) a) vy 
si JW? + 2WEath. 


' Solving this quadratic equation, f= — 
hid 


al 
If = 0,.thon fae 


When the load at is applied gradually, as when the bar is stretched 
in a testing machine, the maximum stress, when the load is all on, 


becomes Ss but if the full load is put on at once the maximum stress, as 


shown above, is = . The effect of a suddenly applied load is therefore 


to produce a stress double that produced when the load is applied 
gradually. 


Exercises VIa. 


1. A steel wire 0°08 inch diameter and 50 feet long is subjected to tension 
by a load of 112 lbs. Determine (1) the stress in lbs. per square inch, (2) the 
elongation in inches, (3) the strain, and (4) the work done, in inch-lbs., in pro- 
ducing the strain. E=30,000,000 lbs. per square inch. 

2. A steel piston-rod 2 inches diameter is subjected to a pull and thrust alter- 
nately. The tensile and compressive stresses are each 8000 Jbs. per square inch. 
Two points A and B on the axis of the rod are 4 feet apart when the rod is 
unloaded. Determine (1) the effective load on the piston, (2) the difference 
between the greatest and least distances between A and B, E=30,000,000 Ibs. 
per square inch. 
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$. A ferro-concrete column is 12 inches square. The principal reinforce- 
ment consists of four longitudinal steel bars placed near the angles of the 
‘column, and having an aggregate cross sectional area of 11 square inches, The 
load carried by the column is 50 tons. Determine the compressive stresses in 
the concrete and steel, in lbs. per square inch, assuming that the modulus of 
elasticity of the concrete is one-tenth that of the steel. 

4. A steel tube, 1°25 inches internal diameter, 0°104 inch thick, and 12 feet 
long, is covered and lined throughout with a r tubes 0-08 inch thick. The 
three tubes are firmly united at their ends, This compound tube is subjected 
to tension, and the stress produced in the steel tube is 9000 lbs. per square inch. 
Determine (1) the elongation of the tube, (2) the stress in the copper tubes, and 

3) the load carried by the compound tube. E=30,000,000 lbs. per square inch 
steel, and 16,000,000 lbs. per square inch for copper. 

6. The compound tube in the preceding exercise is raised in temperature 
200° F. Find the stresses in the steel and copper, and the increase in length of 
the tube. Also, what must be the magnitude of the forces, which, applied to the 
ends of the tube, will prevent its expansion? Coefficients of expansion of steel 
and copper 0°000006 and 0:0000095 respectively per degree F. 

6. If a thin circular hoop is strained and remains circular, prove that the 
circumferential strain is equal to the diametrical strain. 

7. A cylindrical steel hoop has an internal diameter 20 inches, thickness 1 
inch, and breadth 1 inch. A second steel hoop has an internal diameter 21°97 
inches, thickness 0°7 inch, and breadth 1 inch. The second hoop is expanded 
by heating and is then shrunk on to the first hoop. Determine (1) the new 
internal eter of the first hoop, (2) the tensile stress in the second hoop, and 
(3) the compressive stress in the first hoop. E=30,000,000 lbs. per square inch, 

8. Referring to the hoops of the preceding exercise. Find what must be the 
internal diameter of the second hoop so that the stress in it when it is shrunk 
on to the first will be 10,000 Ibs. per square inch. Then determine the stress 
in the first hoop and its new internal diameter. 

9. Calculate the length of a bar of uniform section whose density is 0°28 Ib. 
per cubic inch, and whose coefficient of elasticity is 28,000,000 Ibs. per square inch, 
which when hung from one end causes a maximum tensile stress in it of # ton 
persquare inch. Find also the increase in its length due to the tension. 

10. A wrought-iron bar 25 feet long is 2 inches diameter for 6 feet of its 
length, 1} inches diameter for 7 feet of its length, and 14 inches diameter for 
the remainder of its length. This bar is in tension, and the stress on the smallest 
sections is 12,000 lbs. per square inch, Taking E=28,000,000 lbs. per square 
inch, find the total elongation of the bar. . 

11. In testing to destruction a piece of mild steel, 0-937 inch diameter, in 
tension, a load-strain diagram was taken, The diagram showed the elongations 
full size, and the loads to a scale of 5 tons tolinch. The length of bar under 
observation was 10 inches. The total elongation after fracture was 2°46 inches. 
The area of the diagram, measured with a planimeter, was 7°47 square inches. 
Determine (a) the amount of work represented by the diagram, (b) the work 
done in straining the bar up to the elastic limit, taking the length as 10 inches, 
having given, load at elastic limit 9 tons, and modulus of elasticity 29,900,000 
lbs. per square inch. Also (c) express (a) as a multiple of (0). 

12. Calculate the resilience, in ft.-lbs., of a cubic inch of steel, in tension, 
taking the elastic limit at 20,000 lbs, per square inch, and the modulus of elas- 
ticity at 30,000,000 Ibs. per square inch. 

13. A steel bar 1 inch diameter and 6 feet long is put in tension by a force 
of 3 tons applied suddenly. Determine the maximum stress and the maximum 
elongation produced. E=30,000,000 Ibs. per square inch. 

14. If a bar 4 inch in diameter stretched } of an inch undera steady load of 
I ton, what stress would be produced in the rod by a weight of 150 lbs, falling 
through 3 inches before commencing to stretch the rod. The rod is initially 
unstressed, [U.L.] 

15. A steel rod, 2 inches diameter and 10 feet long when unloaded, is sus- 
pended from one end, and has a weight of 1000 lbs. threaded on to it. The 

is allowed to fall freely from a height h=1 inch on to a head formed 
on the lower end of the rod: Find the maximum stress produced in the rod. 
Also, find 4 so that the maximum stress may be 10,000 lbs. per square inch. 
E= 30,000,000 Ibs, per square inch, 


. 
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16. Taking the stress at the elastic limit as 16,000 Ibs, per aoa. inch, cal- 
culate the resilience of the bar referred to in Exercise 10. 

17. Re-work Exercise 15, assuming that there is a steady load of 1 ton hanging 
from the lower end of the par before the blow is applied. 

18. If the maximum crushing stress of a punch is four times the maximum 
shearing stress of a plate, show that the smallest hole which can be punchag in 
the plate has a diameter equal to the thickness of the plate, 


89. Riveted Joints.—Considering first a simple form of riveted joint, 
such as the double riveted lap joint shown in Fig. 82. When this joint 


NN 
® 
\ 


SS 


is subjected to tension it may give way (1) by the tearing of the plates 
between the rivets, as shown at (a) ; (2) by the shearing of the rivets, as 
shown at (b) ; (3) by the crushing of the rivets or of the parts of the plates 
in contact with them ; (4) by the breaking of the plates between their 
outer edges and the rivet holes, as shown at (c). 


p= pitch of rivets. J, = tensile stress in plates. 
d= diameter of rivets. J, =shearing stress in rivets. 
t= thickness of plates. J, = crushing stress in rivets or plates. 


Considering a strip of the joint equal in width to the pitch p, 
Resistance of this strip to tearing = (p — d)tf;. 


“a ‘5 »  Shearing= Th x 2. 
95 =) » crushing = dtf, x 2. 


In the last of these expressions the bearing area of the rivet on the 
plate is taken as its projected area on a plane containing the axis of the 
rivet and perpendicular to the direction of the pressure. > 

If the values of the stresses f;, f,, and f, be given, then the three 
expressions above must be equal to one another. This gives two equations 
to determine p andd. Solving these equations, 


Atf, nadie 6 +2), 


oath Aeiee 
The stresses f,and /, can usually be definitely settled, but for materials 
used in riveted joints the value of the stress f, is more difficult to decide. 
Very often the diameter of the rivets is fixed empirically, and the 
resistance to tearing is then equated to the resistance to shearing to deter- 
mine the pitch. In that case the crushing stress should then be calculated 


a 
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by equating the resistance to crushing to either the resistance to tearing 
or the resistance to shearing. 

The ratio of the strength of a riveted joint to the strength of the solid 

is called the efficiency of the joint, The efficiency is called either 

the tearing, the shearing, or the crushing efficiency, according to the kind 

of resistance which is taken as the strength of the joint. The resistance 

of the solid plate being pt/,, the various efficiencies for a double riveted lap 


joint are : ene pod 
Tearing efficiency = ar aig 
Shearing efficiency =o ‘ 
Crushing efficiency = oe = a : 


It is usual to express the efficiencies as percentages by multiplying 
the above by 100. 

The lowest efficiency is the real efficiency of the joint. 

To resist the rupture of the plate between its edge and the rivets, 
as shown at (c), Fig. 82, it has been found by experiment that if the 
least distance between the edge of the plate and the nearest rivet is 
equal to the diameter of the rivet this is sufficient, and this is the rule 
followed in practice. 

For simple lap joints other than the double riveted joint which has 
been considered, the multiplier 2 which was used in the expressions for 
the resistance to shearing and the resistance to crushing must be changed 
to n, where n denotes the number of rows of rivets in the joint. 

The determination of the strength and proportions of riveted joints 
other than simple lap joints presents no particular difficulty, but a few 
cases will now be considered briefly. 

Fig. 83 shows an ordinary double riveted butt joint with two cover 
straps. Considering a strip of the joint equal 
in width to the pitch p, and using the same 
notation as before. 


Resistance to tearing =(p-—d)tf,. . + (1) 
4 * - shearing =4°/, x 2 x 2 . (2) \ 
Fs » crushing=dif,x2 . . . (3) 


Equating (2) to(3)d=@ . . . (4) 


whe Fia. 83. 

: a4 3h | , He 
Equating (1) to(3) and substituting from (4) p= sil 1 + F ). 
If d is given, or fixed empirically, equate (1) to (2), then 

rd*f, 
B= if, +d, 
df, 


and equating (2) to(3) f= "y,' 
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Of the two factors 2x2 in expression (2), one is for two rivets 
and the other is for two sections of each rivet, the rivets being in 
double shear. Experiment has shown that the strength of a rivet in 
double shear is twice that of the same rivet in single shear. The 
Board of Trade, however, only allow a load on a rivet in double 
shear equal to 1:75 times the load allowed on the same rivet in single 
shear. 

If each cover strap carries half the load on the joint, it is obvious 
that each should have a thickness equal to 
4t, but in practice the straps in an ordinary 
butt joint have a thickness equal to 4. 

Fig. 84 shows a treble riveted butt joint 
with two cover straps, in which the pitch 
of the rivets in the outer rows is twice the 
pitch of the rivets in the other rows. In 
this form of joint, and in all joints where 
there are fewer rivets in the outer rows 
than in the others, there is another way 
in which the joint may fracture in addi- 
tion to those already considered, viz. the 
outer row of rivets may shear, and at the 
same time the plate may tear between the rivets of the next row. 

Considering a strip of the joint equal in width to the greatest 
pitch p. 


Resistance to tearing between rivets of outer rows=(p—d)t/,. . (1) 

» shearing =a x 5 x f= OY, pide <! auiesaiaraee 
Resistance to shearing of rivets in outer row and tearing between 
rivets of next row = 7 x 2f,+(p—2d)tfy ee ee (8) 
Resistance to crushing=5dif, . . . 1... we eee 4) 


These four expressions yield three equations to determine p and d if 
all the stresses are given, and this is more than sufficient. 


Ronit a7 
Equating (1) to (3) d= af A Eee se (5) 
Boe te 12tf, 
quating (1) to (2) and substituting from (5) p= Tbe 6d. 
7, s 


Equating (2) to (4) and substituting from (5) f,=/,. 

Since the safe crushing stress is always greater than the safe tensile. 
stress, it is evident that, with the proportions deduced above, the joint 
will have an excess of crushing strength. 

The combined. resistance to tearing of the two cover straps is 
2(p —2d)t,f:, where 7, is the thickness of each cover strap. Equating 


this to (p — d)t/; , the resistance of the plates to tearing, ¢, = 3 _ oy 
P _ 
practice this would be made hd Making p = 6d, then t,= 28 


8(p — 2d) 


eyes tre 


joint iy give way (1) by tearing at 


-E. The values of these various resistances 


a oe ee eee = Vig 


SIMPLE STRAINS AND STRESSES 75 


_ Fig. 85 shows a tie-bar joint. Here a bar of width } and thick- 
ness ¢ has a lap joint in it containing 
nine ened arranged as shown. This AB ¢. DE 


A or E; (2) by shearing of: all the 
rivets; (3) by tearing at B or D, and shear- 
ing at A or E; (4) by tearing at C, 
and shearing at A and B or at D and 


ae ee 


are— Fra. 85 
i aif... +... a..(2) (b-2dVifi+70h, « ADF OA 6) 
Mf.» QB) . O-3t3sTTy. . . . - 
The strength of the solid bar is bt/,, and the various efficiencies are 
ape stl har try ae APSR 
ae sebiidstas pd On sone Hata 64) 


There is only one dimension to determine, viz. d, and a value of d 
may be found by equating any two of the four expressions which give 
the resistance of the joint. Six possible values of d may be found in 
this way, but generally there is only one value which will give the highest 
minimum efficiency of joint. 

The most satisfactory way of finding the best value of d is to plot the 
various efficiencies for different values of d, as shown in Fig. 86. In this 
case } has been taken equal 


to 10 inches, t=1 inch, and 2100 (2) 

f,=0°8f,. The best diameterof & bec 4) 

rivet must be under the inter- $ 90 = 4 

section of a pair of efficiency a eae’ RAL aoe Cae (3 
curves, and an inspection of Re 7 
the figure shows that the dia- vi 
meter which gives the best S 

efficiency is under the inter- “705——~—75 16 18 


section of (2) and (3). This Dirvisten “of deas 
diameter is 1°23 inches, and Fic? 86 
the minimum efficiency is 85-6 ee 
per cent. In plotting the efficiency curves it is only necessary to show 
the : ahah in the neighbourhood of their intersections. 

butt joint with two cover straps, such as is shown in Fig. 87, is a 
more satisfactory joint for a tie-bar than the 
lap joint, because in the case of the butt joint ° i = 
the pulling forces on opposite sides of the 


joint are in the same plane, whereas in the ele 
case of the lap joint the pulling forces are in Oe ga ea 
different planes, and in consequence there is ae 


a bending action on the bar in the neigh- 
bourhood of the joint. 
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90. Thin Cylindrical Shells.—A thin cylindrical shell or pipe (Fig. 88) 
of internal diameter d, thickness ¢, 
and length / is exposed to internal 
fluid pressure of intensity p. Let 
the shell be divided into two equal 
parts by a plane of section contain- 
ing the axis. The resultant R of 
the pressure on either of these 
parts is evidently independent of 
the shape of the other part. Let 
the other part be replaced by a flat 
plate, as shown in Fig. 89. Then the resultant pressure on the flat 
plate is S=pdi. But S must balance R, therefore R=S = pd. 

If f, is the stress in the material of the shell at the plane of section, 
then R= pdl = 2tif, or pd = 2tf,. 

If the shell has longitudinal riveted joints whose efficiency is e, then 
pd = 2th. 

The assumptions made in determining the last two equations are, 
(1) that the stress f, is uniformly distributed over the section of the shell, 
and this is justified if the shell is thin compared with its diameter ; (2) 
that the shell derives no assistance from the ends, and this is justified 
if the cylinder is not very short compared with its diameter. 


The resultant pressure on the ends of the shell is if , and the 


Fig. 88. Fia. 89. 


resistance of the shell to tearing at a section perpendicular to the axis 
is rdtf,, therefore iP =Tdtf, or pd = 4tf,, which shows that the resist- 


ance to tearing at a circumferential section is twice the resistance to tearing 
at a longitudinal section, the effect of the riveted joints being neglected. 


91. Thin Spherical Shells.—By the method of the preceding Article, 
and using the same notation, the resultant pressure on one half of the 


shell is ie , and the resistance to tearing is 7dft/,, therefore {oP = wtf, 


or dp =4tf;. 

92. Centrifugal Tension in a Revolving Hoop.—Each part of a 
hoop revolving about its axis tends to fly outwards because of centri- 
fugal force, and the effect on the hoop is the same as that of an internal 
fluid pressure acting on it. 

Let a be the area of the cross section of the hoop in ainate inches ; 
w the weight of a cubic inch of the material in 
pounds ; v the linear velocity of the hoop in feet 
per second; and d the diameter of the hoop in 
inches. The hoop is supposed to be thin compared 
with its diameter. R R 

The weight of a portion of the hoop 1 inch 
long is aw lbs., and the centrifugal force g of this 
portion is 24awv? /gd. Each inch of hoop will 
have the same amount of centrifugal force acting 
on it, and the result is a uniformly distributed 
radial force acting on the hoop, as shown by the small arrows in Fig. 90. 


Fia. 90. 


© bara are made of the same material, and that they 


Pe eee 
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From the analogy between this case and that of a thin cylindrical shell 


under fluid pressure (Art. 90) it may be concluded that R, the resultant 
of the centrifugal forces gq... . on one half of the 


hoop, is equal to dq = 24awv*/g, and equating this to if 

theresistanceof the hoop tobursting, 2a/,= 24awv?/g, T 

therefore f,= 12wv?/g, where /; is the stress (in lbs. ’ H 
‘ ’ 


per square inch) due to centrifugal force. a 
The foregoing result may be demonstrated in = 
another way. Consider a small portion of the hoop 7 


(ig. 91) subtending an angle @ at the centre. 


is in equilibrium under the action of the r) 
centrifugal force F and the tensions TT. The ee 
weight of the portion under consideration is Jawd8, y 
and F = 12aw@v?/g. From the triangle of forces Fic. 91. 


F =T9, since @ is a very small angle. Also T=fa, 
therefore TO =f,a0 = 12aw6v?/g, and f,= 12wv?/g. 
93. Cottered Joints.—TFig. 92 shows two bars of diameter d joined 


yl together with their axes in the same straight line. The upper bar is 


enlarged at its lower end to form a socket, which fits over the enlarged 
upper end of the lower bar. A cotter passes through the two as shown. 
It will be assumed in what follows that the two 


are Ss core ge Eanes Phen Fe ‘ Y 
or the parts o whey , (1) , > 
Z $12 ea St, Verh 7d". Me 


The weakest cross section of the part of diameter 
d, is at the cotter hole, where the area of the cross 


section is very nearly ai —d,t, and therefore 


T=(Ta}- at) 4 eee: 


The weakest part of the socket is the cross section 
at the cotter hole, where the area is 


q(D? - 43) -(D-a,)t, 


LWWWWWE IS 


therefore T={F(D?- a})-(b-a,ye\y, eg ee 


The cotter will shear at two sections, therefore 


T=20tf, . Faw Ts (4) 
The bearing area of the cotter on the lower bar is d,t, therefore 
sO a i cae ae aaa (5) 
The bearing area of the cotter on the socket is (D, —d,)¢, therefore 
CaM tied) f+ 8. s:- » (6) 


_ Assuming T and the stresses to be known, the foregoing six equations 
are sufficient for determining the dimensions d, d,, D, D,, 6, and ¢. 
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Exercises VIb. 


In the following exercises on riveted joints, =thickness of plates, d=dia- 
meter of rivets, p=pitch (or greatest pitch) of rivets, all in inches, In all cases 
where p has to be determined the result is to be stated and taken to the nearest 
eighth of an inch, and where d has to be found, the result is to be stated and 
taken to the nearest sixteenth of an inch, 

Unless otherwise stated the tenacity of the plates is to be taken at 28 tons 
per square inch, and the resistance of the rivets to shearing at 23 tons per 
square inch. 

1. Inasingle riveted lap joint ‘=;4,d=%,andp=2. Calculate the efficiencies, 
and find the crushing stress on the rivets when the joint gives way by tearing. 

2. A treble riveted lap joint has the following dimensions—t=}%, d=1,\, 
and p=3%. Calculate the efficiencies, and find the crushing stress on the rivets 
when the joint gives way by tearing. 

8. Find p for a double riveted lap joint in which ¢=,%, and d=}%. Then 
calculate the efficiencies. 

4. Design a double riveted lap joint for plates $ inch thick, and find the 
efficiencies, having. given f;=0'8/; and f-=1°3f/,. 

5. In the treble riveted lap joint shown in Fig. 93, t=15, d=14, and p=48&. 
Calculate the efficiencies of the joint. 

6. Having given ¢=}%, determine d and p for 
the joint shown in Fig. 93, so that the three 
principal efficiencies shall be as nearly equal as pos- 
sible (d@ being to the nearest sixteenth, and p to 
the nearest eighth of an inch), then calculate the 
efficiencies. 

7. Plates 1 inch thick are connected by a treble 
riveted butt joint with two cover straps. The pitch - 
of the rivets in the outer rows is twice the pitch of 
those in the other. rows, and the diameter of the 
rivets is 1 inch. ‘Taking the resistance of rivets in 
double shear equal to 1:75 times their resistance Fig. 93. 
in single shear, determine p (to nearest eighth of an 
inch) for equal tearing and shearing resistances. Then determine the efficiencies. 

8. Same as preceding exercise, except that the resistance of rivets in double 
shear is to be taken equal to twice their resistance in single shear. 

9. Ina riveted joint of the form shown in Fig. 94, = %, d=14, and p=7. 
Taking the shearing resistance of rivets in double - 
shear equal to 1°75 times their resistance in single 
shear, determine the efficiencies of this joint. 

-10. Determine p and d for the joint shown in 
Vig. 94 (¢=,;), so that the efficiencies may be as 
nearly as possible equal to one another, taking p to 
the nearest eighth, and d to the nearest sixteenth 
of an inch. Take shearing resistance of rivets in © 
double shear equal to 1°75 times their resistance to 
single shear.. Give the efficiencies. 

11. Ina double riveted lap joint <=4, d=, and 
p=2}. Find the efficiencies. This joint is streng- 
thened by the addition of a cover strap, as see tables 
in Fig. 95. The rivets at A and B being { inch Fia. 94. 
diameter, and 53 inches pitch. Calculate the 
efficiencies of the altered joint. 

12. The tie-bar lap joint shown in Fig. 96 has rivets }4 inch diameter. The 
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bar is 6 inches wide and } inch thick. Determine the lowest efficiency of this 
joint, and describe how it will give way. 

18. A tie-bar 5 inches wide and 4 inch thick has a lap joint in it, as shown in 
Fig. 97. The rivets at A and B have a diameter d, and those at C and D have a 
diameter d,. Find the best values of d and d, (to the nearest sixteenth of an 
inch) so that the efficiencies may be as nearly as possible equal to one another. 
Give the efficiencies. ' 

14. Taking the joint referred to in the preceding exercise, but making all 
the rivets of the same diameter, plot on squared paper the various efficiencies of 
the joint for different sizes of rivets up to 1} inches diameter. 

15. Determine the best diameter of rivets (to the nearest ,’, inch) for a tie- 
bar butt joint with double cover straps, and 12 rivets in all, arranged as in Fig. 
87, p. 75. Width of bar, 9 inches; thickness, § inch. f;=O°8f;. Resistance 
of rivets in double shear=1-75 times their resistance in single shear. Find the 
lowest efliciency of the joint. 

16. A cylindrical boiler shell is 7 feet in diameter, and the plates are # inch 
thick. The longitudinal riveted joints have a tearing efficiency of 70 per cent, 
Find the steam pressure which will cause a tensile stress of 5 tons per square 
inch in the plates between the rivets. Also, what tensile stress will this steam 
pressure produce in the plates between the rivets of the circumferential joints 
which havé a tearing efficiency of 60 per cent. ? 

17. The end plates of a boiler shell are ,% inch thick, and are dished to 
a radius of 6 feet. Find the tensile stress in these plates due to a steam 

ure of 150 lbs. per square inch. If the thickness is altered from 4%; inch to 
i inch, to what radius must the end plates be curved so that the stress shall be 
unaltered under the same steam pressure ? 

18. Find the centrifugal tension (in Ibs. per square inch) in the rim of a 
cast-iron fly-wheel 25 feet in diameter when running at 250 revolutions per 
minute. Weight of cast-iron=0°26 lb. per cubic inch. 

19. Determine the speed, in revolutions per minute, of a cast-iron fly-wheel 
20 feet in diameter when the centrifugal tension in the rim 
is 4250 lbs. per square inch. Weight of 1 cubic inch of cast- 
iron =0°26 Ib. ; 

20. Fig. 98 shows the lower end of a foundation bolt ; 


in cross section, s being the side of thesquare. ‘The effective 
width of the cotter C is 6, and its thickness ¢. Taking 
fi=8, fs=6, and f-=15, all in tons per square inch, express 
the dimensions s, b, and ¢ in terms of d. 
21. Referring to the bolt of the preceding exercise, if 
c=16ft, f-=0°8f, fi=5 tons per square inch, and P= 10 tons. 
ind the dimensions d, s, b, and ¢ in inches, Fia. 98 
22. net to the joint shown in Fig. 92, p. 77, if SRY 
Sc= 15, Lak and f,= 6, all in tons per square inch, determine d), b, ¢, D, and D; in 
terms of d. 


94. Simple Torsion.—If two equal and opposite parallel forces P 
and Q act at opposite ends of a straight lever (Fig. 99) which is fixed 
to a shaft S, and which lies in a 
plane at right angles to the axis 
of the shaft, then, the forces P 
and Q cannot be balanced by any 
single force, i.e. they have no 
single force for their resultant, 
from which it follows that the 
forces P and Q will only tend to 
rotate the shaft about its axis. 
If the lines of action of P and Q be at perpendicular distances a and b 
respectively from the axis of the shaft, then the turning moment, twisting 


Fig. 99. 


_ moment, or torque will be measured by Pa+Qb=T. But since P=Q, 


e 
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then T= P(a+b)=PR. If P is in pounds and R is in inches, then T will 
be in inch-pounds. The inch-pound is generally the most convenient unit 
for the torque on a shaft, but the foot-pound, foot-ton, and inch-ton 
are also used. 

If T is the torque on a shaft in inch-pounds, N the number of revolu- 
tions per minute, and H the horse-power transmitted, then it follows that 


we _27RPN «TN 
~ 12x 33000 6 x 33000 ° 


95. Angle of Twist of a Shaft.—Let a shaft of length J, radius 7, 
or diameter d be subjected to pure torsion by torques each equal to T 
applied at its ends, as shown in Fig. 100. A straight line AM drawn on 
the surface of the shaft and parallel to the axis when the shaft is 
unstrained, will become a helix when the shaft is twisted. This follows 
from the following consideration. If the shaft be divided into a number 
of parts each of unit length by planes perpendicular to the axis each part 
will be subjected to the same torque, and the angular movement of one 
end of each part of unit length relative to the other end will be the same, 
and therefore the angular movement of one end of the shaft relative to 
the other end will be the sum of the angular movements due to each 
part, and therefore the movement of A relative to M, namely, the are 
AB, will be proportional to 7. 

Tf a small square MN be drawn on the surface of the shaft when the 
latter is unstrained and having a side on AM, this square, shown 
enlarged to the left of Fig. 100, will become a parallelogram. If this 
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square be the outer face of a thin layer of material on the shaft, then the 
edges or narrow faces of this layer are subjected to shear stress of, say, an 
intensity f, and the shear strain is «’//’=a/l where « is the length of the 
. shear stress 
are AB. But shear strain = ——, therefore x/l=7/C or 
modulus of rigidity 
x=fl/C. If @ is the angle of twist in circular measure, then 0 = x/r = 22/d, 


but «= f7/C, therefore 0 = 4 di 


If » is the angle RY Bcict in degrees, dies since @/r=n/180, 
_ 36071 
~ ad * 
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____ In stating that the shear strain on the small square element or thin 
layer MN is equal to 2’//’, it is assumed that only the edges of that 
- layer are subjected to shear stress, and that there is no stress on the 
square faces, It is obvious that there cannot be any stress on the outer 
square face, and since the angular movement of each particle of the shaft 
about the axis of the shaft is proportional to its distance from that axis, 
particles which are on the same radial line when the shaft is unstrained 
will remain on that line as the latter revolves ; there can therefore be no 
relative movement between the layer MN and the layer next it within 
the shaft, and therefore there cannot be any stress on the inner face of 
the layer MN. | 

96. Moment of Resistance of a Shaft to Torsion—It has been 
shown that the angle of twist of a circular shaft is 6 =2/1/Cd or fl/Cr. 
Hence f= 0Cr//, and for given values of 0, C, and /, f is proportional to r. 
Now for all parts of a given shaft subjected to a given torque, 9, C, and Z 
are the same, therefore if a circular shaft be conceived to be made up of a 
number of thin tubes, the Shear stress on any one of them will be pro- 
portional to its radius. Let, be the mean radius of one of these tubes, a, 
_ the area of its cross section, and f, the shear stress on it. Then 7,/f=7,/7, 
 orf,=r,f/r. The total shear stress on the cross section of this tube is 
Ji%, and the moment of this about the axis is far, Hence the 


moment of resistance of this tube to torsion is Layri =t, where I, is 


the polar moment of inertia of the cross section of the tube about its axis. 
In like manner the moment of resistance to torsion of each of the other 
_ tubes is the factor f/r multiplied by the polar moment of inertia of its 
ross section about the axis. Hence M, the moment of resistance of the 
___ whole of the tubes, or of the solid shaft, is f/r multiplied by the sum of 
_ the polar moments of inertia of the separate annular parts of the cross 
section, which is equal to f/7 multiplied by the polar moment. of inertia 
_ of the whole cross section. But the polar moment of a circle of radius r 
' A 
about an axis through its centre and perpendicular to its plane is as 
_ therefore M=5r5f= ig? 


The following is another way of determining the moment of resistance 
of a circular shaft to torsion. Consider a small sector OAB of the cross 


- ---- d-----» 


Fig. 101. 


section of the shaft (Fig. 101). The full section of the shaft is shown 
at (a). The part in the neighbourhood of the sector is shown enlarged 
at (0), and an oblique view of this is shown at (c). Let f denote the 
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intensity of the shear stress along AB. Let perpendiculars to the sector 
be erected all over its surface to represent the intensity of the stress at 
- each point, and consider for the moment that the stress is perpendicular 
to the plane of the sector, These perpendiculars will be enveloped by a 
pyramid OABFH, in which AH and BF are each equal to 7, The 
volume of this pyramid will be the magnitude of the resultant R of the 
stress over the sector, and this resultant will act through G, the centre of 
gravity of the pyramid, and its line of action will be perpendicular to 
OAB, meeting the latter at g. The real line of action of Ris in the plane 
of OAB and perpendicular to Og, as shown at (a). The moment of 
resistance of the sector to torsion is Rx Og. But R is equal to the 
volume of the pyramid OABFH=AB x fx ir, and Og=#r. Therefore 
Rx Og=ABx4}/r*,, The moment of resistance of the whole section will 
be R x Og multiplied by the number of times that the circle contains the 
sector OAB, that is, by the number of times that the circumference of 


the circle contains the are AB, which is acts Therefore 


AB’ 


: 2ar Ts. 
M=AB a. = fa Of, 
x ffr xX AR af 16? 
If the first method adopted in this Article for finding the moment of 
resistance of a solid circular shaft to torsion be applied to a hollow 
circular shaft (Fig. 102), it follows that the moment 


of resistance of the hollow shaft is ps multiplied by 


the polar moment of inertia of the section, 2.¢. 


- x 5(R — 7), or Be Gas 


KS 


16\ D Yj 

The moment of resistance of the hollow shaft ' 

may, however, be deduced directly from the moment | “~ &- aa 

of resistance of the solid shaft as follows. The mo- ~ Bsr Ae 
ment of resistance of a solid shaft of diameter D is Fia. 102. 


ig The moment of resistance of a solid shaft of diameter d when it 
forms the central portion of the other is 16% where /, is the shear stress 


at radius 7 (Fig. 102), but 4, = fe = fe Hence the moment of resist- 


f the hollow shaft is ™ D8¢— ieee Cae, 
ance of the eeow shat is Ue 160"D ig\D ¥ 
97. Formule for Shafts subjected to Simple Torsion.—It will be 
convenient to collect here the formule which have been proved in the 
three preceding Articles, and give several additional formule easily 
deduced from them. 


T = torque or twisting moment on shaft in inch-pounds. 
N=number of revolutions of shaft per minute. 
H = horse-power transmitted by shaft. 

Z=length of shaft in inches, 
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— . 
__ d=diameter of solid shaft or internal diameter of hollow shaft in 
ae inches. 
__ D=external diameter of hollow shaft in inches. 
_ f=maximum shear stress on shaft in Ibs. per square inch. 
C= modulus of rigidity of shaft in lbs. per square inch. 
@=angle of twist of shaft in circular measure. 
n=angle of twist of shaft in degrees. 


For both Solid and Hollow Shafts— 
as 2rTN p — 12 x 33000H 
12 x 33000" 2rN j 
For Solid Shafts— 
i kok 
_2fl_ 3277 1360/1 _ 360 x 1677 
Cd wCdt" aCd mCdi * 
For Hollow Shafts— — 
_ © (Dt-d' _ 16TD 
“te 764 D Me fe (D# — dd)" 
gam. 3mm 1, 360ft_ 360 x 167 
CD rC(Dt—di)’ OD 7C(Di— di)’ 


98. Helical Springs.—It has already been shown that if a shaft or 
_ wire of diameter d and length / be subjected to a torque T, the angle 
of twist is ee Also, if f is the maximum shear stress, T=7,0%, 


ee afl 

a 6= ~~ 

and Ca 

_____ Now suppose the wire to be bent round so that its axis forms a semi-_ 
circle of radius R, and let two radial arms AB and CD be connected to the 


Fig. 104. 


~ free ends of the wire, as shown in Fig. 103. If forces PP be applied to 
__ the inner ends of these arms, the forces acting through the centre of the | 
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semicircle and perpendicular to its plane, the wire will be under a torque 
equal to PR. The length of the wire is wR. Hence the total angular 


4 2 ‘ 
movement of the two arms is 0= fo: , and the relative movement of 
. 32PR3 
A and C is 8=R0= Gat 


The half ring shown in Fig. 103 corresponds very approximately with 
a half coil of a helical spring (Fig. 104), in which the slope of the coils 
is small. 

Extending the above formule for the half ring (Fig. 103) to the 
helical spring (Fig. 104), if m is the number of complete coils, then since 


; 3 : aie 64PR en 

for one half coil 8=— the extension for » coils is b= ae f 
ars _4eRYn ng pitas _ Cas 
Also, PR= ie? >f, Therefore also, 5 Ga” and P 16k 64h" 


The length of wire, /= 27Rn, nearly. 

The above formule also apply when the load is reversed, so that the 
spring as a whole is in compression. 

Helical springs are also called cylindrical spiral springs 


Exercises VIc. 


1. Find the twisting moment in inch-pounds on a shaft which transmits 
50 horse-power at a speed of 120 revolutions per minute, and calculate its © 
diameter, taking the maximum stress at 9000 lbs. per square inch. 

2. The turbine shaft of a 5 horse-power De Laval steam turbine is 0:2(3 
inch in diameter, and its speed is 30,000 revolutions per minute. What is the 
maximum stress on this shaft when transmitting 5 horse-power ? 

3. A shaft transmits 100 horse-power at 120 revolutions per minute. The 
maximum torque is 1°4 times the mean torque, and the maximum stress is 
9500 lbs. per square inch. Find the diameter of the shaft. 

4. The diameter of ashaft is 94 inches. Determine the horse-power trans- 
mitted when the maximum stress is 9000 lbs, per square inch, and the speed is 
130 revolutions per minute, The couplings of this shaft have each six bolts 
2? inches diameter, whose centres lie on a circle 144 inches diameter. Find the 
average shear stress on the bolts. 

5. A cast-iron flanged shaft coupling has six bolts 1} inches diameter. The 
axis of each bolt is 73 inches from the axis of the shaft. Diameter of shaft, 
53 inches, When the maximum shearing stress on the shaft, due to the twisting 
moment, is 10,000 lbs, per square inch, what is the average shearing stress on 
the bolts ? 

6. If a shaft 2 inches diameter safely supports a torque of 15,000 inch- 
pounds, what torque would a shaft of the same material 54 inches diameter 
support with the same factor of safety? What horse-power would the former 
shaft transmit at 150 revolutions per minute, and what should be the speed 
of the latter to transmit 600 horse-power. 

7. Determine the horse-power transmitted by a hollow steel shaft whose 
external diameter is 18 inches, and internal diameter 12 inches. The speed 
is ao revolutions per minute, and the maximum stress 10,000 lbs. per square 
inch. 

8. A hollow steel shaft, external diameter d, internal diameter 3d, is subjected 
to pure twisting, and transmits 8000 horse-power at a speed of 110 revolutions 
Lad ~% Taking the maximum shear stress at 9000 lbs. per square inch, 

nd d. 

9. A hollow steel shaft is made to replace a solid wrought-iron one of the 
same diameter, the material being 35 per cent. stronger than the iron; find 
what fraction of the outside diameter the internal diameter may be, and, 
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neglecting the couplings, find the percentage saving of weight by the substitu- 
a tion, assuming She the steel is 2 per cent. heavier than the wrought-iron. 
G 10. A steel shaft 24 inches diameter, which is subjected to pure twisting, is 
_ 60 feet long, and is driven at one end, while the power is taken off at the other. 
One end of the shaft moves 30° in advance of the other, Find (1) the maximum 
_ shear stress, (2) the torque, and (3) the horse-power transmitted at 180 revolu- 
per minute. C=13,000,000 lbs. per square inch, 

11. A wrought-iron shaft 3 inches diameter and 40 feet long is subjected to 

pure twisting by couples at its ends. The maximum shear stress is 9000 lbs. 
ao inch, and the speed is 120 revolutions per minute. Determine the 
. power transmitted, and the angle of twist in degrees, C=10,500,000 lbs. 
square inch. 

12. Find the diameter of a steel shaft which will transmit 15 horse-power at 
180 revolutions per minute with an angle of twist amounting to 1° in a length 
_ equal to twenty times the diameter. Find also the maximum shear stress. 

_ ©=13,000,000 Ibs. per square inch. 

13. Determine the diameter of a solid shaft which shall have the same stiff- 
ness, under the same twisting moment, as a hollow shaft of the same material 
whose external and internal diameters are 9 inches and 6 inches respectively. 
Find also the ratio of the maximum shear stresses in the two shafts. 

14. A steel shaft 24 inches in diameter is driven by a 20 horse-power gas- 
engine at 100 revolutions per minute. The shaft is supported by three bearings, 
spaced 15 feet apart between centres, and the centre of the driving pulley is 
6 inches beyond the centre of one of the end bearings. Pulleys are arranged, 
as shown on the sketch (Fig. 105), to work certain machines, and the horse- 


" 45H.P. E 12 HP. 
18 Diameter—>F) _10 Diameter. anP acs 24 Diameter —>F 
' Ag ' B ] Cc 
ey a Tae toes 
__ Spat ps gota | es 


Fia. 105. 


pe taken off each of these pulleys is shown on the sketch; in addition, each 
ng absorbs 4 horse-power. Assuming that all the loads are applied at the 
centres of the respective pulleys and bearings, calculate the angle of twist in 
the shaft at each of these points, reckoning from either end of the shaft. The 
modulus of rigidity is 12,500,090 lbs. per square inch. [B.E.] 
15.—T wo closely coiled spiral springs were made out of round steel wire 
Z inch diameter. The one spring, A, had a mean diameter of coil of 4 inches, 
_ and the other, B, had a mean diameter of coil of 5 inches, both springs had 12 
__- complete coils. These two springs were tested by loads extending them axially, 
___ and the results of the tests are shown in the table below :— 


WwW 2 4 6 8 10 12 14 16 18 20 
x, 0:26 | 0°52 | 0°79 | 1:06 | 1:32 | 1°59 | 1°86 | 2°12 2°39 | 2°66 
® | O51 | 1°02) 1°53 | 2°04 | 255) 3:06 | 3:57 | 4°09 | 4:60 | 5°12 


Where W is the axial load in pounds, and a, and zg are the extensions in 
inches of the springs A and B respectively. 
Plot the results on squared paper. 
Given that the law connecting the extension of these springs with their mean 
diameter of coil is of the form 
Extension of B_ (nee diameter of coil of B\" 
Extension of A \mean diameter of coil of i) 
what is the probable value of n? 
' ine from these experiments the average value of the modulus of shear 
elasticity C for this quality of steel wire. [B.E.] 
16. A closely coiled helical spring is made out of round steel wire } inch in 
diameter, the coils having a mean diameter of 3 inches. What axial pull will 
produce a shear’ stress of 20,000 Ibs. per square inch? If the modulus of 
7 
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rigidity of the wire is 11,000,000 lbs. per square inch and the spring has 20 
coils, how much will the spring extend under this pull, and how many ft.-lbs. 
of work must be done in producing this extension ? 

17. What is the stiffness, in lbs. per inch of axial deflection, of a close coiled 
helical spring having 10 coils whose mean diameter is 2 inches, diameter of 
wire 0:128 inch, and modulus of rigidity 11,000,000 Ibs. per square inch ? 

18. What length of wire 0°232 inch in diameter will be necessary to form a 
closely coiled helical spring which shall extend 0:05 inch per Ib. of axial load if 
the mean diameter of the coils is 3°5 inches, and the modulus of rigidity of the 
wire is 11,500,000 lbs. per square inch? 

19. It is required to design a close coiled helical spring which shall deflect 
1 inch under an axial load of 100 Ibs. with a shear stress of 50,000 Ibs. per 
square inch. The spring is to be made out of round steel wire having a modulus 
of rigidity of 11,000,000 Ibs. per square inch, and the mean diameter of the coils 
is to be 10 times the diameter of the wire. Find the diameter and length of 
the wire necessary to form the spring. 


CHAPTER VII 
BEAMS AND BENDING 


99. Bending Moments and Shearing Forces on Beams.—In 

general the lines of action of the external forces acting on a beam are 

ndicular to the length of the beam, and they may be considered as 

in one plane, and this plane, in what follows, will be taken as the 

pene of the paper. The external forces acting on a beam must of course 
nee one another if the beam is at rest. 

Consider the case of a horizontal beam ABC (Fig. 106) acted on by 
any number of vertical forces P,, P,, etc. Take any cross section YY 
dividing the beam into two parts AB and BC. Consider the equilibrium 
of the part BC. Let the distances of P,, P,, etc., from YY be 2, 2g, ete. 
Let R (Fig. 107) be the resultant of the external forces P,, P,, ete., 
acting on BC. The magnitude of R will be the algebraical sum of the 
forees P,, P,, etc., acting on BC. (For the forces shown in Fig. 106, 


os Ly p fs Y i c 
TA Be xs 1 F ¢| a ee 
| 4 P, ae : R ‘s 


Fr@. 106. Fira. 107. Fria. 108. Fra. 109. 


“~<~ 


R=P,-P,-P,). The distance a of R from YY must be such that the 


‘moment of R: about a horizontal axis in YY is equal to the algebraical 
sum of the moments of P,, P,, etc., about the same axis. (For the 


forces shown in Fig. 106, Ra = P,x, — Patty — P,v,). Expressed in another 
way, R==P and Ra= (Px). 

3 The force R tends to turn BC about a horizontal axis in YY ; in other 
words, R tends to bend the beam at YY (Fig. 108), and the bending 
_ moment is Ra==Pz. R also tends to make BC slide on AB at YY; in 
other words, R tends to shear the beam at YY (Fig. 109), and the shearing 


» force is. R= =P. 


he bending and shearing effects of R on BC may perhaps be made 
_ more apparent by the artifice of applying at YY two opposite forces 
: a and Re» each equal and parallel to R, as shown in Fig. 110. The 

dition of the forces R, and R, will evidently not affect the equilibrium 


= of ae The forces R and R, being equal and acting in opposite 


directions, form a couple which can only produce a turning or 
action on BC, while the remaining force R, can only make or 


ee eens iS a 
87 
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To make the existence of the turning or bending and the sliding or 
shearing actions more evident, consider the case of a block BC (Fig. 111) 
resting on a_hori- 
zontal plane YY. 
Let this block be | 
pushed by a hori- Y 
zontal force R as 
shown. If the re- Ye Bo Re 
sistance to sliding ; pie 
on YY be not too Fia. 110. Fia. 111. Fia. 112. 
great the block will _* 
slide to the left into, say, the position shown by the dotted lines. But 
if the resistance to sliding is great enough the force R will cause the 
block BC to tilt over, as shown by the dotted lines in Fig. 112, provided 
the resistance to tilting is not too great. R, is the resistance to sliding 
at YY, and R, is the effect of R transmitted, by reason of the rigidity 
of BC, from section to section downwards to YY. 

It is evident that the magnitude of the shearing action at YY depends 
only on the magnitude of R, and not on the distance of R from YY. 
But the turning or bending action at YY depends on both the magni- 
tude of R and the distance of R from YY. 


100. Positive and Negative Bending and Shearing. — When a 
horizontal beam is bent by thé action of the loads on it, it will either 
“sag” or “hog,” that is, it will either become concave or convex on the 


pokes oth te 
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Fig. 113. Fia. 114. Fie. 115. Fiq. 116. 


top, and it will be convenient to call one of these, say the first (Fig. 113), 
positive(+) bending, and the other (Fig. 114) negative ( —) bending. 
Again, in considering the shearing action at a section of the beam the 
loads will tend either to cause the portion to the right of the section 
to descend and the portion to the left to ascend, or vice versa, and it will 
be convenient to call one of these, say the first (Fig. 115), positive (+) 
shearing, and the other (Fig. 116) negative ( — ) shearing. 


101. Bending Moment and Shearing Force Diagrams.—If the 
bending moments and shearing forces at a sufficient number of sections of 
a beam be determined and the results plotted to scale at right angles to 
a base line representing the length of the beam, diagrams are obtained by 
joining the points plotted, which are called the bending moment and 
shearing force diagrams. In cases where there is both positive and 
negative bending, or positive and negative shearing on the same beam, 
it is necessary to distinguish between the positive and negative quantities 
by measuring them on opposite sides of the base line, and it is desirable 
in all cases to measure positive bending moments and positive shearing 
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forces above the base line, and negative bending moments and negative 
shearing forces below the base line. 


102. Examples of Bending Moment and Shearing Force Diagrams. 
—Two examples of bending moment and shearing force diagrams 
have already been given in Art. 75, pp. 59-61, where the graphic 
method of constructing these diagrams was explained. In_ this 
chapter the bending moments and shearing forces will be found by 
calculation. 

In what follows M will denote the bending moment and F the 
shearing force at a section which is at a distance x from some fixed 
point, generally. the free end of a cantilever, and either the centre or 
one end of a beam. M,, will denote the maximum bending moment, 
and F,, the maximum shearing force. XX will denote the base line 
upon which the bending moment diagram or shearing force diagram is 
plotted. 

Exampre I.—Cantilever (Fig. Bed Boh loads W, and W,. 

Between A and B, M= -— Wt which is the equation to a straight 
line. M,,= -—-W,a at B. F=W 

Between Band C. M= - {W, 2+ W,(a- Mh which is the equation to 
_astraight line. M,,= — 'W, (a+b) -+W, b}. F=W,+ Wo. 


Ke OC He OC 
erate 


Fig. 117. Fig. 118. 


Exampte II.—Beam (Fig. 118) supported at’ the ends and carrying 
a load w per unit of length uniformly distributed. 
Reactions at supports = wl. 


Between A and B, M=wl(l—2)-w(l- ai) = (22), which 


is the equation to a parabola whose axis is the vertical through B, 


M=0 at A where x=/. M becomes M,, where x=0. Hence M,=“ 


at B. 
~ F=wl -w(l— x) =wzx, which is the equation to a straight line. F=0 
at B where #=0. F becomes F,, where a=. Hence F,,=wi at A. 


e 
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Between B and C. M=5(0 —2x*), the same as between A and B. 


F=w(l-—2) —wl= — wz, 
which is numerically the 
same as between A and B, 
but of the opposite sign. 

Exampte III.—Beam 
(Fig. 119) supported at 
two points equally dis- 
tant from the ends, and 
carrying a load w per 
unit of length uniformly 
distributed. 

Reactions at sup- 
ports = w(/, +/,). 

Between A and D. 
M= = which is the 
equation to a parabola, 
vertex at A and axis ver- 
tical. M=0 at A where 


2 
Gud Me ae at De: 


F=—wa, which is 
the equation toa straight 
lines F=0at A where -Fia. 119. 
c=0. F,= —wl, at D. 

Between D and B. 


M=w(l, +2,)(lp -2) -S(h +1,-2) = la ~ 1? — 22), 


which is the equation to a ie whose axis is es vertical through B. 


At D where «=/1,, M= — un as before. 


At B where x=0, M=<(ls —1). M=0 where x=b= tJ/T wis 


F=w(/,+1,) —w(l, +1, -2)=wa, which is the equation to a straight 
line. F=0 at B where x=0, F,,=wl, at D where x=/,. 

Between B and C the bending moment diagram is the same as 
between B and A, and the only difference in the shearing force diagrams 
is in sign. 

The maximum bending moment on the beam will be least when the 
bending moment at B is equal to the bending moment at D, that is, when 


5a a) = M1 oF y= J2. If l=1,4+4,, then 1,=1( /2—1)=0-4141. 


This shows be va the supports should be placed when the beam is 
uniformly loaded. An example of this is found in the floats of a paddle- 
wheel. 

ExampiLE IV.—Two equal cantilevers (Fig. 120) carrying a beam 
with a load W at its centre. 


the resultant of all the loads to the 


__ the section BD towards Q the shear- 
____ ing force remains equal to R, so long 
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Reactions at supports of beam=loads at free ends of cantilevers 

=4W. 
er the beam AB. 
M=3Wi(i, — 7). 

M=0 at A and B where 
e=l,. 

M,,=4W/, at the centre 
C where a= 0. 

F=4W between A and C 
and F =-—4W between C 
and B. 

For the cantilever AD. 

= —4Ws2, a straight line 
which is a continuation of the 
bending moment line for AC. 

M=0 at A where z=0. 
M,, = — 4W/, at D where 

g=i, F=3W. 

For the cantilever BE, Fia. 120. 

= —4}Ws2, a straight line 
which is a continuation of the bending moment line for BC. 
M=0Oat Bwherex=0. M,,= —4W/, at Ewherex=1, F=—43W. 


If M,, for the beam=M,, for the cantilevers, then }W/,=}W/, or 
=k. 
103. Shearing Force at a Section where there is a Concentrated 
Load.—Let AC and BD (Fig. 121) be cross sections of a beam on 
ite sides of a concentrated load 
Let R, be the resultant of all Q IR; Q 
the loads to the right of Q, and R, 


left of Q. The shearing force at BD 
is equal to R,, and the shearing force 
at AC is equal to R,. In moving 


as the section is to the right of Q 
and however near it may be to Q. 
Tn like manner, in moving the section 
AC towards Q the shearing force 
remains equal to R, so long as the 
section remains to the left of Q and 
near it may be to Q. The Fic. 121. 

question then is, what is the shear- 

ing force at Q? is it equal to R, or is it equal to R,? The answer is that 


_ itis probably near the algebraical mean of the two. In practice there is 


no such case as a load acting at a point or line. What is called a concen- 
trated load must act over a certain amount of surface, even if it acts 
through what is called a “knife edge.” At (a) (a) (Fig. 121) are shown 
examples of shearing force diagrams as usually drawn in the neighbour- 
hood of a concentrated load. At (2) (b) the diagrams are shown cor- 
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rected on the assumption that the load Q is distributed over the surface 


AB. Generally the distribution of the load on Q 
‘AB would not be uniform. The point just dis- A\B 
cussed is of little practical importance, but some- dx} 
times students find it to be a difficulty. = <= 

104. Relations between Bending Moment and cD 


1 
Shearing Force Diagrams.—Let M be the bending R am ¥eat 
moment and F the shearing force at a section AC ef 
of a beam (Fig. 122). The section AC may be NE 
anywhere except at a point where there is a M a 
concentrated load, but 7t may be as near to that 
point as is desired. Take a section BD at an X ee 
indefinitely small distance dx from AC, and let f N 
M+dM be the bending moment at BD. Let Q F 
be the resultant of any loads which there may D 
be on the beam between the sections AC and BD, x x 
and let its distance from BD be nda where n is Fra. 122 
a fraction. aes 

Let R be the resultant of all the external forces acting on the beam 
to the left of the section AC, and let its distance from AC be Then, 
M=Ra, F=R, M+dM=R(#+dz) — Qndx= Ra + Rdx — Qndz, there- 
fore, dM = Rdw — Qnda, and Be =R-Qn=F- Qn. 

Tf Q is the résultant of a load which is distributed over AB, then, 
since dx is indefinitely small, Q will be so small that it may be neglected, 
and then ae sR. 

dx 

Again, if Q is the resultant of loads concentrated at points in AB, 

these loads may be avoided by taking da small enough, and then as 


before Say 


x 


The shearing force F at the section AC is therefore a measure of the 
slope of the bending moment line at the point corresponding to AC. In 
other words, the shearing force at any section is equal to the rate of 
increase of the bending moment at that section. 

Again, dM=Fdz, therefore the difference between the bending 
moments at two sections indefinitely near to one another is equal to the 
area of the shearing force diagram between these sections, and, in passing 
from one section to any other section, it is obvious that the sum of all the 
increments dM will be equal to the sum of all the increments Fdz, and 
therefore the difference between the bending moments at any two sections 
is equal to the area of the shearing force diagram between these sections. 

These results are very interesting and very useful. For example, 
referring to a horizontal beam, if the bending moment line is horizontal 
at any point its slope is nil, and there can therefore be no shearing force 
at the corresponding section. Again, at the highest point of the bending 
moment line the slope changes from positive to negative, and therefore 
where the maximum bending moment occurs the shearing force must 
change its sign, and the shearing force line will cross the base line. The 
converse of this is not always true, and all that can be said about the 
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bending moment at a section where the shearing force is zero or changes 
from positive to negative is that at that section the bending moment has 
ceased to increase or ceased to decrease, but in seeking for the section 
‘where the bending moment is a maximum, the shearing force diagram is 
very useful. . 


105. Travelling Loads.—By a travelling, moving, or rolling load is 
meant one that comes on to a girder at one end, moves along the girder, 
and comes off at the other end. It is evidently necessary to know what 
_ the maximum bending moment and the maximum shearing force are at 
any section of the girder, and the bending moment and shearing force 
diagrams are constructed so as to show the maximum bending moment 
and maximum shearing force at every section. 
The first step is to find the position of the travelling load in relation 
to any section selected which will 
make the bending moment a maxi- 
mum at that section; then an ex- 
pression is found for that bending 
moment in terms of the load and the 
distance of the section from a fixed 
selected point, and from this expres- 
sion the bending moment diagram 
can be constructed. The positive 
and negative shearing force diagrams 
_ are determined in a similar manner. 

Exampte I.—A single load W 
travelling along a girder AB (Fig. 
123) supported at its ends. 

When the load W is to the right 
of a section D which is at a distance 
# from A the bending moment at : : 
D is av, and R, is greater the Fia. 123. 
nearer W isto D. Again, when W 
is to the left of D the bending moment at D is R,(/—2), and R, is 
greater the nearer W is to D. Hence the bending moment at D isa 
maximum when W is at D. 


Placing W at D, R, = vo -), and the maximum bending moment at 
) D=M="%q -2x). If D be referred to the vertical through C, the 


centre of the span, so that CD = ~,, then since x = $7 -—2,, M= ee - vt), 


which is the equation to a parabola whose axis is the vertical through C. 
= height of the vertex above the base line is the maximum value of 
ul ts — 2} ), which is obtained by putting 2,=0, then M= We. The 
bending moment for the travelling load is shown at (a). This bending 
moment diagram is the same as for a uniform dead load of w per unit of 
length, where ae, or w= * The load w per unit of length is 
called the equivalent uniform dead load. ° 
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When W is to the right of D, the positive shearing force at D is equal 
to R, the reaction at the left-hand support, and this increases the nearer 
‘Wisto D. When W is to the left of D, the shearing force at D is nega- 
tive and equal to R,. Hence the maximum positive shearing foree at D 


occurs when W is at D. Placing W at D, R, -*6 —«x), and the maxi- 


mum positive shearing force at any section D=F= Wa — x), which is the 


equation to a straight line. F,,=W at A where x=0, and F=0 at B 
where x=/. 

It is also evident that the maximum negative shearing force at 
D=F= bit) which is the equation to a straight line. F,,,=W at B where 
x=l, and F=0 at A wherex=0. The complete shearing force diagram 
for the travelling load is shown at (0). 

In designing the section of a plate girder to resist the shearing force, 
it is the maximum numerical value of the shearing force which must be 
known, its sign being of no conse- 2 A 
quence. Hence it is convenient to eye 900000009) 
place the (+) and (—) shearing A ‘Dic BY 
force diagrams on the same side of motes i 1 
the base line, as shown at (c). If a 


| 
however lattice work takes the place we w1 AMOONOOONONO 
of the web plate, the lattice work A Dic BY, 
must be designed so that it will cs >| : 
take either the maximum positive 4 Re 
shearing force or the maximum t 
negative shearing force, but not both (c)i x 


at the same time. . i 1 
Exampie II.—A uniform load 4 H 
of w per unit of length travelling (4) ' ‘ 
along a girder AB (Fig. 124)  y! LRN 
supported at its ends, the length le 
of the load being not less than the i 
span 7. : 
As the load advances over 
the girder it is evident that the (e) 
bending moment at any section 
D will continue to increase until 
the girder is covered by the load, 
because a load placed anywhere on the girder will add to the bending 
moment at D. The bending moment diagram for this case is there- 
fore a parabola having for its axis the vertical through ©, the centre of 
the span as shown at (c), the height of the vertex above the base line 


XX being - : 


The load being in the position shown at (a) or (0), the reaction 


LL, 


Fig. 124. 


Ww 


a , 
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; ab When the load is in the position shown at (a), the positive shearing 

force at D is - = 

j 7 F=2,-5(- a) “Cc 2 

{ which shows that F in- A 

 ereases as x, decreases, b DG 

_ Whenthe loadisinthe |r 

_ position shown at (2), the | 

; apg shearing force at 4 

is F=R, — w(x --2,) D 
Ry 


(a) 


mm 
Ry 
Sain 


don't : 

= GP ti) — tex, which A vs Cc B 
shows that F decreases porta pegens be) ta LD. 
1 R 

j 


im 


<t 
Pare 


as x, decreases. 

t is therefore evi- 
dent that the positive 
‘shearing force at D is 
greatest when 2, = 2, 
that is, when the left- 
hand end of the load 
is at D. The shearing 
force at D is then 
Pa=5l-2), which is 
the equation to a parabola 
having for its axis the 
vertical through B, the 
right-hand endof thespan, 
the vertex being on the 

base line XX, as shown 
at (d). The maximum 

_ positive shearing force is 
sl at A where «= 0. Fig. 125. 
In like manner it can be shown that the negative shearing force at D 
__ is greatest when the right-hand end of the load is at D. The shearing 
_ force at D is then F--< 

for its axis the vertical through A, the left-hand end of the span, the 
vertex being on the base line XX, as shown at (d). The maximum negative 


shearing force is 7 at B where x=1. 


The positive and negative shearing force diagrams are shown plotted 
on the same side of the base line XX at (e). 

Exampte III.—Two loads W, and W, at a fixed distance ¢ 
nied moving along a girder AB (Fig. 125) supported at its 


c 


' 
we 


SES BR OR Ce 


| ht a tnaaaeas <ael Riaeas | 


, Which is the equation to a parabola having 


Let W, the resultant of W, and W,, act at a distance a from W, and 
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a distance b from W,, then c=a+b, W=W,+W., Wa=W,¢, and 
Wb= Wye. . 

When both loads are to one side of any section D, which is at a dis- 
tance « from A, the bending moment at D will evidently increase as the 
loads move towards D. Hence the bending moment at D will be a 
maximum, either when W, is at D, or when W, is at D, or when W, 
and W, are on opposite sides of D, It will now be shown that when W, 
and W, are on opposite sides of D, the bending moment at D has a value 
which fies between the values of the bending moment at D when W, and 
W, are in turn placed at D. 

At (a) W, is placed at D, at (+) W, is placed at D, and at (c) W, 
and W, are placed on opposite sides of D, the distance of W, from 
D being #, in the latter case. Let M,, My, and M, be the bending 
moments at D, corresponding to the positions of the loads shown at 


(a), (6), and (c) respectively, It is easy to show that M, eur -«%-G), 


My = V7(0- a+) - Wb, and My 0-2 aay) = Wy 


Wa W. 
If M,>M,, then > (L-w-a+2,) - Wy, >—-(l- 2-4), 
therefore ul >W,. 
We W. 
M,-M,= “yp (la +b) —Wh= (l= ata) + Wye 


l 


Since a, is less than a+, the quantity a+b—«, is positive, and if 


= (y = Wi )(a+ b—2,). 


Wa Wa ; fas 
M,>M,, > Wy therefore the quantity > —W, is positive. Hence 
M, — M, is positive when M,>Mj,, that is, MJ>M, when M,>M,. In 
like manner, if My>M,, My>Mg._ Therefore My lies between M, and 
M,, and the bending moment at D is a maximum either when W, is at 
D or when W, is at D. 


If M, >My, then ™"(7—a +b) -~wh>"*(1-2-a), 


l Z 
therefore > or n> y, and if M,; > Mg, then n< or @< ues 
Hence if the span be divided into two parts, the one to the left, AE, 
having a length =~ and the other to the right, EB ~ the 
maximum bending moment at any section in AE will occur when W, is 
at that section, and the maximum bending moment at any section in EB 
will occur when W, is at that section, AE may be called the field of W,, 

and EB the field of Wy. 


M, = Wid -2-0). M,=0 when w=0 or w=/-a=AH. The 


a 7 ae 
? 


7 aie < 
ay . 
ae = 
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te for M, is a parabola whose axis LN bisects AH at right angles. 
L ae . Putting ants in the equation M,= =e (l-x-a), 

“- N. eb _We- ~ay 
MINS 4l 
Tn like manner it can be shown that the curve for M, is a parabola 
KOB whose axis PO bisects KB at right angles, AK being equal to b, 
an¢ . These two parabolas intersect at a point S on the 
rtical through E, which divides the field of W, from the field of W,, 

1 the beading moment diagram for the whole girder i is ANSB. 

“A parabola, whose axis is the vertical through C, the middle of the 
van, and which touches the larger of the two parabolas at the base line, 
vi be the bending moment curve for the equivalent uniform dead load. 
et'ANH be the larger of the two parabolas ANH and KOB. Produce 
» axis LN to T, making NT'=LN, then AT is the tangent to the 
4. ANH at A. AT will also be the tangent to the circumscribing 
abola at A. Produce AT to meet the vertical CQ at U. Bisect QU 
ity, then V is the vertex of the circumscribing parabola. 

Tt_is easy to show that QV: LN:: AQ: AL, and therefore that the 
point V may be found by joining AN and producing to meet CQ at V. 


LN xAQ W(/-a)?_ 1 l-a_W(i-a) 


3 a ae OAS eye 
Tf the equivalent uniform dead load is w pet unit of length, then 

wl? - a) W(l =a) 

= , therefore ws as ee 


E When both loads are to the right of D the positive shearing force at 
T ales and as the loads move towards D, R, increases, and is greater the 
is toD. When W, passes to the left of D, the positive shearing 
aD is suddenly diminished by the amount W,, and is then equal 
to to F ee, but as W, moves to the left, W, being still to the right of D, 
R, increases, and therefore R, — W, i increases until W, is at D. When 
be oth loads are to the left of DD there is no positive shearing force at D. 
Hence the positive shearing force at D is a maximum, either when W, is 
at it D the righ hee W, is at D, or, more correctly, when W, or Wy is just. to 
to 
- Placing the loads so that W, is at D, or just to the right -* D, as shown 


a (0) Fig. 125, the positive shearing force at D =F, =R, = > AS aa), 
Placing the loads so that W, is at D, or just to the right of D, as shown 
at), the positive shearing force at D =F, = R, - W, = =7¢ -x+b)-W,. 


3 F, will be greater than F, when W(l-2+))-W,> vO -“%-a), 


;. that is, when W >/, and F, will be less than F, when W. <i. 
f G 
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The equation for the maximum positive shearing force is therefore either 
WwW 
¥,= /@-2-a), or Fy=7(l-#+b)-Wy,. 
F, is a maximum when ¢=0, and F, is a maximum when #=0, 

W,l 

F, = 0 when «=1—a, and F,=0 when @=1+b- 
The equations for the positive shearing force at D only apply when 


: W : 
both loads are on the girder. The equation F, = 7 (l-—x-a) applies 


between x=0 and #w=/-—c, and the equation Fy=" (0-2+b)-W, 


applies between a=c and a=/. For the remainder of the beam in each 
case the shearing force is due to one load only. 

The positive shearing force diagram shown at (d), Fig. 125, is fer 
the case where F, is greater than F,. 

The maximum negative shearing force at any section is determined in 
a similar manner. 

106. Travelling Loads—Graphic Method.—The method discussed 
in connection with Example III. of the preceding Article for determining 


| No 
—— oe oe 


D 1 
\ 


Fig. 126. 


the maximum bending moment and maximum shearing force diagrams 
for two travelling loads may be extended to cases where there are more 
than two travelling loads, but for such cases the graphic method now to 
be described is simpler. 

MN (Fig. 126) is a beam, supported at the ends, along which three 
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loads AB, BC, and CD, at fixed distances apart, travel. If instead of 
the loads travelling over the beam in one direction while the beam is 
stationary, the beam and its supports are moved under the loads in the 
site direction while the loads are stationary, the resulting maximum 
a moment diagram would be the same. On the drawing paper 
jo the beam MN and show the loads in one position. Still working 
on the drawing paper draw (Art. 56) the funicular polygon H123K, 
which will also be the bending moment diagram (Art. 75) for the 
position of the loads assumed. Draw a horizontal line XX’ under MN 
to serve as a base line for the required diagram of maximum bending 
moments. ‘Transfer the ordinates of the points 1, 2, and 3 of the 
bending moment diagram H123K to the lower diagram ; thus F2 in 
“the lower diagram is made equal to F2 in the upper diagram, XF being 
_ equal to the horizontal distance of F in HK from MX, 
___On a sheet of tracing paper TP make a tracing of the beam MN 
and the lines of the reactions of the supports. Let the tracing paper 
_ be moved into another position T,P,, the beam MN coming into the 
a _ position M “ae For clearness in the figure M,N, is not at the same 
a MN, but M,N, is parallel to MN, The bending moment 
: diagram for the altered ‘position of the beam in relation to the loads 
4 now be H,123K,, and this should be drawn on the tracing paper, 
or, at all events, the points such as F, and 2 should be clearly marked 
_ on the tracing paper. 
’ Next transfer the tracing paper so that F, is on XX’, and M,H, is 
on the vertical through X. If the point 2 on the tracing paper be now 
pricked through on to the drawing paper, the point 2 under F, on the 
_ lower diagram is obtained, and this gives the bending moment under the 
~ load BC when the latter is at F, in XX’. The points 1 and 3 are to be 
_ similarly dealt with. 
_ The tracing paper is next moved into another position T,P,, and the 
- eorresponding bending moment diagram is H,23K,. Points such as F, 
and 2 are to be clearly marked on the tracing paper, and transferred to 


AlB BIC clp 
QML AIL dry, yy yy , ey 
4 
Fig. 127. 


__ the lower diagram as before. Proceeding in this way until a sufficient 

_ number of points have been fixed under XX’, a fair curve drawn to 
enclose them all all and pass through the outer ones is the required diagram 
of maximum bending moments on the base XX’. 
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The shearing force diagram for each position of the beam in relation 

to the loads will be a stepped diagram, the levels of the steps being the 
levels of the points a, b, c, and d (Fig. 127) on the line of loads, and the 

zero line zz’ being level with a point 4 obtained by drawing through 0 a 
line oh parallel to the closing line of the funicular polygon. 

Horizontal lines are drawn on the tracing paper through the points 
a, b, ec, and d, and the right-hand top corners of the steps above the zero 
line, and the left-hand 
bottom corners of the 
steps below the zero line, 
are marked on the tracing 
paper, as shown by the Z ? 
prominent dots in Fig. 127, (+) S.F.D. 
z and 2’, the extremities Bo SR areas 
of the zero line, are also Z } tyme 
marked on the tracing 4 “QQ \4 
paper. The tracing paper \ 
is then transferred so that (—) S.F.D. 
zé coincides with a base 
line ZZ’ (Fig. 128) on the 
drawing paper, and the 
points marked on _ the 
tracing paper are pricked 
Ginstigh oh to the draw- Fig. 128. 
ing paper. This is repeated for each position into which the tracing 
paper was placed in determining the bending moments, It will be found 
that the outside points lie on a series of straight lines. 


107. Reversal of Shearing Stress due to Addition of Travelling 
Load.—Referring to the upper part of Fig. 129, AEO and BFO are the 
diagrams of positive and negative shearing forces respectively due to the 
dead or constant load on a girder of span AB, and AHB and BKA are 
the diagrams of maximum positive and maximum negative shearing forces 
respectively due to the travelling load. The lower part of the same 
figure shows all the diagrams, drawn for 
convenience on the same side of the base 
AB, the lines of the negative shearing 
force diagrams being dotted. 

An inspection of the lower part of 
Fig. 129 shows that with the dead load 
only the shearing force over the portion 
CO of the girder is positive, but when the 
travelling load is going over the girder 
there will be between C and O, for certain 
positions of the travelling load, a negative 
shear greater than the positive shear. 
Hence during a part of the time that the 
travelling load is moving over the girder 
the shear on the portion CO will change from positive to negative. 
Also between O and D the negative shear due to the dead load will 
change to a positive shear due to the travelling load, Hence the portion 
of the girder between C and D must be capable of resisting either 


ZY 


LLAALLL, 
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_ positive or negative shear. This is important in the case of open web 
or braced girders, and is referred to again in Art. 207, p. 233. 
108. Bending and Shearing by Forces in different Planes.—Suppose 
_ a beam AB (Fig. 130) to be acted on by a force P, at B and a force P, at 
D, the lines of action of P, and P, being in different planes, but per- 
_ pendicular to AB. Consider the bending action at a section C at a 
_ distance 2,, from P, and x, from P,. So far as the bending action of P, is 
concerned P, may be replaced by a force Q acting at B in a direction 
parallel to P,, the magnitude of Q being such that Qz,=P,7,. There 
_ are now two forces acting at B, namely, P, and Q, and their resultant R 


sy he 


A D 
ees = Op 
Fig. 1380. 


7 may be found by the parallelogram of forces. The resultant bending 
moment at C is then Rz,, and the plane of bending is ABR. 

If the plane ABP, be perpendicular to the plane ADP,, then 
R= /Pi+Q?, and Ra, = /{(P\7)?+(P,a,)*t. 

The following alternative method will in general be more convenient. 
Through C (Fig. 131) draw CF parallel to P, and equal to M,=P,z,. 
Draw CE parallel to P, and equal to M,=P,«,. Complete the parallelo- 

m CEYF. Then 6Y=M will be the resultant bending moment at 
©. Or, after drawing CF, draw FY parallel to P, and equal to P,z,, 

then CY, the closing side of the triangle CEY, is the resultant bending 
moment at C. 
It is understood, of course, that the actual scale drawing of the 
parallelogram or triangle must be made on a plane perpendicular to the 
length of the beam, and not in oblique projection, as shown. 

Any number of forces at right angles to the beam and in different 
planes may be dealt with in a similar manner. If there are more than 
two forces, a polygon will take the place of the parallelogram or triangle. 

If any of the given forces are not perpendicular to the beam, resolve 
them parallel and perpendicular to the beam, and deal with the com- 
ponents perpendicular to the beam, as above, to find the resultant bending 
moment at any section. 

To find the resultant shearing force at any section, consider the forces 
to one side of the section. Find the shearing forces at the section due to 
_ these forces separately. The resultant of these shearing forces is the 
_ resultant shearing force at the section. 


Exercises VIIa. 


Draw the bending moment and shearing force diagrams for the examples 
given. In this set of exercises the bending moments and shearing forces at 
@ suflicient number of sections should be found by calculation. 
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1. Cantilever (Fig. 132). W=2 tons. Linear scale, 1 inch to 1 foot. Force 
scale, 1 inch to 1 ton. Moment scale, 1 inch to 4 foot-tons, 

2. Cantilever (Fig. 133). Uniform load of 2 tons per foot. Scales.—Linear, 
1 inch to 1 foot. Forces, 1 inch to 4tons. Moments, 1 inch to 8 foot-tons. ~ 


y 7 a: 32 aa tee o> 7 


oe es 5--- > 


PN Gene ee ee 
Fig. 132. Fig. 133. Fig. 134. Fie. 135. 


3. Cantilever (Fig. 134). Loads in tons at intervals of 1 foot. Scales. — 
Linear, 1 inch to 1 foot. Forces, 1 inch to 4 tons. Moments, 1 inch to 8 foot- 
tons. 

4. Cantilever (Fig. 135). A load of 2 tons at 1 foot from the fixed end, a 
load of 1 ton at the free end, and a load of 4 tons uniformly distributed over the 
second and third feet of the length from the free end. Scales.—Linear, 1 inch 
to 1 foot. Forces, 1 inch to 4 tons. Moments, 1 inch to 5 foot-tons. 

5. Beam resting on supports 12 feet apart. Load of 5 tons at the centre. 
Scales.—Linear, 4 inch 
to 1 foot. Forces, 1 inch yu \& uy A 

' tou ' ' 
to 2 tons. Moments, 1 = FE) i 16> - 2 2 144 


inch to 8 foot-tons. = = = EE} 

6. Same as Exercise eT Vi; a aa 
5, except that the load 10 1 6 , 
is placed at 2 feet from Fic. 136. fie, sf. 


the centre of the span. 

7. Beam (Fig. 136) resting on supports 10 feet apart. Uniform load of $ ton 
per foot. Scales.—Linear, 4 inch to 1 foot. Forces, $ inch to 1 ton. Moments, 
4 inch to 1 foot-ton. 

8. Beam resting on supports 6 feet apart. Loads in tons, at intervals, as 
shown in Fig. 137. Scales.—Linear, 1 inch to 14 feet. Forces, 2 inches to 
lton. Moments, 2 inches to 1 foot-ton. é 

9. Cantilever, 10 feet long, carrying a central downward load of 8 tons, and 
an upward load of 24 tons at the free end. Scales—Linear, 1 inch to 2 feet, 
Forces, 1 inch to 4 tons. Moments, 1 inch to 8 foot-tons, ‘ 

10. Beam (Fig. 138) resting on supports 12 feet apart. Load of 5000 Ibs. 
uniformly distributed over the middle third of the span. Scales.—Linear, 3 inch 
to 1 foot. Forces, 1 inch to 2000 lbs. Moments, 1 inch to 5000 ft.-lbs. 

11. Same as Exercise 10, except that the load is to be moved forward until 
one end of it is at the centre of the span. 

12. Girder, 40 feet long, resting on supports, as shown in Fig, 139, Uniform 


Fig. 138. Fig. 139. 


load of 1 ton per foot. 2,=7 feet 6 inches. Scales.—Linear, } inch to 1 foot, 
Forces, 1 inch to 8 tons. Moments, 1 inch to 16 foot-tons. 
13. Same as Exercise 12, except that 1, 
=10 feet. ~ 
14. Same as Exercise 12, except that the 
supports are to be placed so as to make - 


the maximum bending moment the least : 

possible. a BFS ecrod Se 13! es —y, 
15. Same as Exercise 12, with a central : 

load of 10 tons added. Fira. 140. 


16. Beam (Fig. 140) resting on supports « 5 
13 feet apart. The load increases at a uniform rate from nothing at one end. 
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al load, 10 tons. Scales,—Linear, } inch to 1 foot. Forces, 1 inch to 3 tons. 
ents, 1 inch to 10 foot-tons. 
. Two cantilevers, 10 feet long, carrying a beam 20 feet long, as shown in 
120, p. 91. The whole carrying a load of 40 tons uniformly distributed over 
a hl rs and beam. Scales.—Linear, 4 inch to 1 foot. Forces, 1 inch to 
tons. Moments, | inch to 50 foot-tons, 
‘18. Girder resting on su | ing 40 feet apart. Single travelling load of 2 tons. 
Wi i also the pean nt uniform dead load w in tons per foot, es.—Linear, 
inch to 8 feet. Forces, 1 inch to 1 ton. Moments, 1 inch to 8 foot-tons. 
19, Girder resting on supports 50 feet apart. A travelling uniform load of } ton 
per foot. The length of the load being not less than 50 feet. Scales.—Linear, 
4 inch to 10 feet. Forces, 1 inch to 5 tons. Moments, | inch to 50 foot-tons. 
- 20. Girder resting on supports 50 feet apart. Two travelling loads of 5 tons 
each, and at a fixed distance of 10 feet apart. Find also the equivalent uniform 
load w in tons per foot. Scales,—Linear, 1 inch to 5 feet. Forces, 1 inch 
to 5 tons. Moments, 1 inch to 40 foot-tons, 
21. Girder resting on supports 50 feet apart. ‘T'wo travelling loads, one of 8 
; “tons and the other of 4 tons, the fixed distance between the loads being 12 feet. 
Find also the equivalent uniform dead load w in tons per foot. Scales, the 
ee as in Exercise 20. 
92. Same as Exercise 21, but in addition to the travelling loads there is a 
, Swafforinly distributed load of 3 ton per foot run. Determine the portion of the 
_ girder in which the shearing force may change sign. 
23. Girder resting on supports 60 feet apart. Three travelling loads W; 
- =10 tons, W2=15 tons, and Ws=5 tons. We is’ between W; and Ws, and is 
10 feet from W) and 6 feet from Ws. Use the graphic tracing paper method. 
_ Find the equivalent uniform dead load w in tons per foot. Scales.—Linear, 
1 Lin to 10 feet. Forces, 1 inch to 10 tons. Moments, 1 inch to 100 foot-tons. 
24 An axle AB rests in swivel bearings at A and B12 feet apart. At a point 
_ 4 feet from A there is a vertical load of 600 Ibs., and at a point 4 feet from B 
there is a horizontal load of 900 lbs. at right angles to the beam. Calculate the 
bending moments on the axle, in ft.-lbs., at distances of 2, 4, 6, 8, and 10 feet 
F from A. Find also the shearing forces, in lbs., on the axle ‘at sections 2, 6, and 
10 feet from A. 


109. Stresses Induced by Bending. —At (a) Fig. 141 is shown a 
portion of a straight beam before it is subjected to bending. At (0) is 
Shown the same portion bent to a cir- 
 eular form. It is obvious that in bend- 0 
_ ing this portion of beam, the plane of | 
oes paper being the plane of bending, 
® upper part is compressed while the D 
lowe: ait is stretched, and there will F 
adams be a surface which will separ- Y, | 
_ ate the compressed and stretched parts; (qa) aa 
_ this surface is called the neutral surface J 
of the beam. Let HK be the position 
of the neutral surface. Transverse sec- 
AD and BC, which are perpen- 
h “dicular to the neutral surface, will be 
lel to one another when the beam 
is straight, but when the beam is bent 
these sections will be inclined to one 
_ another and their planes will intersect at 
0, ‘the axis of the cylindrical surfaces 
famed by longitudinal sections of the 
perpendicular to the plane : 
bending. R, the radius of the curved “yee 
surface, is called the radius of curvature of the bent beam. 


g Bx 


c 
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Consider an indefinitely thin layer of material LN parallel to the 
neutral surface, and at a distance y from it. When unstrained, LN = HK, 
' but in the bent beam LN becomes L’N’. Now LN’ _R+y there- 


HK R 
(R+ + as 


fore L’N’ = and the strain produced in LN is 


UN'—IN, (R+YHK x) : ey 
pi sHK=4. 


But E= et hence if 7 is the stress produced in the layer LN in the 
strain 


process of bending the beam, Z = | that is to say, f is proportional to y. 


The distribution of the stress on a cross section will therefore evidently be 
as shown in Fig. 142, f, being the maximum tensile stress, and f, the 
maximum compressive stress. 

The line in which the neutral surface cuts a transverse section of a 
beam is called the neutral axis of that section. 

110. Moment of Resistance to Bending—Position of Neutral 
Axis.—The resultant of the external forces which produce pure bending 
is a couple, and this external couple is balanced by internal forces in the 
beam, and the resultant of these internal forces must therefore be a couple, 
because only a couple will balance a couple. The two forces which form 
the internal couple are the resultants of the tensile and compressive 
stresses, therefore these resultants must be equal and parallel. 


fa | 
1 
Fig, 142. Fig. 143. 


Let YY (Fig. 143) represent a face view and Y’Y’ an edge view of a 
transverse section of a beam, and let XX be the neutral axis. Consider 
an indefinitely narrow strip ss of the section parallel to XX and at a 
distance y from it. Leta ey the ared of the strip ss. The stress f 


on the strip ss is such that 2 af “1, therefore / =f, The resultant of 
Wy. 


the stress on ss is fa =n, = resultant R, of the stress on the part 
1 


of the section below XX must be =fa= = 2A =A “1¥ay. In like manner 
1 


R,= f ae Therefore if R, = R,, f faa 2zay. But ds i a, therefore 
YW Y2 
Zay far the area below XX must be ker to Lay for the area above 
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: =x. Hence the neutral axis XX must pass through the centre of gravity 

The moment of resistance is found as follows. The moment of the 

resultant stress on ss is Lay? or Lay, and the total moment for the 
l 2 


4 
“a 


‘whole section is LSay? or J23ay2,-which is equal to Ay or Z21, where Lis 


1 Yo 1 ¥ 
" the moment of inertia of the whole section about the axis XX. 
For equilibrium the bending moment must be equal to the moment 


of resistance, therefore M -4 I =f I. Putting Z, -~ and Zy= rr 
1 
~M=f,Z,=f,2,. Z, and Z, are called the moduli of the section. : 


Since E ak ge | —f2 therefore M = EI 

Ry wh % R 

111. Moments of Inertia, and Moduli of Various Sections.—The 
moments of inertia and the moduli of the more common sections required 
in connection with the moment of resistance to bending are tabulated 
on p. 106. The axis of moments is the neutral axis of the section, and 
_ passes through the centre of gravity of the section. y=distance of axis 

_ of moments from the top or bottom of the section. Where no value is 
given for y, it is equal to half the total depth of the section. Where the 
section is not symmetrical about the neutral axis, there are two values for 
the modulus, Z, =I+y,, and Z,=I+y,. 

112. Equivalent Beam Sections.—Since the moment of resistance of 
an element of a beam section is equal to its area multiplied by the stress 
on it and by its distance from the neutral axis, and since the stress on 
_ the element is proportional to its distance from 
the neutral axis, it follows that if the element 
_ be moved parallel to the neutral axis into 
another position its moment of resistance will 
not be altered. Hence if a beam section be 
divided into indefinitely narrow strips parallel 
_ to the neutral axis, these strips may be moved Fig. 144. 

_ parallel to the neutral axis so as to form another 

_ section, which will have the same moment of resistance as the original 
_ section. An example is shown in Fig. 144, where the original section, 
_ a hollow semicircle, shown in full lines, is converted into an equivalent 
solid section by collecting the area about a central axis. 

113. Section Modulus Figures.—Let MHNK (Fig. 145) be the 
cross section of a beam, and XX its neutral axis. The distribution of 
Stress on the section due to the bending is shown at (a), 7, being the 
stress at N, and /, the stress at M. Take an indefinitely narrow strip 
HK of the section parallel to XX. Draw the base line Y,Y, parallel. to 
XX and passing through N, the lowest point of the section. Draw Hh 
_ and Kk perpendicular to Y,Y,. Select a point O in XX. If the section is 
symmetrical about an axis perpendicular to XX, then O is preferably 
_ where this axis cuts XX. In Fig. 145, MON is an axis of symmetry per- 
_ pendicular to XX. Join’ and k to O by lines cutting HK at m and n. 

' The stress f at HK is such that //f,=OL/ON. By similar triangles 
 mnf/hik=OL/ON, but hk=HK, therefore mn/HK =OL/ON =//f,, and 
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106 
Moments of Inertia, etc., of Various Beam Sections (see Art. 111, p. 105). 
"Fe 
_Bips_a te 
L=53(P d*), _ 
__B(D? - d*) it _ BD? 
Utara eat "Ba 


l= *(p_ d4. 
Ga! ) 


_ w (D4-d*\* 
Os ON ae 
y, =0°5756r. 
aie y2=0°4244r. 
I = aqe> —_ bd*), I re 0°1098r4. 
_ 3 (BD - bd? Z,=0°190775. 
=35( D ) Z=0°25867°. 
CRS _D@B+)) —y, D(B+25) —y_(Bt44B) +09? 
a  B(B +0) BB+) B6(B+B) 
4 FL _(BP+4BO4ONDe pT (BP4 4B ON)? 
Y yy, + 122B+5) ~ “y, 12B+2b) ~ 


Rapp ee Woe _ bD?+ Bd? 
1=7,0D'+ Bd’). Z=— 


_ BD? - td? _ BD?~26dD +bd? 
“=o ppoedy =" eBD-bd) 


1. (BD? —bd*)?~ 4BDbd(D - d)? 
" 12(BD — bd) ; 


_ 1 _ (BD? -bd?)? - 4BDbd(D — d)? Ln = I __ (BD? —bd*)? — 4BDbd(D — d)* 


es Bi, 6( BD? — bd?) - “ye 6(BD? — 26dD + bd?) 
a, =area of top flange. d,=area of bottom flange. §a=area of web. 
a bi y, =k2D = be) tanh told + 24) 
; 4 oa 2(a, +244) 
s a yeti 2D = t) + ata + ald + 2a) 
Bee ef 2(a, +a2+a) 
pati tats tad | aya(D+d)?+a,a(t, +d)?+a,a(to+d)? 7 I ae 
= e : ee 
12 4(a, + a+ a) Yi Y2 


Z,=aeh, where h is the total depth of the section. 


In actual practice it is often sufficiently accurate to take Z,—a,h, and 


* If d does not differ much from D, then Z=5,(D3— d*) nearly. 
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esol J-HK. Hence the strip HK subjected to the stress / will have 
_ the same resistance as the strip mn subjected to the stress /,,. 
____ If the above construction be repeated for a sufficient number of strips 
(the construction 
fora strip above, M 
XX is shown by “ 
_ dotted lines), and 
the points joined esi) iad 


RP 
° 
z 


_ Thesectionmodu- _ 145. 
Tus figure has the ea 
property that the sum of the moments of the areas of all the strips 
parallel to XX about XX multiplied by /, will be the moment of re- 
_ sistance of the section. Hence if d, is the distance between the centres 
of gravity of the parts of the section modulus figure on opposite sides of 
_ XX measured perpendicular to XX, and if a, is the area of the figure, 
then /,Z,=/,a,d,, and Z, =a,d,. 
If ins of projecting the various strips on to the base line Y,Y, 
__ they be projected on to Y,Y,, which is parallel to XX, and passes through 
the highest point of the section, the construction will give another section 
_ modulus figure whose area is a,, and the distance corresponding to d, will 
_ bed,, and then Z,=a,d,. But since Z,=I/y,, and Z,=I/y,, it follows 
that Z,=Z,y,/y.. Hence if Z, is found from a modulus figure, Z, can 
readily be deduced from it without drawing another figure. 
_ The positions of the centres of gravity of the parts of the modulus 
figure on opposite sides of the neutral axis may be determined by one of 
_ the methods described in Chapter V. . 
4 A section modulus would only be determined in practice from a section 
modulus figure when the section was such that, not having definite, or 
sufficiently simple, mathematical properties, its moment of inertia could 
not be determined by the usual method. Even then it may be quicker 
to find moment of inertia by one of the methods described in 
rv. 
114. Beams of Uniform Strength. — Considering resistance to 
bending, a beam is said to be of uniform strength when the maximum 
_ stress is the same at every cross section. If / is the maximum stress, Z 
_ the modulus of the section, and M the bending moment, then for every 
section M=/Z, and for uniform strength M/Z is constant. 
In practice it is seldom possible to make M/Z constant for the whole 
length of a beam. For example, in a beam supported at the ends and 
loaded on the top, M vanishes at the ends where the shearing force is a 
maximum, and sufficient area of cross section must be provided to resist 
the shearing force. 
115. Strength of Wheel Teeth.—A tooth of a wheel is a cantilever 
on which the load acts at different points of the length during the time 
of its contact with another tooth on another wheel. The direction of the 


¥ 
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load on the tooth also varies during contact, and the investigation of the 
strength of the tooth is still further complicated by the variation in the 
‘form of the tooth, due to variations in the diameters of the pitch and 
rolling circles, and also to variations in the number of pairs of teeth in 
contact at one time. 

An approximate general solution is obtained by assuming that the 
load, Q (in Ibs.), is two-thirds of the load, P (in lbs.), at the pitch line due 
to the horse-power, H, transmitted when the velocity of the pitch line is 
V feet per minute, and that Q acts at the outer end of the tooth. 

PV 
~ 33000° 

There are two cases to consider: (1) where Q is distributed over the 
whole width of the tooth; (2) where Q acts at one corner of the tooth. 
It will also be assumed that ¢, the thickness of the tooth at the root, is 
the same as at the pitch line. 

Case I.—Load Q distributed over the whole width of the tooth 
(Fig. 146). This will obtain when the directions of the axes of the 
wheels are properly fixed and maintained, and the teeth are truly shaped. 

The greatest bending moment is at the root, and is equal to Qh. The 
moment of resistance to bending is 3622. Hence Qh=0b#f.  ¢ is gener- 
ally about 0°48 p, but allowing for wear ¢ may be taken at 0°4 p, where p 
is the pitch of the 
teeth. Takingh = 0°7p, 
b=np,and Q = $P,then 
P=/.np*f. Taking f 
at 3500 for cast-iron, 
the following simple 
formula is obtained, 
P= 200np?. 

Case Th hott Fig. 146. : Fia. 147. ; 
acts at one corner of the tooth (Fig. 147). This may result from 
inaccurate mounting of the shafts in the first instance, or through un- 
equal wear of the bearings, or from want of truth in the shape of the teeth. _ 

The tooth may break at a section ABCD, which makes an angle 0 
with the side of the wheel. EF being perpendicular to AB, EF =/ sin 0, 


F223 he ‘ _ih 2 
AB cere Then QA sin 0= amar *f, therefore 


6c ee 
~ 6sin@cos@ 3sin2 60° 


This shows that Q will be least when sin 26 is greatest, that is, 
when 0=45°. Hence if the tooth breaks at an oblique section, that 


2 
section will be inclined at 45° to the side of the wheel, and q-%. If 


Q =P, ¢=0°4p, then P=0-08p?f, and if f= 3500 for cast-iron, P = 280p”. 
If while Q acts at one corner the tooth breaks at the root, then 


2 
= pk and if the tendency to break at the root is the same as at the 


weakest oblique section, id = es or b=2h. This shows that if 0 is less 
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than 2h, the tooth will break at the root, and then Q =o , but if b is 
_ greater than 2h, the tooth will break at an oblique section, and then 


116. Bending beyond the Elastic Limit—Modulus of Rupture.— 
The Ca for the moment of resistance of a beam to bending, viz. 


. fy or hoy was deduced on the assumptions that the stress varied 


Eetomiy from zero at the neutral axis, and that the material was not 
strained beyond the elastic limit. In the case of a ductile material, such 
as wrought-iron or mild steel, permanent set will first take place either at 
the top or bottom of the section, and as the strain increases the distribu- 
tion of stress will change, tending to become more uniform. 
The change in the distribution of the stress as the beam is strained 
beyond the elastic limit is:shown approximately in Fig. 148. At (qa) is 
shown the distribution of stress before permanent set takes place. At (b) 
the material has taken a permanent set in tension and compression, the 
ons AC and 
D being strained 
beyond the elastic 
limit, but the por- 
tions OC and OD 
still obey Hooke’s 
law. At (c) the 
whole of the ma- 
terial has been 
strained beyond the elastic limit. If the material is very plastic beyond 
_ the elastic limit the distribution of stress approximates to that shown 
_ at (d), the tensile and compressive stresses being both uniformly dis- 
_ tributed. If permanent set takes place at A before it takes place at B, 
the distribution of stress will be as shown at (e), the neutral axis moving 
nearer to B. 


s The value of f in the formula M=/Z, when M is the bending moment 
_ which fractures the beam, i is called the modulus of rupture of the beam. 
The modulus of rupture is generally greater than the value of f deter- 
mined by experiments on bars in direct tension or compression, and the 
difference depends on the form of the cross section of the beam, being 
small for a flanged section and greatest for a circular section. 

117. Reinforced Concrete Beams.—Good concrete, having the com- 
_ position, cement 1, sand 2, and broken stone 4, will carry safe working 
___ Stresses of 60 and 500 Ibs. per square inch in tension and compression 
respectively. Beams made of this material offer small resistance to 
bending on account of the low value of the allowable tensile stress. 

The resistance of a concrete beam to bending may, however, be greatly 
increased by embedding steel bars in the concrete near the face of maxi- 
mum tension. The cross section of such a beam is shown to the right in 
Fig. 149, the black squares representing the reinforcement. 

Tn calculating the moment of resistance of a reinforced concrete beam 
it is usual to assume that the steel reinforcement carries the whole of the 
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tension, and that the concrete carries the compression. It is also assumed 
that as the beam bends the strains in the various layers parallel to the 

-neutral surface are proportional to their distances from that surface, as 
in the case of homogeneous beams discussed in Art. 109, page 103. 

From the latter assumption it is obvious that the neutral axis of a 
cross section will not pass through the centre of gravity of that section, 
since the moduli of elasticity of the steel and concrete are not equal. 

Referring to Fig. 149, y, is the depth of the neutral surface below the 
top or compression surface of the beam, / is the depth of the axes of the 
steel bars from the top surface, and b is the breadth of the beam. Let 
a= total area of cross section of the steel bars, 7, = maximum compressive 
stress in the concrete, and f,=stress 
in the steel. The depth of the 
section of the steel bars being small 
compared with the depth of the beam, 
it is assumed that f, is uniform over 
the section of these bars. 

The resultant of the compressive 
stress in the concrete is R,=3/,by,, 
and this resultant acts at a distance 7 
%y, from the neutral surface. — Fic. 149. 

The resultant of the tensile stress 
in the steel is R,=a/,, and this resultant,acts at a distance h —y, from 
the neutral surface. 

The assumption of proportionality of strain to distance from the 


: a Oy ee oan 
neutral surface already mentioned leads to the equation Hy, Baby) 
where E, and E, are the Young’s moduli for the concrete and steel 
respectively. 

Since R, and R, are the forces which form the couple whose moment 
is the moment of resistance of the section, it follows that R, =R,, there- 
fore $f, by, =af,. = 


Dividing the equation OAS gt by the equation $/,dy, =a/, 
Ey Gms ee 

2 a 
Eby; Eya(h-) 
99, tg ai ARR 

vy s  B”? b ie a 


which is a quadratic equation for determining 7. 


the result is which may be written 


Putting 2 =n, the solution of the equation gives 
1 


/ (an? + 2abhn) — an 
yy = b » 


Having found y,, the moment of resistance of the section is 
Ry(h = 4 + 321) = BS by(h — 31)» 
or RA 9+ 34) = af(h — 54)- 
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S In designing a reinforced beam, if either /, or /, is assumed, the other 
_ is found from the equation }/,by, = a/;, 


- The value of the ratio m7” is generally taken at 15. 
| 1 


Exercises VIIb. 


zz 1. Taking the moment of resistance to bending of section A (Fig. 150) as 
s , find the numbers which will represent the moments of resistance of the 
_. B, C, and D, (In section C the metal is 1 inch thick.) 

2. Denoting the moment of resistance to bending of section A, per square 
inch of section, by 1, 
determine the numbers " 
which will express the pedals e- 5" +4 
moments of resistance of it ! 
the sections B,C, and D io 

square inch.of section. ' 

3. The section E (Fig. 4 
150) has a total depth of A B 
8inches. The flanges are 
5 inches wide and 1} Fia. 150. 
inches thick. The web 
is 1 inch thick. What is the moment of resistance of this section to bending 
when the maximum stréss is 5 tons per square inch? What will the answer be 
if the section is placed with the web horizontal ? 

_ 4 Asolid circular section is 6 inches diameter. A hollow circular section 


is 8 inches diameter outside. Find the internal diameter of the hollow section 
_ gothat it shall have the same area as the solid section ; then, denoting the moment 
of resistance of the solid section by 1 determine the number which will represent 
_ the moment of resistance of the hollow section. 
5. A steel joist has a total depth of 18 inches. The flanges are 7 inches wide 
and 0:94 inch thick. The web is 0°55 inch thick. Determine the section modulus, 
_ @, in inch units (a) by the correct formula, (b) by the formula Z=ah, where a is 
the area of one flange, and / is the total depth. 
; 6. Construct, half full size, the modulus figures for the following sections. 
_ (a) Circle 6 inches diameter. (+) Hollow circle, external diameter 6 inches, internal 
“_ ter 3 inches. (c) Flanged section 6 inches deep, flanges 3} inches wide and 
7 “bce thick, web 1} inches thick. (d) Isosceles triangle, base 5 inches, height 
_ 6 inches. (e) Flanged section 6 inches deep, top flange 2} inches wide and 1} inches 
_ thick, bottom flange 4 inches wide and 14 inches thick, web 1} inches thick. 
_ From these figures determine in cases (a), (6), and (¢) the values of Z, and in 
_ @ases(d) and (e) the values of Z, and Z,. Compare the results 
_ with those obtained by calculation from the correct formule. 

7. AEB and CFD (Fig. 151) are semicircles whose diameters 
AB and CD are parallel and 2} inches apart. AB=2} inches, 
CD=2} inches. AD and BC are straight lines which are per- 
pendicular to one another. The whole figure AEBCFD is the 
modulus figure of a beam section. Construct the beam section, 

8. A cantilever 50 inches long carries a load of 4000 lbs. at 
its free end. The maximum stress due to bending is to be 3000 

per square inch at every cross section. The cross section 
is a rectangle, breadth=a, depth=y. Determine the cross 
section, xx y at 10, 20, 30, 40, and 50 inches from the free end, 
and draw a plan and side elevation of the cantilever (scale, 1 Fig, 151. 
inch to 1 foot) in each of the following cases :— 

(a) y=6 inches, and the lever to be symmetrical about a vertical longitudinal 
section. 

_ (0) x=3 inches, and the top surface of the lever to be horizontal. 

(c) y=3a, the top surface to be horizontal, and the lever to be symmetrical 
about a vertical longitudinal section. ; 

9. Same as Exercise 8, except that the cross section is a circle of diameter y. 
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and the lever is symmetrical about vertical and horizontal longitudinal 
sections. 

10. Same as Exercise 8, except that the load is 6000 lbs., and is uniformly 

‘distributed. : 

11. Same as Exercise 9, except that the load is 6000 Ibs., and is uniformly 
distributed. 

12. An overhung steel crank-pin journal has a diameter d and length. The 
total load on the journal is 62,500 Ibs. uniformly distributed. The pressure on the 
journal is to be 600 lbs. per square inch of projected area (projected area=d/). 
The maximum bending stress is to be 10,000 lbs. per square inch. Find d and J. 

13. Same as Exercise 12, except that there is a hole through the pin having 
a diameter equal to 4d, the axis of the hole coinciding with the axis of the pin. 

14. Acast-iron flanged beam resting on supports 12 feet apart carries a central 
load of 12 tons, and a load of 5 tons uniformly distributed over the whole length. 
The total depth of the beam is 13 inches. The area of the cross section of the 
bottom flange is to be four times the area of that of the top flange, and the stress 
in the bottom flange is to be 2 tons per square inch. Find the area of the top 
flange and the stress in it, assuming that the modulus of the cross section is equal 
to the area of one flange multiplied by the total depth of the beam. 

15. Professor Goodman in his ‘‘ Mechanics Applied to Engineering” gives 
the proportions for cast-iron flanged beams shown in Fig. 152, Show that, for 
this form of section, neglecting the fillets between the 
flanges and the web, the moment of resistance to bending 
is 0°077d*f, where d is the total depth, and f the maximum 
tensile stress in the larger flange. 

16. Determine the horse-power which may be safely 
transmitted by a spur-pinion 12, inches diameter, having 
20 teeth, when running at 200 revolutions per minute. 
Breadth of teeth 2} times the pitch.* 

17. Find the pitch and number of teeth for a spur-wheel 
4 feet in diameter, which when running at 90 revolutions 
per minute transmits 150 horse-power. Breadth of teeth 
3 times the pitch.* Fig. 152. 

18. At what speed, in revolutions per minute, must a 
spur-wheel 3 feet in diameter run when transmitting 80 horse-power. Number 
of teeth 40, breadth of teeth 7 inches.* 

19. A horizontal steel shaft 5 inches in diameter projects 36 inches beyond a 
supporting bearing. At the free end there is a vertical load of P lbs., and at a 
point 9 inches from the free end there is an equal load acting in a horizontal 
direction at right angles to the shaft. If the maximum tensile stress in the shaft 
is 12,000 lbs. per square inch, find the force P. 

20. A ferro-concrete beam, rectangular in section, is 12 inches wide and 
24 inches deep. The reinforcement consists of four steel bars, each # inch in 
diameter, their axes being at a depth of 22 inches below the top or compression 
face of the beam. Taking the modulus of elasticity of the steel as 10 times that 
of the concrete, find the depth of the neutral axis of the section from the top. 
If the beam rests on supports 18 feet apart, what load, in tons, uniformly distri- 
buted, will this beam carry when the maximum compressive stress produced in 
the concrete is 600 lbs. per square inch, and what will then be the tensile stress 
in the steel in lbs. per square inch? . 

21. A concrete beam of rectangular section, 11 inches wide, is to be reinforced 
by steel bars whose axes are to be 20 inches from the compression face of the 
beam. If the modulus of elasticity of the steel is 11 times that of the concrete, 
find the total area of the steel bars, so that when the tensile stress in the steel 
is 11,000 lbs. per square inch, the maximum compressive stress in the concrete 
is 500 lbs. per square inch? Find also the distance of the neutral surface of the 
beam from the compression face. 


* Use the formula P=200np, where P is the driving force at the pitch line in 
re p os pitch of the teeth in inches, and n the breadth of the teeth divided by 
the pitch. 


CHAPTER VIII 
DEFLECTION OF BEAMS - 


(118. Bending to Circular Arc.—It was shown in Arts. 109 and 110, 
. . 103-105, that 21 hast or 


a 
he 


that a beam will bend % a circular form La Se y,/f, is constant, or when 
_1/M is constant throughout the length of the beam. For a beam of 
“uniform cross section y, and I are constant, and therefore f; and M must 
alse be constant for circular bending. If M is variable, then, for circular 
bending, I must be proportional to M. 
The equations R--2 may be used for non-circular bending if 
a 1 
ormapiad short length of the beam be considered ; R will then be 
s radius of curvature at a point in the length, M will be the bending 
n aoment at that point, and /,, y,, and I will refer to the section at the 
e point. 
. “9. Deflection due to Circular Bending.—Let a beam (Fig. 153) 
he ting on supports A and B, whose distance apart 
is J, be bent to a circular arc ACB, The point O 
s the centre of curvature, D is the middle point 
0 AB, and CD is the maximum deflection 1. 
nm the triangle OAD, OA? = AD? + OD*. But 
® =R, AD =}i, and OD =R - u. Therefore 
+R2-2u,R+u;, that is, 2u,R=4}2 +0}. 
u, is a very eal quantity compared with 
d i, the term uw} may be ca a Hence, 


F ‘R- 2 Mi? | 
ey R=20, and m= 55 But R=, SEL" 
M2 


7 . ; r ’ 
_ For a cantilever of length / it is easy to show that uw, = xT 


120. Cantilever Loaded at Free End.—The cantilever (Fig. 154) is 
ipposed to be of uniform cross section pate: Heed ate 
i tl roughout. Consider an_ indefinitely shige: Oe BEY 
all portion HK of the length at a 
ef x from the free end A. Let 
be the angle between the radii drawn 
‘om H and K to the centre of curva- 
ture of ak, and let R be the radius of 

rvature of HK. Let HC and KD be . 
fs to HK at H and K, meeting the gece 
iI through. A at C and D. Then CD is the amount of deflection of 


113 H 


R=—-!=—, These equations show 


Fria, 153. 


therefore %, = 
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the cantilever due to the curvature of the part HK. Let HK =dz, and 


‘ CD=du. Then, 0= dat = du therefore du= waar — Madx But M= Wa, 
BR. 2 EL ay: a 
thercfore du= a . The total deflection 


= SOW ada WS a? Wi? 
AB=u,={ EI m2 ae 
where / is the length of the cantilever. 
121. Cantilever Loaded Uniformly.—Let the load be w per unit of 
length. Using the same notation, and proceeding in the same way as in 


the preceding Article,du = = 2 “, but M=4uwe2, therefore du= i and 


wf’ 3,,_ wit WE nae tk ; 
sum,” da= SEI > SEP where W=wl=total load. The cantilever 


is supposed to be of uniform cross section. 
122. Beam Supported at the Ends and Loaded at the Centre.— 


U,= 


Referring to Fig. 155, and proceeding as in Art. 120, dw=CD= bea 
U 3 3 
but M = 4Wa2, therefore du = bitten 4, =AB= sel eda= pi = pil : 
w 
2 
i] 
1 
! 
! 
sf paar > 
=e] = ee eee ee ee al 


Fig. 155. 


123. Beam Supported at the Ends and Loaded Uniformly.— 
Referring to Fig. 155, but remembering that the load W is uniformly 
distributed over the length, and that its intensity is w per unit of 
length. 


Madx te $ P _whards _ watdx 
du=CD = ET’ but M = 4wLe - }w2x*, therefore du= IRL aRT- 
yy ant t ‘ i wh - w ey 
Hence My =a,” dn — sz, adaz Om "3 suica ; 


wh* whit _ wl (; :) _ Sol! _5Wie 


“48EI 128EL I6EI\3 8) 384EI 384EI° 


124. Slope of Bent Beam at any Point.—Referring to Figs. 154 
and 155, @ is the change in the slope of the beam between the points — 
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dx _Mdx 


7 H and K, and 0= RE” Hence the change in the slope between 
the points «=/ and x=2, is equal wf ne =O, and if the beam is 


horizontal where x=/, then the slope at the point where «=~, is 4,. 
_ 125. Stiffness of a Beam.—tThe ratio of the maximum deflection of 
a beam to its 5 is called the stiffness of the beam. ‘The stiffness may 


_ be denoted by! = where » varies from 1000 to 2000 for steel girders of 


large span, ‘i from 500 to 700 for short spans. For timber beams, 
n should not be less than 360. 
126. General Method of Determining Deflection from Bending 
Moment Diagram.—The analytical method of finding the deflection of a 
beam used in the preceding Articles is simple in simple cases, but in 
many cases in practice it becomes difficult and complicated. The method 
now to be discussed will be 
found to be comparatively 
simple in cases where the 
- analytical method would be 
_ troublesome. 
In what follows, the beam , 
or cantilever is assumed to 
be of uniform cross section. 


Consider first the case of 
: 
> 
j 
5 
& 
4 
= 


a cantilever AB (Fig. 156) 
under any system of loads. 
Let AHKB be the bending 
‘moment diagram, and let 
A,B, be the curve in which 
the cantilever bends. Take Fig. 156. 
two points L and N on the : 
cantilever near to one another, their distance apart being s. If the 
distance s be small enough, the bending moment M may be considered 
as uniform over the length LN. Let R be the radius of curvature of 
LN, then ona and @ the angle between the radii to the centre of 
 eurvature from L, and N, will be the change in the slope of the beam in 
passing from L, to N,. But 0=<, therefore on, which shows that 
_ the change in the slope of the cantilever in passing from L, to N, is 
- equal to the area of the vertical strip of the bending moment diagram 
_ over LN divided by EI. Hence if the bending moment diagram over 
_ the portion BP be divided into a large number of vertical strips, it follows 
_ that the total change in the slope of the cantilever between B and P will 
be equal to the sum of the areas of these strips divided by EI, that is, 
_ equal to the area of the part of’ the bending moment diagram lying 
between the verticals through B and P divided by EI. Hence if a 
_ tangent P,O be drawn to the curve A,P,B,, at P, it will be inclined to 
_ the horizontal B,C at an angle a, whose tangent or circular measure, 
- the angle being very small, is equal to the area of the figure PHKB 


~ 


6 
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divided by ET, and therefore a= A , where A is the area of the figure 


EI 
PHKB. 

In measuring the area of the bending moment diagram for the 
purpose of finding the change of slope, the unit of area is a rectangle, 
whose base is the unit of length, and whose height is the unit of bending 
moment. 

Tf on AB as base a curve BFD be constructed such that the ordinate 
PF at any point P in AB is equal to the area of the figure PHKB divided 
by EI, then the ordinate of this curve at any point in AB will represent 
the slope of the bent cantilever at that point, and this curve may be 
called the curve of slope. 

Now let the mean distance of LN from P be denoted by 2, and let w 
be the deflection at P, due to the curvature of the part LN, then 
u=20= Ts where a’ is the area of the strip of bending moment 
diagram over LN. The total deflection P,Q at P will be the sum of all 
Er between B and P, therefore P,Q ~~ where & is 
the distance of G, the centre of gravity of the figure PHKB from PH. 
This simple rule may therefore be used for constructing the curve A,P,B,, 
the work being done graphically, or in part graphically and in part by 
calculation. 

Again, P,Q=OQ tan a, but since a is a small angle, tan a may be 


taken equal to a, therefore P}Q=OQ*a. But dm and PQ=a5 
A& 


hence ogs. =75;, and therefore OQ=%. This shows that the tangent — 
El EI 8 


to the curve A,P,B, at P, meets BC at a point vertically under G, the 
centre of gravity of the figure PHKB. 
The deflection A,C at the free end of the cantilever is obviously 


equal to ar, where A, is the area of the whole diagram AHKB, and 


such quantities as 


#, is the horizontal distance of the centre of gravity of the figure 
AHKB from A. Also, the tangent to the curve A,P,B, at A, will 
meet B,C at a point vertically under the centre of gravity of the figure 
AHKB. 

Suppose that the area of the figure PHKB, on a scale drawing, is A’ 
square inches. Let the scale for the base PB be 1 inch to m inches, and 
let the scale for the ordinates or bending moments be 1 inch to m inch- 
pounds, then A= A’mn. Z must be measured with the scale 1 inch to 
m inches. Then if E is in lbs. per square inch and I is in inch-units, the 
deflection P,Q = 4 will be in inches. 

If the bending moment diagram AHKB (Fig. 156) be considered as 
a diagram, showing the intensity of a load distributed over the canti- 
lever, and if the cantilever be fixed at the end A instead of at the end 
B, as shown in Fig. 157, then at any section P of the cantilever 
(Fig. 157) the shearing force is proportiona: to the area of the figure 
PHKB, and therefore the ordinate PF of the curve BFD in Fig. 156, 


) 


<2 ea ae eee eee 
. 


a he eee 


_ system of loads, the 


_ ing foreeand bending 
moment diagrams, 
_ the original bending 
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which measures the slope of the bent cantilever at P, will in Fig. 157 
represent the shearing force 
on the cantilever at P, that == 
is, the curve of slope in Fig. H , 
156 is the shearing force —L 
curve in Fig. 157. 

Again, at any section P 
of the cantilever (Fig. 157) 


ll 


the bending moment is pro- i je = --36 --- —»/P 
portional to the area of the : 3 
figure PHKB multiplied by iF 


#, the horizontal distance of : | 
G, the centre of gravity of S.F.D. iy 
PHKB from P, and therefore 
the ordinate P,Q of the 
curve A,P\B, in Fig. 156, 
which measures the deflec- 
tion of the bent cantilever 
at P, will in Fig. 157 repre- 
sent the bending moment on on sltee 
the cantilever at P, that is, the curve of deflection in Fig. 156 is the 
bending moment curve in Fig. 157. 

Hence having constructed the bending moment diagram for any 


curve of slope and 
the deflection curve 
may be constructed | 
by the rules for con- 
structing the shear- 


moment diagram be- 
ing considered as a 
load diagram. 
Consider next the 
case of a beam ABS 
(Fig. 158) supported 
at the ends, and 
under any given sys- 
tem of loads. Let 
AHKS be the bend- 
ing moment diagram G : 
for the given system Fra. 158 
of loads, and let ed bas 
A,P,B,S, be the curve in which the beam bends, B, being the lowest 
point in that curve. 
Let a, a,, and a, be the areas of the figures PHKB, AHP, and 
AHKB respectively. us G,, and G, are the centres of gravity of these 
respectively, and the horizontal distances of the points G,, G,, 
and G, from A are #,, @, and %, respectively. AP=«, and AB=/. 
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The portion AB of the beam may be looked upon as a cantilever 
fixed at B, like that in Fig. 156, the bending moment diagram being 
AHKB, and the deflection P,Q measured from the horizontal B,C will 
be equal to ka,(%,— x), where / is a constant. The total deflection A,C 
is equal to ka,t,. Hence P,P, =A,C—P,Q=ka,%, —ka,(%,—«), and 


P, Py _ Gyy — a(Z, — %) _ AB, + Ay, — 0, (@, —%) _ Asko + He 
ae asks Agits Abs 


Consider the figure AHKS to be a load diagram, Let A’DD’S’ be 
the shearing force diagram, and A,P,B,S, the bending moment diagram 
corresponding to the load diagram AHKS. Then the point where the 
shearing force is zero must be in a vertical line through B,, the lowest 
point in the bending moment diagram, and the reaction R, must equal 
the load represented by the area AHKB, therefore R, = ga,, where g is a 
constant. Then the bending. moment at P is equal to 


R,x — qd,(% — %) = gage — ga,(a — Z) = P,P. 
Also, the bending moment at B is equal to 
Ril — qas(t — &5) = gash — qag(t — %,) = Gast, = AC, 


P,P, _ aye — a,(@ — %) _ (4 + Ay)a * A(t — Fy) _ Ax+ ay%, 6 


and = P= 
A,C re I As%y A,X, 


Hence whether the curve A,P,B,S, be considered as a deflection curve 
or a bending moment curve, the ratio of P,P, to A,C is the same, and 
therefore the bending moment curve will represent the deflection at every 
point. 

127. Beam of Uniform Section Supported at the Ends and Loaded 
at any Intermediate Point.—AB (Fig. 159) is a beam resting on supports 
whose distance apart is L. This 
beam carries a load W at a point C 
at distances a and 6 from A and B 
respectively. The bending moment 

- Wab 
at C is 


nate CD equal to this bending U 
moment, and joining A and B to of Whe 
D, the figure ADB is the bending ns m 
moment diagram for the beam carry- '*—--- © ---~-—> ae 
ing the load W at C. R 
Now consider ADB to be a load ™ ae 
diagram. The resultant P, of the load G 
represented by the triangle ADC is . 
Wad 
2L 
vertical line through the centre of gravity of the triangle ADC. The 
resultant P, of the load represented by the triangle BDC is equal to 
Wal? 
2L 


, and making the ordi- 


Fig. 159. 


equal to , and P, acts in a 


, and P, acts in a vertical line through the centre of gravity of the 
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» BDC. Let R, and fo Bey the reactions at the supports due 
y load represented by A then 


R= pee e eye, at Re Si 


: tt A,F,B, is the bending moment diagram corresponding to the load 
diagram "ADB, then the ordinate of the curve A,F,B, at any point will 
epresent the deflection at that point, and the maximum deflection will 
=: t the section of the beam where the shearing force due to the load 
A \DE is zero. The complete shearing force diagram ST for the load 
ADB is shown, but it is not necessary to draw this to find the deflection 
of the beam, but it is necessary to find the point F, where the shearing 
ke 2 is zero. Let AF =c, then the resultant P of the load represented 


by the triangle AHF is equal to _ a ~ wee 


a and P acts in a vertical 
' ine through the centre of gravity of the triangle AHF. 
7 _ The shearing force at F=R, —P, and if this is zero R, =P, hence 


” Whe? Wab(a + 2b) { 
) a ies and therefore c = 


a(a + 2b)\* 
—— 


ie * Tho tending momenta F=Ryc- Poe = 2Pe =3, = 3L 


: _ Wd Kot 2M as are 

a the deflection at F = Pisbed 3 . If a=aL, then b=(1 —n)L, 
2 

a deflection at F is given by the expression el ~ “(oe = ). 

aT 


3 7 2 
= The bending moment at C = Rya— PS = te + 2h) — wer b_W ha 


i. 


-—, Wa? 6? WL 2 
- | the deftection at C=— I> SEI n(1 — n). 


(128. Beam of Uniform Section Fixed at the Ends and Loaded at 

_ the Middle.—The beam AB (Fig. 160) is held at the ends in such a 

y that the tangents to the bent beam at A and B are horizontal. The 

load W at the centre of the beam will obviously bend the middle part of 

the beam so that it sags, that is, it becomes concave on the top, and the 

P t to the bent beam at © will be horizontal. Hence the curve 
a B, into which the beam bends must have points of inflexion E, and 

fa bot ween the centre of the beam and its ends, and the positions of 

se points have to be determined. 

. If the beam AB were simply supported at the ends it would be con- 
ave on its upper surface for the whole of its length, and the bending 
oment diagram would be the triangle acl, the altitude of which would 

equal to the bending moment at the centre, namely, }WL.. Also the 

ending moment would be everywhere positive. In order that the beam 

m Ly be concave on its under surface at A and B there must be negative 
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bending moments at these points, and these are supplied by the method 
of fixing. In Fig. 160 the beam is shown with flanges, which are sup- 
posed to be bolted to the walls, 
and the forces PP shown produce 
the necessary negative bending 
moments just referred to.* Also 
these forces PP produce a uniform 
bending action over the whole of 
the beam. Let aa’ be the bending 
momentat A. Draw a’b’ parallel Ah 
to ab, cutting ac and be at e and g— W----l,--- 

f respectively, then the shaded kK ee 
figure will be the actual bending C Fh 


‘i 1 
moment diagram for the beam ‘ wir : ! 
nen lag it 2 Ww —— I 


AB, with fixed ends and loaded 

at the centre, ab’ being the base 

of the diagram, This diagram Fra. 160. 
shows that the portion EF of the 

beam is subjected to positive bending, and that the parts AE and BF 
are subjected to negative bending; also, that there is no bending 
moment at either E or F. Hence if the beam be cut at E and F, and 
the parts be again connected by pin joints, the axes of the pins being 
perpendicular to the plane of bending, the jointed beam will behave 
exactly as the solid beam. Hence the original beam is equivalent to 
two cantilevers AE and BF loaded at E and F, and a beam EF sup- 
ported at E and F, and loaded at the centre, as shown in the lower 
part of Fig. 160. 

The slope of the cantilever AE at E is represented by the area of the 
triangle aea’ (Art. 126), and the slope of the beam EF at E is repre- 
sented by the area of the triangle cec’. But these two slopes must be 
equal, therefore the triangles aea’ and cec’ are equal in area, and as they 
are also similar, it follows that-a’e=c’e. Therefore the points of inflexion 
and the middle point of the beam divide the span into four equal parts, 
and L, =1L, also L,=4L. 

The cantilever A, E, of length=}L carries a load=$W at E,, hence 


by Art. 120 the deflection at E, = (S\G)+ SET = ae : 


The beam E,F, of length=4L carries a load W at its centre C,, 
hence by Art. 122 the deflection of C, below E, 


ae L\3". 2a 
=w(5) +48EI= 
The total deflection of the whole beam at the centre is therefore 
equal to We + 
192E1 


* In order that the theory developed in this Article and the next may be 
strictly applicable, the method of fixing must not hinder any horizontal move- 
ment of the beams as a whole at the ends, The fixing is only supposed to keep 
the beam horizontal at the ends, 
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- Beam of Uniform Section, Fixed at the Ends, and Loaded 

mly.—The reasoning in this case, which is illustrated by Fig. 161, 

ilar to that in the preceding 

le, and corresponding points p 

Figs 160 and 161 have the same 
attached to them. 

“let w denote the load on the 

per unit of length. The 

i ending moment diagram for the 
thole beam considered as  sup- 

rted at the ends is a parabola 

cb, the height of the middle 

ordinate being equal to 4wL*, the 

an ding moment at the centre. 
As in the preceding Article, 


' 
Soe Fated 
the area of the re cec’, and UY uf 
therefore the Lage the’ rect- : 
angle ade’a’ is equal to the Fig. 161. 
area of the semi-parabola aecd. 

But by th the well-known property of the e parabola, area aecd = 2ad a 
hence aa’ - ad = 2ad - cd, therefore aa’ = cd, and cc’ = Jed ; a 


SE OO oT 
AIA __ ! | : 


if 


4wL?, therefore cc’ = J,wL2_- Db cee 
onthe now the-middle portion EF as a beam supported at the = 
is and loaded uniformly. cc’ = ,wL? =4wL3, therefore L; =1L2, and 
L, L,=<1L J/3=0°577L. Also L, = }(L-L,)=3L(3— /3)=0°211L. 
The cantilever A,E, of length L,=}L(3— ./3) carries a load 
ath jul ,/3 at Ey and a uniform load of # per unit of length. 
tion at E, due to the first load is, by Art. 120, 
_twLh 3, _ wl! (9 ,/3 — 15) 
3EI 648EL 
e deflection at E, due to the second load is, by Art. 121, 
_wLy _wLt (7 — 4 ,/3) 
i = SEI ~ ~. 288EI * 
‘ The total deflection of the cantilever A,E, at E, is therefore 
a wLA(9 /3-15) , wh(7-4,J3)__ wh 
648EI 288EI 864EI” 
E "tory beam E,F, of length L,=3L ,/3 carries a uniform load of w per 
uni it of length, hence by Art. 123 the deflection of C, below E, 
: * Bol} 5wLt 
q ~ 3841 3456KI" 
_ The total deflection of the whole beam at the centre is therefore 
oe wht | Swlt _ wht 


864EI 3456EI 384EI° 


A ~ 


ae 
’ 
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130. Beam of Uniform Scction, Fixed at one End, Supported at 
the Other, and Loaded at the Centre.—AB (Fig. 163) is a beam fixed 
at B, resting on a support at A, and carrying a load W at the centre C. 
The first step is to determine the reaction P of the support on the 
beam at A. Suppose the support at A removed, as shown in the upper 
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Fig. 162. Fig. 163. 


part of Fig. 162, then the load W will produce a deflection in AB at 
W(3L)?_ WL? 


C=4,= T° 94T' The bending moment diagram due to W on 


- 8EL 
BC will be a triangle BCD, and the tangent to the bent cantilever B,C, 
at C, will meet the horizontal through B, at O, which is vertically under 
G, the centre of gravity of the triangle BCD. Hence oc =3 . oa 
If a is the inclination of OC, to the horizontal, then tan a=u, +2 <9) 
The portion C,A, of the deflected cantilever will remain straight, but will 
be inclined to the horizontal at an angle a. Hence the deflection A, A’ 
3 
of the cantilever at Ay =d=u,+4L tan o=$u,= aes 
Next suppose that the load W is removed, and. the reaction P at the 
support to act as shown in the lower part of Fig. 162. An upward deflec- 
PLS 
3EL 
Now if P and W act together, the deflection at A due to W will be 
neutralised by the deflection due to P. Hence d=u,, that is, 


tion will be produced at the free end of the cantilever =u, = 


BWL? PLS 


Mad; 
ASE > SEY therefore P=3,W. 
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_ The bending moment diagram for the beam AB (Fig. 163) may now be 
nstructed. AtC the bending moment is}PL=,5,WL. At B the bend- 
: moment is °,WL-}WL= —4%,WL. Let E be the point where the 
be ding moment is zero, and let “AE=a, then yy Wa - W(# - $L)=0, 
the terefore x= ;;L. The shaded figure on the base ab is the nding 
“mo 2€ nt diagram. As there is no bending moment at E the beam may be 
— pposed to be hinged at that point, and the whole beam is equivalent to 
ie B,E, fixed at B,, and a beam E,A, supported at its ends. 
the supporting force at A, is ,5,W, it follows that the supporting 
: f orce at E, is +} W, and this latter force will also be equal to the load on 

ie ‘cantilever Ur at E). 


__ The deflection of the cantilever B,E, at E, = 


om ‘y 


teWG'yLY_ 9WLs 
~ SEI‘ 1936EI’ 
____ By Art. 127 the deflection of C, below A,E,= ~~" _. In this 
; 3(a + b)EI * 

‘ease = ysl, and b= $1, ‘therefore the deflection of ©, below A,E, 


wi 9WL! 
4 ~ 2241 But E, deflects Fos gET 


11 9SWL? _ 9WLS heh a 
- distance equal to — 16 * 1996 5816HT" , the multiplier +} being the ratio 
of AC to AE. 


The total deflection of C, below the horizontal through B, is therefore 


, and this will lower the point C, a 


= OWLS , 25WLS _7WL 
~OB16EI * 4294EL ~ 768ET 


it the bending moment diagram on the base ad be considered as a load 
W inertae, the part below ab representing a load acting upwards, the reaction 
_ at the right-hand support will be found to be equal to ;,WL?, and the 
_ point F, where the shearing force is ee is easily shown to be at a distance 
from the right-hand support equal to 5h The complete shearing force 
3 di gram ST is shown, but this need not be drawn. 


; Still considering the bending, moment diagram on the base ab as 
a load diagram, the bending moment due to this load at a point in AC 


at a distance x from A is equal to as (« ee “> and the deflection at 
~ Wi? 528 5 
‘ ‘this point is therefore equal to —— 39EI (« - an Putting «= 5h the 


deflection at F', where the deflection is greatest, is equal to 


WLS _ WL 


48 JoEI ~ 107m °°" 


_ Putting «=4L in the same expression, the deflection at C is found to 


a 
Tose * result which has already been found in another way. 
a 


- 3 ‘ 
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131. Beam of Uniform Section, Fixed at one End, Supported at 
the Other, and Loaded Uniformly.—The treatment of this case is similar 
_to that of the case in the pre- 
ceding Article, and the steps will 
be here stated briefly, and the 
results given. The load is w per 
unit length. Removing the sup- 
port at A (Fig. 164), the down- 
ward deflection at that point due 


wt 
to the uniform load will be SEI 


Wa 
An upward force P at A, the Am 
uniform load being removed, will — A, 
produce an upward deflection at om P 
PL3 
that point equal tos. Hence ‘hoon: mn A 
PL’ wl ; jumy C 


SRI SET’ therefore P = 3L. AB, E, 


The bending moment at a dis- Fia. 164. 
tance # from A is 3wLz— 4we?, 
and when this is zero, 3wLa= wz, and «= $L. This gives the point 
of inflexion E. When e= L, the bending moment is 


BL? — dL? = — dL. 


Between A and E the bending moment is greatest at C, where x= 3L, 
and is then equal to 73,7L?. 

The beam AB may-fow be considered as a cantilever B,E, fixed 
at B,, and a beam E,A, supported at the ends. The load on the 
cantilever B,E, is P= Gul at E,, and a uniform load of w per unit 
length. The load on the beam E,A, is a uniform load of w per unit 
length. 


_ s¥LGL) , ywh(ZL) _ 5eLt 
Deflection at E, = 3ET ~ SEL 2048EI° 


B(3wL)(3L)? 135A 


Deflection of C, below E,A, = 381E.  ~ 39768EL 


Total deflection of C, below A,B, 


5wLs 135wL4 wht 
A ly: 
2x 2048EI * 39768EL i871 


4 
The greatest deflection is ee at a point whose distance from A is 
0°4215L. 


Observe that this beam is not strengthened by fixing it at one end, 
the maximum bending moment being 47L?, the same as when the beam 
is simply supported at the ends. 


DEFLECTION OF BEAMS 125 


| 132. Beam of Uniform Section, Resting on Three Equidistant 
‘Supports and Uniformly Loaded.—AB (Fig. 166) is a beam resting 
on three supports, one at each end and the other at the centre, and 
carrying a uniform load of w per unit length. Let each of the equal 
spans be denoted by L, and let the reactions at the ends be Q, and the 
reaction at the centre P. 
_ First consider the case where the supports are at the same level. 
_ Suppose the middle support to be removed, as shown in the upper half of 
Fig. 165. The deflection at the centre will then be de 
— 384EI 24EI 
_ Now suppose that the load is removed and that a force P acts upwards at 
the centre, forces acting downwards being applied at the ends, as shown 
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Fie. 165. Fia. 166. 
in the lower half of Fig. 165. The upward deflection at the centre will 
P(2L)*_ PL ane e 
be “ISEL * GE If the conditions in the upper and lower halves of 


Fig. 165 be applied simultaneously, and there is no resulting deflection 
at the centre C, then Eee we 

; , 6EI 24ET’ 

Q=%wL. The bending moment diagram may now be constructed, and 

_ will be as shown on the base ab in Fig. 166. The beam AB (Fig. 166) 

_ may evidently be considered as two cantilevers AC and BC fixed at C, 

loaded uniformly ‘and supported at their free ends. 

_ Next, suppose that the middle support is 1—nth of d below the level 

4 
of the other supports, where d =e , the downward deflection at the 
centre when the middle support is removed. The upward deflection 


4 : 5wLt/, 1\_ PL’ far ( -1) 
_ due to P is now 4EI 1 ea therefore P= wL{ 1 a) and 
Q= gu (3+2). 


Lastly, suppose that the middle support is l-nth of d above the 

at of ee oe The upward deflection due to P is now 
w L 1 5 

- -OtKI 1+ ‘) = SRI’ therefore P = fu (1 + -) and Q= jul(3 - °), 

The case discussed in this Article is the simplest case of a continuous 

_ beam ; the general case, where there are any number of supports and any 

_ combination of loads, is considered in the next Article. 


therefore P=4wL, and consequently 
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133. Continuous Beams and Theorem of Three Moments.—A beam 
which rests on more than two supports is called a continuous beam. Let 
BCD (Fig. 167) be a portion of a continuous beam, BC =L, and CD=L, 
~ being two consecutive spans. Let b’ec’ and c’fd’ be the bending moment 
diagrams on the base ’c'd’ for BC and CD considered as separate beams 
supported at their ends. The separate heams BC and CD would have no 
bending moments at their supports, but the continuous beam BCD will 
have bending moments M,, M,, and M, at the supports B, C, and D 


Fie. 167. 


respectively, but at present these bending moments are unknown. Sup- 
pose, however, that M,, M,, and M, are known. Make 0‘=M,, ce=M,, 
and d’d=M,. Considering the portion BC, the bending moments M, and 
M, may be considered as arising from the loading to the left of B and to 
the right of C, and these bending moments will affect the whole of BC, as 
shown by the diagram b’bec’, where bc is a straight line. The resulting 
bending moment diagram for BC as a part of the continuous beam will 
be the shaded diagram b’ec’cb, the base of which is bc. 

Let a,=area of bending moment diagram 6’ec’, and a,=area of 
bending moment diagram c’fd’. Let z,=horizontal distance of the 
centre of gravity of the diagram 2 A cn 

‘ec’ 2 = hori ~ = RSs Ses WH 
Yee fom Band ce 
diagram ¢’fd’ from D. Also let 
x, = horizontal distance of the centre 
of gravity of the shaded diagram 
b’ec’cb from B, parts below be being 
reckoned as negative, and parts 
above be as positive. Lastly, let 8, denote the effective area of b’ec’ch, 
that is, the algebraical sum of the positive and negative parts. 

Now consider the shaded bending moment diagram to be a load 
diagram. Let TCT’ be the tangent to the bent continuous beam at C, 
and let it meet the verticals through B and D at T and T’ respectively. 
By Art. 126, BT =S,x,+EL. Dividing the figure b’bce’ into a rectangle 
and a triangle, as shown in Fig. 168, where G, is the centre of gravity of 


Fig, 168. 
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the rectangle and G, is the centre of gravity of the triangle, it follows 


(Sots = deta + LgMy - $y + $144(Me — My)» $14 
= dyty + 4L3M, + 4L3M,. 


: [Note that in the foregoing L rile expression, as applied to Fig. 167, 
if a, is positive, M, and M, would be negative. } 


Ba ~ Henee BT = wgylo + SLM, +}15M,).. 


me Ex like manner DT’ = — pyls% + 4M, oh 4LIM.). 
- Bat if the three supports are at the same level as in Fig. 167, 


BT -DT’. 4 
L, 1 Lae 
Therefore — + i. +3L.M, +4(L, + L;)M, + $L5M, =0, ° 
2 


which is the form of the theorem of three moments for the case where the 
supports are at the same level. 


/ 


____ If the intermediate support at C is at a distance 6 below or above the _ 
_ supports at B and D, as shown in Fig. 169, then 

BrFs Dts UE ee #3(2 r) 

itt 


= ends = — 
L, Ls L, I, 


where the stl sign applies to the case where C is below BD, and the 
“minus sign applies to the case where C is above BD. It then follows 


that 2", “9% 4 31M, + 4(Ly+14)Mo+4L,M, = 23(7 + +e | bwin 


pis the most general form of the theorem of three moments. 

at er the common and simple case in which the three supports are 
at the same level, and the load over the span BC is uniformly distributed 
and equal to w, per unit of length, and the load over the span CD is 
also uniformly distributed and equal to w, per unit of length. Here 


ay =3- fe LeLy = yywyLs, %)= $Lg. 
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=2-10,1L3L,=7,0,L3, and z=$1p. 
Hence A,w, 13+ 3,3 + 4L,M,+}(L, + L,)M,+ $L,M,=0, 
or, multiplying both sides by 6, 
J.Le + }w,L3 + L.M, + 2(L, + L,)M, + L;M,=90. 


For a continuous beam on 2 supports the theorem of three moments 
furnishes m — 2 equations, and the conditions of support at the two ends 
furnish another two equations. These » equations are sufficient for 
determining the bending moments over the m supports. Most commonly 
the beam is free over the end supports, and the bending moments there 
are then zero. 


134. Reactions at the Supports of a Continuous Beam. eee 
the reaction R, (Fig. 170) at the 


intermediate support of two ff ak {fe ro ff 
consecutive spans BC=L, and 

CD=L,. Let M,, M,, and M, L aes 

be the bending moments over ie > i 
the supports B, C, and D re- Fia. 170. 


spectively. Let F, and Fy be 
the shearing forces on the beam immediately to the left and right 
respectively of the support at C. Then R,=F,+F\. 

Consider the span BC, and take a about B, 


M,=F,.L,+M.-—W.Z,. Therefore F, =_ —M,.+W,Z,), where W, 


is the sum of the loads on the span BC, and Z, is the horizontal distance 
of their centre of gravity from B. 
Consider the span CD, and take moments about D. 


M,=F.L,+M,—W,Z,. Therefore F,= (My —M,+W,Z,), where Wg 
. 3 


is the sum of the loads on the span CD, and Z, is the horizontal distance 
of their centre of gravity from D. 


_M,- Mo, Mp— Mes, Wels , Wado, 
L, L, L, oye 


For uniform loading of w, per unit run on BC and w, per unit run 


o, Wyliy WL : 
i De Ses 


Hence R,=F,+Fo= 


on CD. R= 


If the beam is free over the end supports, then the reaction at either 
end is equal to the shearing force at that end. 


135. Example of Continuous Beam.—A bridge ABCD (Fig. 171) 
-consists of two continuous girders having a central span BC of 200 feet, 
and two side spans AB and CD each of 160 feet. There is a uniform 
dead load of $ ton per foot run on the whole of each girder, and on each 
girder of the span AB there is an additional load equivalent to ? ton per 
foot run. The four piers are at the same level, and the ends of the girders 
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It is required to construct the bending moment and shearing 


ree diagrams for one girder, 
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Fig, 171. 


Bending Moments at Supports.—Using the notation of the preceding 
_ Articles, the theorem of three moments gives the equations :— 

4, Li + },L) + L,M, + 2(L,+L,)M,+L,M,=0 for the spans AB 
and BC, and 4w,L}+4w,L}+L,M,+2(L,+L,)M,+L,M,=0 for the 
_ spans BC and CD, where w,=1}, w,=4, w,=4, L,=160, L,=200, 
_ L,=160, M,=0, and M,=0. Loads being in tons, lengths in feet, 
_ and bending moments in foot-tons. 

Solving the above equations, M,= — 2799, and M,= — 1322. 


_ Shearing Forces at Supports.— 


Fe ae 5 wl Pe a0 A * 160 Zen 
Ys ae wins 3 ae + oe 117°5 tons. 

Ei= Masel Yi * 0 te 79788 tona, 
F, = M- Mo 5 a8 ee te tons. 
F,= = + Mas. 198 4 HO 48-26 tons. 


yp Mc-M, twyLy__ 1322 160 _,. 
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Reactions at Supports.— 
R,=F,=82'5 tons. RB,=F,+F,=117-5+57-38 = 174-88 tons. 
RB, =F, + F,= 42°62 + 48°26 = 90°88 tons. R,=F,=31°74 tons. 


Bending Moments.— 


For span AB. M-=82-5a-— %a?, where x is the distance of the section 
from A. M is zero when ¢= 0, or 132. Maximum positive value of 
M = 2723 when «= 66. 

For span BC. M= —2799+57-38«— 42°, where x is the distance of 
the section from B. M is zero when «=70°3, or 159°2. Maximum 
positive value of M=493°2 when =114°8. 

For spanCD. M=31-74a—- 42%, where x is the distance of the section 
from D. M is zero when «=0, or 127. Maximum positive value of 
M=1007 when w= 63°5. 

All the bending moment curves are parabolas whose axes are vertical 
and pass through the points of zero shear and maximum positive bending 
moment, as shown in Fig. 171. 

136. Advantages and Disadvantages of Continuous Girders.—The 
chief advantage which a continuous girder has over separate girders for 
each span will be clearly seen by reference to Fig, 172, in which the 
bending moment and ucts 
shearing force dia- Piet a 3 Bending Moments. 
grams for the example 
of a continuous gir- | hegre sfett We 
der, discussed in the HIN \ 1 

ae 


preceding Article, are 
reproduced with the 
addition of the bend- 
ing moment and 
shearing force  dia- 
grams for the three 
spans when covered ar 
with separate girders. My a 
The diagrams for the , 
continuous girder are ‘ 
shaded, while the \) 
boundaries of the dia- 
grams for the separate 
girders are shown dotted where they do not coincide with the boundaries — 
of the others. 

It will be seen that one effect of converting the separate girders into 
one continuous girder is to considerably reduce the bending moments in 
the neighbourhood of the middle of each span, and to produce bending 
moments at the supports, and also to increase the bending moments in 
the neighbourhoods of the supports. If the bending moments at the 
supports of the continuous girder are greater than at the other points, 
which is Senerally the case, the girders may be strengthened in the 
neighbourhoods of the supports, and the increase in weight will not, to 
any considerable extent, affect the bending moment diagram, the additional 
weight coming over or near the piers. A continuous girder will therefore 


Shearing Forces 


Fie. 172. 
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; erate than a series of separate girders covering the same spans. It 
will be noticed that the maximum shear is still at the supports when 
the te girders are converted into a continuous girder, and that the 
change in the values of the maximum shearing forces in the various 
spans is not very great. 
' The disadvantages of continuous girders are, however, serious. In 
the first place, the level of the piers is liable to changes due to unequal 
settlement or variations of temperature, and comparatively small in- 
equalities of level may cause considerable changes in the bending moment 
iagram. In the second place, travelling loads will cause the points of 
_ inflexion to change, and there will be portions of the girder in the 
vicinities of those points on which the bending moments will be alter- 
nately positive and negative. This disadvantage will obviously be greater 
the greater the moving loads are compared with the permanent load due 
to the weight of the structure. The advantage of continuity is therefore 
_ greater in long spans, where the permanent load is the most important 
one. 
} A continuous girder requires more care in construction than separate 
girders, because any want of straightness in the unloaded girder will 
_ upset the results of the designer’s calculations. 
# The sheariig force diagrams in Fig. 172 show that for a uni- 
formly distributed load the web of a continuous girder must be slightly 
heavier than the webs of a series of separate girders covering the same 


187. Cantilever Bridges.—Let the shaded diagram in Fig. 173. be 
_ the bending moment diagram for a continuous girder covering three spans. 
If the continuous girder 
6 H 
G Z 
SE 


be cut at the points of % 
WwW 


 inflexion E and F, or at . 
the points of inflexion 
 G@ and H, and joints 


Uy 
‘I iI 


be made at these points 
which are capable of 


resisting shear but not x Y E 
_ bending, the resulting fi % s A : y 
girders form what is Fig, 173. 


called acantilever bridge, 
and they will have all the advantages of the original continuous girder, 
but the bending moment diagram will not now be affected by any settle- 
ment of the piers. Moreover, the bending moment and shearing force 
diagrams for a cantilever bridge may be constructed by applying the 
simple principles of statics without any reference to the elasticity and 
deflection of the structure. The cantilever bridge. has therefore the 
advantage of being simple to design and, what is most important, there 
is the further advantage that there need be no doubt about the results of 
_ the designer’s calculations. 
& It should be noticed that when the flexible joints are made at G and 
__H, in the centre span, the cantilevers AG and DH may need to be 
_ anchored down but not fixed at A and D, as the reactions at these points 
_ may beeome negative. 
F Cantilever bridges have been used with great success for very large 


ee Rao * 


a 
> 


— . 
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spans. The Forth Bridge, one of the greatest achievements of the 
engineer, is a cantilever bridge. This bridge, which crosses the Firth of 
- Forth, consists of three great double cantilevers, one at each end and one 
in the centre, the centre cantilever being connected to the others by inde- 
pendent girders. Fig. 174 is a skeleton diagram of one of the end canti- 
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Fig. 174. 


levers ABG, and the bridging girders GH in the centre of one of the 
large spans. As the arm BG has to carry half the weight of the central 
girders GH and of the train loads which may be passing over them the 
arm AB is made heavier than the arm BG, and at the extremity A there 
is an additional weight sufficient to counterpoise with an excess of 200 
tons half the weight of GH when carrying a full train load. 


138. Resilience of a Beam.—Consider a very short portion LN of 
length s of a beam, and let M be the mean bending moment over LN, 
also let 6 be the change of slope of the beam in passing from L to N. 
The work done in bending LN is equal to $M@. But by Art. 126, 

2 


Ms : : M?s 
O= Er’ therefore work done in bending LN = ORT 


Referring to Fig. 175, let ACB be the bending moment diagram for ~ 
a beam. Construct another curve 
AC’B on the same base AB, the 
ordinates of AC’B being equal 
to the squares of the correspond- 
ing ordinates of ACB. The work 
done in bending the portion of 
the beam lying between A and 
B will evidently be equal to the 
area of the figure AC’B divided Fic. 175. 
by 2EI. In measuring the area 
of the figure AC’B the unit of area is a rectangle, whose base is the 
unit of length, and whose height is the unit of bending moment. 

In the simple case where a beam of length L is subjected to a uniform 


2 
bending moment M, the work done in bending it is obviously ats oot 


J, is the greatest stress at the elastic limit, and y, the distance at which 
it acts from the neutral axis, then M ~o and the resilience of the beam 
1 
{ul 
2Ey} 


is 


CES" ee ee 


= 
> 
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For a beam of length L supported at its ends and leaded with a weight 
W at an intermediate point di- 
viding L into two parts a and 4, 
the bending moment diagram 
(Fig. 176) is a triangle ACB and 
the curves AC’ and BC’, whose 
ordinates are the squares of the 


ordinates of the bending moment 
diagram, are semi-parabolas Acai fu : 
whose axes are vertical and whose Kr~~~ @ ~~ se ----- b ------4 
vertices are at A and B re- Pea. 176 
spectively. Hence the area of Aah 

2p2 iq? 

ACB =, (a+) =, and the work done in deflecting the 
- Wah? ‘ : 
beam is LET’ But the work done is equal to $W6, where 4 is the 
deflection at the load. Hence 3=Ner , a result which was proved in 


another way in Art. 127. 
The work done in deflecting a beam of length L may be found 
analytically as follows. Let «=mean distance of LN (Fig. 175) from A, 


and let d=s, then work done in deflecting beam = ser : [ Mae. 
0 


o2EL 2EI 
Applying this to the case of a beam supported at the ends and carrying 
a uniformly distributed load of w per unit of length, M= (Ln - x”), and 


work done 
L 


1 (woe 5 mune eel ) 
oer a ee ae Ke dee — Madde + atde 


_ wi (LS 21s a ob wLs WL 
4 ~ 240EL~ 240EI’ 


SEI\3 4 +5 
where W = wL = total load. 


Exercises VIII. 


1. A pitch pine beam rests on supports 15 feet apart, and carries a uniformly 
distributed load of 2 tons per foot run. The cross section is a rectangle 15 inches 
deep, and the maximum stress is 3000 Ibs. per square inch at every cross section. 
The breadth 6 of the section is to vary so that the beam will bend to a circular 
arc. Find bat the centre of the span, and at 2 feet and 4 feet from the centre. 
Find also the deflection at the centre, and the radius of curvature of the neutral 
surface. E=1,900,000 Ibs. per square inch. 

2. A cast-iron cantilever, 54 inches long, carries a load of 3000 Ibs. at its 
outer end. The cross section is a rectangle 2 inches broad. At the fixed end 
the depth is 8 inches. The depth at other points is to be such that the lever 
will bend to a circular arc, and the lever is to be symmetrical about the neutral 
surface. Find the depth at 9, 27, and 45 inches from the fixed end. Find also 
the deflection at the free end, and the radius of curvature of the neutral surface 
when the lever is bent. What are the maximum stresses at the fixed end and 
at the other sections mentioned ? E=17,000,000 lbs. per square inch. 

3. A beam, instead of being straight when free from bending moment, is curved 
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to aradius r, On applying a bending moment the radius of curvature is altered — 
from r to R. Show that Raat (“2) and therefore if x is large compared 
F > 
ret Mh 1% 
with y, he +E (§ 2 nearly. 

4. The cross section of a cantilever is a circle of diameter d. Length of lever, 
4 feet. Load at free end, 5000 lbs. Maximum stress, 9000 lbs. per square inch, 
E= 29,000,000 lbs. per square inch. Find d and the deflection at the free end. 

5. A cylindrical cantilever is £0 inches long, and 5 inches in diameter. There 
is a load at the free end which causes a maximum stress of 2500 Ibs. per square 
inch. Taking E at 1,800,000 lbs. per square inch, what is the deflection at the 
free end? 2 

6. A vertical mild steel tube of 6 inches external diameter, and 4 inch thick, 
is securely bedded in the ground. Its height above ground is 10 feet, and it is 
subjected at the upper end to a horizontal pull of 1500 Ibs. Calculate the 
maximum stress at the ground section and the deflection at the top. (Take E 
as 30,000,000 lbs. per square inch.) [Inst.C.E. ] 

7. A beam 12 feet long, 1 foot deep, and 5 inches wide rests on supports 
at its ends, and carries a load of W Ibs. at its centre. The maximum stress being 
2000 lbs. per square inch, find W and the deflection at the centre. E=1,800,000 lbs. 
per square inch. 

8. Referring to the beam of the preceding exercise, what load, in pounds, 
distributed uniformly over the length, will cause a deflection at the centre equal 
to 1-500th of the span ? 

9. A steel joist, 10 inches deep and 10 feet long, is supported at the ends. 
The joist has equal flanges 5 inches wide and 0°54 inch thick, and a web 0:35 
inch thick. The weight of the joist is 29 lbs. per foot. What central load, in 
addition to its own weight, will this joist carry when its deflection at the 
centre is 1-1000th of the span, and what will then be the maximum stress? 
E=30,000,000 lbs. per square inch. 

10. A wooden plank, 12 inches wide and 3 inches deep in section, rests freely 
on two supports, in the same horizontal level, which are 20feet apart. A man 
weighing 12 stone stands in the middle of this plank carrying on his shoulder 
a hod of bricks which weighs 84 lbs. Find:—(a) The maximum stress at the 
central section due to this load, and the weight of the plank. (1 cubic foot of 
wood weighs 46 lbs.) (5) The deflection in the centre, if Young’s modulus of 
elasticity, is 1,600,000 lbs. per square*inch. [B.E.] 

11. In connection with a contract for the supply of cast-iron pipes, certain 
bending tests were specified on bars (cast at the same time) 40 inches long, 
2 inches deep, and 1 inch thick. The following results were obtained when one 
of these bars was tested on edge on a 36-inch span :— 


- 


Load at centre of beam;\) 109 | 400 | 800 | 1200 | 1600 | 2000 | 2400 
pounds , ! : : 
ees at centre of beam, \| 9.979 | 0-048 | 0-098 | 0°150 | 0-204 | 0-256 | 0:314 


(a) Plot on squared paper a curve to show the relation between the load at the 
centre of the beam and the deflection at the centre of the beam. (6) From your 
curve determine the load which will be required at the centre of the beam in order 
to give a deflection of one-eighth of an inch. (c) Calculate in Ibs. per square inch 
Young’s modulus of elasticity for this cast-iron. (d) Calculate in inch-pounds 
the total work done in bending this beam up to a load of 2400 lbs. in the centre 
of the span. (¢e) The beam eventually broke with a load of 3200 Ibs. in the 
centre. Assuming that the ordinary beam formula holds up to the breaking 
point in cast-iron beams, what was:the maximum intensity of tensile stress in 
the metal at the instant of rupture? - [B.E.] 

12. A steel girder, having a uniform depth of 13 feet, rests on piers which 
are 150 feet apart, and carries a uniformly distributed load. Find the deflection 
at the centre in inches ; (a) when the area of the flanges is proportioned so that 
there is a uniform flange stress of 6} tons per square inch; (6) when the girder 


7 
4 
' 
| 
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is of uniform cross section throughout and the maximum flange stress is 6} tons 
per square inch, E=13,400 tons per square inch. 


"13. Show that if a cantilever of length L carries a load W at a point » from 


— 3 
the fixed end, the deflection at the free end is Gee: 
14. A steel shaft AB, 3 inches in diameter, rests on supports at C and D, and 
is loaded at the ends, as shown 
in Fig 177. If the maximum WwW 


stress due to bending is 10,000 i uy 
Ibs. square inch, what is the wane -4------ 4 --.-+---<- 
StF Usiection +, at the centre? t-—30 - Mavens st 
E=30,000,000 Ibs. per square inch. é 

15. A continuous girder, built Fig. 177. 


for crossing two equal spans, has 
a uniform section whose moment of inertia is I, while its uniform weight per foot 
lineal is w. The girder is launched across the spans from one end, and, when its 
centre comes nearly over the central pier, the leading end will droop downwards 
under its unsupported weight. Write the expression for the extreme deflection 
of the leading end, the length of each span being denoted by L. {Inst.C.E.] 
-' 16. A cast-iron pipe, internal diameter 18 inches, and thickness 1 inch, rests 
on supports 40 feet apart. Find the maximum bending stress and the deflection 
at the centre when the pipe is full of water. Take weight of cast-iron=450 lbs. 
- cubic foot, weight of water=62°3 lbs. per cubic foot, and 

=6000 tons per square inch, _ : 

17. If any beam of uniform section deflects 1 inch ina span 
of 100 inches under a central load, what will be the slope of the 
beam at each end? 4 ; [Inst.C.E.] 
18. Suppose that three beams or planks, A, B, and C (Fig. 

178), of the same material, are laid side by side across a span 
L=100 inches, and a load W=600 Ibs, is laid across them at 
the centre of the span so that they must all bend together. Fig. 178. 
The beams are all 6 inches wide, but while A and C have a depth of 3 inches, 
the depth of the middle beam B is twice as great. How much of the weight W 
will be carried by each of the three beams, and what will be the extreme fibre 
stress in each ? g [Inst.C. E.] 

_ 19. A flitch beam is made up of two timbers, each 6 inches wide and 14 inches 


deep, and a steel plate § inch thick and 12 inches deep, as shown in Fig. 179, 


Taking the modulus of elasticity of the steel as 21 times 
that of the timber, find the maximum tensile stress in the 
steel when the maximum tensile stress in the timber is 
1000 lbs. per square inch, Find also the percentage in- ¢ 
crease in the strength of the timber beam to resist bend- 

ing due to the addition of the steel plate, allowing the 
Same stresses. 

20. A beam of uniform section rests on supports 
whose distance apart is L, and carries two loads each 
equal to W, one at a distance a from one support, and 
the other at a distance a from the other support. Show that the deflection 


under each load is equal to We-(3L- 4a), and that the maximum deflection (at 


Wa 
the centre) is equal to aap (3? - 42°). 


21. A single line railway bridge is carried by two main girders, each of 
40 feet span. The total weight 
of a locomotive standing on the 20 TONS. 20TONS. 20TONS. 8 TONS. 
bridge in the position shown in 


Fig. 180 is 68 tons, distributed (#) (*) ) (t) 
L 


upon 4 axles, the leading axle 
carrying 8 tons, and each of the ee Pe TI ae ' i 
others 20 tons. Find the maxi- free? Coie FE he 8 te — 1 
mum deflection of the girders, 

and where it occurs. [U.L.] Fig. 180. 


136 APPLIED MECHANICS 


22. A beam of uniform section is built into a wall at one end, and rests on a 
support at a distance of 20 feet from the wall. A load of 26 tons rests on the 
beam at a point 12 feet from the wall. Taking E=13,000 tons per square inch, 

‘and I=1000 in inch units, determine the reaction of the support on the beam 
and the deflection of the beam at the point where the load is applied. Draw 
the bending moment and shearing force diagrams for this beam. 

23. A beam of uniform section is built into a wall at one end and supported 
on a column, as shown in Fig. 181. The 
beam carries a load of 54 tons uniformly 
distributed. Find the vertical thrust on 
the column, and draw the bending moment 
and shearing force diagrams. At what 


points is the bending moment zero ? ---- ---- “HT: 
24. A beam of uniform section is rigidly ! 
fixed at its ends to two walls, which are Fig. 181. 


24 feet apart. Two loads, each of 10 tons, 

are applied to this beam at points 6 feet from the walls. Determine the bend- 
ing moments at the ends and at the centre, and find the positions of the 
points of zero bending moment. Draw the bending moment and shearing force 
diagrams, 

25. A continuous beam of uniform section covers two spans, each equal to 
L, and carries a uniform load of w per unit of length. Show that the middle 

4 
support must be below the level of the outer supports by an amount oi in 
order that the pressures on the three supports may be equal. 

26. A continuous girder of uniform section consists of two spans, each of 
50 feet, and carries over both spans a uniformly distributed load of 1 ton per 
foot run, Both ends of the girder are free. Calculate the bending moment 
over the middle support, and the maximum positive bending moment between 
the centre and one end. Find also the reactions at the supports. 

27. A continuous girder of uniform section and of two equal spans carries a 
uniformly distributed load of w tons per foot run. Find the bending moment 
over the central pier when the height of the three piers is the same, and also 
when the central pier, owing to temperature effects, is raised or lowered by an 
amount equal to x inches, [U.L.] 

28. A rolled steel joist 40 feet in length, of I section, 10 inches deep, and 
5 inches wide, has a thickness which is equivalent to } inch in both flanges and 
web. It is continuous over three supports, forming two spans of 20 feet each. 
What uniformly distributed load would produce a maximum stress of 5} tons 
per square inch? Sketch the diagrams of bending moments and shearing 
forces, [Inst.C.E.] 

29. Apply the theorem of three moments to find the reactions when there 
are three level piers supporting a continuous girder carrying a uniformly 
distributed load of 2 tons per foot run, the two spans being 200 feet and 150 
feet respectively. [U.L.] 

80. A continuous girder consists of two spans. One span of 100 feet is 
loaded with 1? tons per foot run, the second span of 80 feet is loaded with 
2} tons per foot run. Find the values of the supporting forces, and the 
maximum bending moment for the whole girder. Both ends of the girder are 
free, [Inst.C.E, ] 

31. Work out the example of Article 135, pp. 128-130, assuming that, owing to 
settlement of the pier, the support at B is + inch below the level of the other 
supports. Take H=13,000 tons per square inch, and [=432,000 in inch units. 

32. A cantilever bridge ABCD has supports at A, B, C, and D. AB=CD 
=100 feet. BC=300 feet. There are hinge joints at E and F in the centre 
span. BE=CF=100 feet. Assuming that there is a permanent dead load of 
2 tons per foot run, and a live load of 1 ton per foot run, construct the bending 


moment and shearing force diagrams for this bridge when the live load covers 


(a) the span AB only, (5) the cantilever AE only, (c) the girder EF only. 

33. A cantilever bridge has three spans, each of 200 feet. There are hinge 
joints in the side spans at points 120 feet from the shore ends. Assuming a dead 
load of 2 tons per foot run, and a live load of 1 ton per foot run, construct the 
bending moment and shearing force diagrams when the live load covers (a) one 
side span only, (6) the centre span only. 
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orm moment is one-quarter of its resilience when 
simple tension or simple crushing. 
bar of uniform rectangular section, 3 inches deep, 2 inches wide, 
long, is supported at the ends and loaded at the centre with a 
i - Taking the maximum stress at 20,000 lbs. per square inch, and 
-30,000,000 lbs. per square inch, find the number of ft.-lbs. of elastic 
y stored up in this loaded bar. What would the answer be if this bar 
mple tension under the same stress ? 


CHAPTER IX 
COMPOUND STRAINS AND STRESSES 


139. Directions of Stresses Generally Parallel to one Plane.—If 
a portion of a strained body be taken which is a right prism it will be 
found that in the majority of practical cases this prism may be selected 
so that on its parallel ends there is no stress whatever, and if this is so it 
is easily shown that the directions of the stresses on the remaining faces 
must be parallel to the planes of the ends of the prism. In the web of a 
girder, for instance, there is usually no stress on the sides or on plane 
sections parallel to the sides, and the tensile, compressive, and shearing 
stresses are all in directions parallel to the sides of the web. 

In considering the equilibrium of a right prismatic element, on the 
ends of which there is no stress, it is most convenient to represent this 
element with its ends parallel to the plane of the paper upon which it is 
projected ; the directions of the stresses considered are then all parallel to 
that plane. 

In the articles and exercises of this chapter it will be assumed, unless 
otherwise stated, that the directions of the stresses considered are parallel 
to the plane of the paper, and that the plane sections upon which the 
stresses act are perpendicular to that plane. 

In proving the propositions connected with stresses in a strained body 
it is convenient to consider an element of it which is a right prism, selected 
as described above, and in many cases it is necessary to assume that the 
element is indefinitely small to allow of the stresses being of varying inten- 
sities, because if the stress on a surface is not of uniform intensity, the 
stress on an indefinitely small area of that surface may be considered 
as of uniform intensity. 


140. Stresses on an Oblique Section of a Bar subjected to Direct 
Tension or Compression.—Let AB (Fig. 182) be a bar subjected to a 
direct pull or push by a load P 
which is uniformly distributed attitit p~dciit 
over its ends. If a@ is the area D 
of the cross section of the bar, 
and p the intensity of the 
stress on it, then P=pa. Con- 
sider an oblique section CD 
inclined at an angle @ to the gs - ¥ 
cross section. The area of Tuttyt? FTTtTTs 
this oblique section is a/cos 0. Fra. 182 
Considering the equilibrium of ae 
the part ACD, the force P is balanced by a force N perpendicular to 
CD, and a force Q in the plane of CD. The force N is the resultant 

138 
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of a normal stress on CD, and the force Q is the resultant of a tan- 
ntial or shear stress on CD. By the triangle of forces N = P cos 6, and 
=P sin 0. 
_If x is the intensity of the normal stress, and q the intensity of the 


tangential stress on CD, then N =—,=P cos = pa cos 0, therefore 


n=p cos? 0. When @=0, n is a maximum, and is then equal to p. 
Also Q--55 =P sin 0=pa sin 0, therefore g=p sin @ cos 0, but 
sin 0 cos 0=}sin 20, therefore g=}p sin 20. When sin 20=1, 
i.e. when 0 = 45°, ¢ is a maximum and is then equal to }p. 

If a section be taken perpendicular to CD its inclination to the cross 
section will be 90°-— 9, and the shear stress on this section will be 
kp sin 2 (90 - 0) = hp sin (180 — 20) = $p sin 20, which is the same as the 
shear stress on CD. It will be shown in the next Article that in all cases 
where there is a shear stress on one section there is always an equal shear 
stress on a section perpendicular to it. 

The fact that there is a shear stress g on the section CD having a 
maximum value equal to 4p when @ is 45°, suggests that if the resistance 

_ of a material to rupture by shearing be less than half its resistance to 
rupture by direct tension or compression, it will give way by shear- 
ing when subjected to tension or compression. This is what really 
erm with several materials, and examples will be found in Art. 166, 
p. 175 


; 141. Equality of Shear Stresses on Planes at Right Angles.— 
- Consider an indefinitely small rectangular portion ABCD (Fig. 183) of a 
strained body, and let h be the height, b the breadth, 
and ¢ the thickness of this portion. Assume that 
there is no stress on the face ABCD or on any inter- 
face parallel to it. The portion of material ABCD 
being at rest, the stresses on the faces which are 
perpendicular to the face ABCD must balance 6ne 
another. The stresses on the faces AD and BC 
may be resolved into normal stresses p, and shear 
stresses g. In Fig. 183 the arrows representing the 
normal stresses are omitted. The normal stresses on 
AD and BC must evidently balance one another. 
The resultant of the shear stress on AD equals Fig. 183. 
qht, and this will also be the magnitude of the result- 
ant shear stress on BC. These two resultants will form a couple whose 
moment is gitb, Now no system of forces but a couple will balance a 
couple, therefore the stresses on AB and CD must have components which 
are shear stresses s on these faces. The normal components of the 
stresses on AB and CD must balance one another. The resultants 
of the shear stresses on AB and CD will form a couple whose moment 
is sbth, and if this couple is to balance the other couple, then sbth = ghtb, 
therefore s=g. Hence if at any point of a strained body there is a 
shear stress in one plane there must be a shear stress of equal in- 
tensity in another plane at right angles to the first, but these two planes 
must be perpendicular to a plane which is parallel to the directions of the 
stresses. 
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142. Pure Shear Stress Equivalent to two Normal Stresses.— 
Consider an indefinitely small cube ABCD (Fig. 184) of a strained body. 
Let b be the length of the edges of this cube. Assume that there is no 
stress on the face ABCD or on any interface parallel to it. Suppose that 
the faces AD and BC are subjected to pure shear stress of intensity g, the 
direction of which is parallel to the face ABCD, then by the preceding 


Aaa Q Agwter i 
@ cA a| 7. yf 
u é ‘i er Oe) 
Fig. 184. Fig, 185. Fia. 186. 


Article there must be shear stresses of intensity g on the faces AB and 
CD, as shown. Imagine the cube divided into two equal parts by a plane 
AC perpendicular to the face ABCD. Consider (Fig. 185) the equili- 


brium of ABC, one of these parts. The resultants QQ of the stresses + 


on AB and BC must balance the resultant R of the stress on AC, and by 
the triangle of forces it is seen that R is perpendicular to AC and equal 
to Q ,/2. The stress on AC is evidently a tensile stress. Let 7 be the 
intensity of the stress on AC, then 


=r? ,/2=Q ,/2= qb? ,/2, therefore r=q. 


Tn like manner, by dividing the cube into two equal parts by a plane 
BD perpendicular to the face ABCD, and considering (Fig. 186) the 
equilibrium of the part ABD, it can be shown that there is a compressive 
stress of intensity g on the face BD. 

Hence a pure shear stress is equivalent to two normal stresses at 45° 
to the shear stress, and each equal in intensity to the shear stress, but one 
is a tensile and the other a compressive stress. 

It is evident that all sections of the cube parallel to the plane AC 
- will be subjected to tensile stress, of intensity g, and all sections parallel 

to BD will be subjected to 
compressive stress of inten- | | | B 
sity g.. Hence if a part of i? 
the interior of the cube be 
mapped out so as to form a 
rectangular solid EF having 
faces parallel to AC and BD, 
as shown in Fig. 187, this 
solid will be subjected 
to tensile and compressive Fic. 187. Fig. 188. 
stresses of intensity equal 
to that of the shear stresses on the faces of the cube ABCD. 

Conversely, it is easy to show that if a cube ABCD (Fig. 188) have 
its faces AD and BC subjected to tensile stress, and also have its faces 
AB and CD subjected to an equal compressive stress, sections parallel to 
AC and BD will be subjected to shear stress of the same intensity. 
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The theorem which has just been proved has an important application 
in the case of a shaft subjected to twisting. Let ABCD (Fig. 189) be a 
uare traced on the surface 
as shaft, the sides AD and 5 | 
BC being perpendicular to by 
the axis of the shaft, and 
suppose that this square 
represents an indefinitely 
thin prism of the material. 
The faces AD and BC are 
subjected to pure shear 
ope, and by Art. 141 the ee 
faces AB and CD must be subjected to an equal shear stress. Hence by 
the theorem of the present Article the diagonal face AC is subjected to 
pure tension, and the diagonal face BD is subjected to pure compression, 
also the intensities of the tensile and compressive stresses will be the same 
as that of the shear stress. Now, if the resistance of the material to tension 
be less than its resistance to shearing the shaft will give way along AC, 
which is part of a helix whose inclination to the axis of the shaft is 45°. 
This is what actually occurs when a cast-iron shaft is broken in torsion, 
except that the inclination of the helix is not exactly 45°. Further 
reference to this matter will be found in Art, 167, p. 176. 

As an illustration of the presence of tensile and compressive stresses 
whose directions are inclined at 45° to the directions of the shear stresses 
in a shaft under torsion, it will be found that a spiral spring whose coils 
are close together and inclined at 45° to the axis will be as stiff and 
strong when twisted in one direction as a tube of the same material 
having the same outside and inside diameters, but under torsion in the 
opposite direction the spring will be very weak. When twisted in the 
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_ first direction the surfaces of the coils in contact are subjected to pure 


compression, and therefore the fact that the material is divided at the 
surfaces in contact will not affect the power of the coils to resist com- 
pression. When twisted in the opposite direction the coils will separate. 
(r a Ses Stresses—Principal Axes of Stress.—Let ABCD 
ig. 190 an 
badetitel, small ected f. 
cube in a strained 
body, the face 
ABCD and all in- 
terfaces parallel to 
it being free from 
stress. The stresses 
on the faces AB, 
BC, CD, and DA 


ol. ets > 
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may be resolved into Fie. 190. 
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normal and shear stresses. The normal stress on AD must balance the 
normal stress on BC; let the intensity of these stresses be denoted by p. 
The normal stress on AB must balance the normal stress on CD ; let the 
intensity of these stresses be denoted by 4. 

By Art. 141 the intensities of the shear stresses on AB, BC, CD, and 
DA must be equal; let these be denoted by /. 
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Let BE be a plane section, upon which there is pure normal stress of 
intensity 7. It is required to find r, and 9, the inclination of BE to CD, 


- in terms of p, g, and f. 
Let the edge of the cube be denoted by x. Consider the aiydlitierats 
of the prism BCE. i 


P the resultant of the stress p on BC = pa? ; 


Q ” ” ” qd » CE = gz? cot 6. 
R is RL ete r , BE=ra?/ sin 0. 
F ” ” ” Ba ” BC = fu. 
8 ” ” ” I ” CE ED bo cot 0. 
Resolving vertically. Resolving horizontally. 
R cos 0= F+Q. R sin 0=P+8. 
ra? cot 0=fa? + qa? cot 0. rx" = px? + fx? cot 0. 
rcot0=f+qeot0. . (1) r=p+foot@. . . (2) 
Solving equations (1) and (2), 7=43{p+q+ /(p—q)?+4f"! 
tan 20 7F or tan §2.5 Soe J(p~ 9) + 4p? 
q-P ios dhe: * af 


There are two values of 0 which satisfy the above equations, and 
these values differ by 90°. Corresponding to the two values of @ there 
are two values of 7. 

The two values of 7 acting in directions at right angles to one another 
are called principal stresses, and two lines parallel to the directions of the 
principal stresses are called principal axes up stress, 

As a numerical example, let p=6, g=3, and f=2, all in tons per 


643+ (6-3)? +4 x 2? 
2 


square inch. Then r= 


=7, or 2 tons per square 


inch, tan alee aed (3S or pL see 


2 2 a 


To show the positions of the principal axes of stress, draw HK (Fig. 
191) parallel to the direction of p, and make it equal to unity on any 
convenient scale. Draw KL at right angles to KH, and make it=2. 
Join HL, then the angle LHK is one value of 6. Produce KH to 
M, making HM=2. Draw MN at right angles to MH, and make 
it=1. Join NH, then the angle NHK is the other value of 6, and it 
is easily seen that the angle NHL is a right angle. Through any 
point O in the original cube ABCD draw OX and OY perpendicular to 
HL and HN respectively. OX and OY are principal axes of stress, and 
if a rectangular element be taken at O, with its faces parallel to OX 
and OY, the stresses on the faces of this element will be entirely normal, 
the stress in the direction OX being a tension of 7 tons per square 
inch, and the stress in the direction OY a tension of 2 tons per square 
inch. 

In Fig. 190, p eae gq are shown as tensile stresses. If p or g, or both, 
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be altered to compressive stresses, this will be equivalent to making p or 
¢q, or both, negative instead of positive. It 
would be well for the student to demon- A B 
strate the proposition, first, taking q as 
ive stress and p as tensile stress, 
and then again, taking both p and q as 
compressive stresses. 
case where p or g is equal to zero L 
is one of great practical importance, and 
will be considered in the next Article. N 
144. Principal Stresses due to Com- 
bined Bending and Twisting —When a 
shaft of diameter d is subjected to a bending M H «K 
moment B, the maximum tensile and com- 
"pressive stresses produced are given by the wae Ps 


Q x 


: 32B 
equation p= = 


of the shaft. If the same shaft is subjected to a twisting moment T, the 
16T 
. Let 


, and these stresses are in direction parallel to the axis. 


maximum shear stress produced is given by the equation f= 


ad 
_ ABCD (Fig. 192) be an indefinitely small square prism of the material of 
the shaft in the neighbour- 
“ais where the tensile or a = —B Rp AE os —B 
pressive stresses are a Ht > t<— 
eal the face ABCD KO 
being on the surface of the p+ +P} fp 
shaft, and AB parallel to its +e 
= Then by the preceding mae: = oe a en 
Article, putting g=0, there — f € 
be pure normal stresses Fia. 192. 


‘on planes at right angles to 
4 one another, the intensities of these normal stresses being given by the 


- equation r=4{p+ ,/p?+4/*}. Inserting the values of p and / given 


above, et ae + a/(Sa) + +4() } -" B+ /B?+T?}. The 


greater of these two values of 7 is JS 4B+ ./B?+T?}, and when p is a 


tensile stress the greater value of 7 is a tensile stress, but when p is a 
_ compressive stress the greater value of 7 is a compressive stress. Now, 
_ Since the resistance of the material of shafts to compression is greater 
than the resistance to tension, the maximum value of 7 should be con- 
_ sidered as a tensile stress. 


The equation r= a {B+ ,/B?+T} may be put in the form 


e* as ee ee 


be. 


Ter=B+ /B?+T?. Now, a simple twisting moment T,= at” will 


3 _ produce : a pure shear stress and also a pure tensile stress (Art. 142) of 
zi _ intensity r, therefore a twisting moment T,= B+ ,/bB* + 'T? will produce 
same maximum normal stress as is produced by the combined action 


: 
‘a 
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of the bending moment B and twisting moment T. T, is called the 
equivalent twisting moment. 


In using the formula T,=B+ ,/B?+T?= ree” it must be remem- 


bered that 7 is not a shear stress, but a tensile stress. This is a point 
which is frequently misunderstood, and it may be well to restate the case 
as follows:—When a shaft of 


diameter d is subjected to a pure A— as B A ao B 
twisting momentT, then T = ne sf, 4 ¢ ais | = 1 
where f is the shear stress on the ! f if Pq . iP 
faces AB, BC, CD, and DA } I 4 i 


(Fig. 193) of a square element ei Esa r, a 
of the skin of the shaft, AB Fic, 193. Fic. 194. 
being parallel to the axis, but 

f is also the tensile stress on AC. If a bending moment B 
is added, this shifts the plane of tensile stress to EF (Fig. 
194), and increases its value from f to 7, the value of 7 being 


(B+ /B?+T?}. Hence it may be said that in the formulae 


T= itt and T, = ee jf and r are both tensile stresses. 


It is easy to show that if B, is a bending moment which will produce 
the same maximum normal stress as a bending moment B and a twisting 


moment T acting together, then B,=4B+4,/B?+T% In applying this 
to a shaft, B, must be equated to x50 , where f is the maximum normal 


stress, 

145. Maximum Shear Stress due to Combined Twisting and 
Bending. — Let ABCD 
(Fig. 195) be an in- 
definitely small square N 
prism of the material + " 
of a shaft of diameter P- 
d which is subjected a yj 
to a bending moment + "2 
B and a twisting mo- D 
ment T, the face ABCD ; 
being on the surface of wifes ae 
the shaft in the neighbourhood of the greatest bending stress. AB 
is parallel to the axis of the shaft. The faces AD, CB, AB, and 
CD are subjected to shear stress f= — The faces AD and CB are 

T 
also subjected. to bending stress. In Fig. 195 the bending stress is a 
\32B 


tensile stress p=—-. These stresses produce a pure normal stress 7 


A— — ——! B 


et ow 


<= «+ + + 


on planes parallel to\CJ, and a pure normal stress 7, on planes parallel 
to DK, which is perpendicular to CJ, By Art. 143, putting 7=0, 


1 =4p+h Jp? +47? and r,=4p-4 Jp + 47% 
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Consider the indefinitely small square prism HJKL, shown enlarged 
‘in Fig. 196. Let JK =z, and let the depth of the prism at right angles 
_ to the plane of the paper also be z, Cut off from the prism HJKL a 
wedge KNJ, the angle JKN being «. Consider the equilibrium of the 
wedge KNJ. On the face JK there is a normal stress 7,, the resultant 
_ of which is 7,x*. On the face JN there is a normal stress 7,, the re- 
P sultant of which is 7,2? tana. On the face KN there is a stress equiva- 
_ lent to a normal stress r, and a shear stress f,. The resultant of the 


; 2 
normal stress on the face KN is 7, ”—, and the resultant of the shear 
COS a 


stress on this face is /, — Resolving these resultant forces parallel 
to KN, fy = 02 sin a + 7,2 tan a cos a, or 


J,=1, Sin a cos a +7, sin a cos a= }(7, +7.) sin 2a. 


Hence f, is a maximum when a= 45°, then f,=}(7,+7,). If tensile 
‘stress is positive and compressive stress is negative, and if 7, and r, 
earry their proper signs with them, then f,=}(7,-7,). Inserting the 
values of 7, and 7, in terms of p and /, then the maximum value of 
a 32B 16T 16°). as 
2 => => ST 

Js is 4,/p? +477. But p mF and f = therefore f, —2 VB +T? 
and in /B?+T?. But a simple twisting-moment T,= ie? would 


produce the same shear stress f,. Hence a simple twisting moment 
T,= ,/B?+T? will produce the same maximum shear stress as the bend- 
‘ing moment B and twisting moment T acting together. 

A bending moment B,=T,= ,/B?+T? would produce a maximum 
normal stress equal to 2/,, and therefore (Art. 140, p. 138) a maximum 
shear stress 7, at 45° to the direction of the normal stress. 

There is little doubt that in the case of ductile materials, such as mild 
_ Steel, it is the resistance to shear which determines the strength (see Art. 
; 166, p. 175). Hence in designing shafts made of ductile material, and 
_which are subjected to bending and twisting, the formula T,= ,/B* + T? 
! should be~used in preference to the one T,=B+ ,/B?+T?. But, for 


: mild steel shafts, in equating B+ ,/B?+T? to ig? it must be re- 


Guest was the first to demonstrate that mild steel shafts subjected 

_ to bending and twisting gave way by shear,* and his theory and the 
results of his experiments have been confirmed by Hancock, Scoble 
C. A. Smith, and others. 

+ T.= ,/B?+T? is generally called the “Guest” formula, and 

- T.=B+ ./B? + T? is generally called the “Rankine” formula. 

___ Shafts designed by the Rankine formula are weaker than those 


4 


_ designed by the Guest formula. 
is” “Strength of Ductile Materials under Combined Stress,” Phil. Mag., July 1900, 
’ K 
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146. Stresses in a Cranked Shaft.—A cranked shaft is a good 
example of a structure subjected to both bending and twisting, and 
particular attention should be directed to the fact that the crank pins 
are generally subjected to twisting as well as the shaft itself. The forces 
acting on a cranked shaft usually vary in magnitude and direction as the 
shaft revolves, and each part of the shaft must be designed to withstand 
the greatest straining action which may come upon it. 

A simple example will serve to indicate how the stresses in a cranked 
shaft are determined. Fig. 197 shows a cranked shaft turning in bear- 


Fig. 197. Fria. 198. 


ings at Aand E. The shaft has two crank pins B and D, the axes of 
which are in the same plane as AK, the axis of the shaft. The parts 
A, B, C, D, and E are each 3} inches in diameter. Fig. 198 shows how 
the shaft is loaded when the cranks are in a vertical position. There is 
a pure torque on the left-hand end of the shaft, a force P of 4800 Ibs. 
on the crank pin B, and a force Q of 6000 lbs. on the crank pin D; the 
lines of action of P and Q are perpendicular to the plane containing the 
axes of the crank pins. It is required to find the maximum stresses in 
the pins B and D, and in the shaft at C. 

Imagine the shaft produced to the points F and H directly opposite 
to the centres of the crank pins B and D respectively. The equilibrium 
of the shaft will not be affected by applying at F forces P, and P, acting 
in opposite directions and each parallel and equal to P. Nor will the 
equilibrium be disturbed by applying at H forces Q, and Q, each 
equal and parallel to Q, as shown. 

P and P, being equal and parallel forces acting in opposite directions 
form a couple, and since a couple can only have a turning effect, there — 
can be no pressure on the bearings due to these forces. The forces Q 
and Q, also form a couple. The reactions on the shaft at the bearings 
at A and E must therefore be due to the forces P, and Q,. Taking 
moments about A, R, is found to be 3120 Ibs., and taking moments 
about E, R, is found to be 1920 Ibs. | 

Consider . the straining actions on the crank pin D. The -. 
force to the right of D is R,, and this produces a bending moment 
= 3120 x 8 = 24,960 inch-lbs., anda twisting moment = 3120 x 6 = 18,720 | 
inch-lbs. Using the Rankine formula, the equivalent twisting moment 
at D due to these is 

24960+ ,/24960? + 18720? = 56,160 inch-lbs. 


If f is the maximum stress in the pin D, then 782 3f = 56,160, from 


which f= 6671 Ibs. per square inch. 
Consider next the straining actions on the shaft at C. Taking the 
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forces to the right of C, the forces R, and Q, produce a bending moment 
= 3120 x 15-6000 x 7=4800 inch-lbs., and the forces Q and Q, 
produce a twisting moment = 6000 x 6 = 36,000 inch-lbs. The equivalent 
twisting moment at C due to these is 


’ 4800+ ,/4800? + 36000? = 41,119 inch-Ibs. 
_ If fis the maximum stress in the shaft at C, then gent 41,119, from 


which f= 4884 lbs. per square inch. 

Consider lastly the straining actions on the crank pin B. Taking the 
forces to the right of B, the forces Q, and R, produce a bending moment 
= 6000 x 14 —3120 x 22 = 15,360 inch-lbs., and the forces Q, Q,, Q,, and 
eee a twisting moment = 6000 x 12 — 3120 x 6 = 53,280 inch-lbs. 

equivalent twisting moment at B due to these is 


15360+ ,/15360? + 53280? = 70,810 inch-lbs. 
 Iff is the maximum stress in the pin B, then 1g 32 = 70,810, from 


which f= 8411 Ibs. per square inch. 
) 147. Ellipse of Stress.—ABCD (Fig. 199) is an indefinitely small 


eube, edges of length 7. On the faces AD and BC there is pure normal 
stress of inten- 


sity p, and on q 

a faces AB and Ac | B 
CD there is pure sa rer 
normal stress of = SEP. 
intensity g. It is Pp Pp 
required to find ) fees Paap 
the direction and __]M NI, 
intensity of the D Cc 
‘Stress on any a x | \a| | 

interface LN - 

clined at an an 

> Ge Draw ; thy 1 

parallel to ae ae 

AB. Consider add Y Tow 

_ the equilibrium M N 

¢ an pion A 

; ‘ @ re- 

i sultant of the Fia. 199. 


_ Stress, and ¢ its inclination to LM. R=r/?/cos@. Then, since R must ~ 
_ balance P and Q, 


+ 


R sin =P, or av sin @=pl? tan 0, therefore sin 6=" sin ¢. 
cos 0 p 


if ad rl? «4 Zz 
a Reos p=Q, or oe = ql’, therefore cos er cos ¢. 


ee Hens sin pr? aan? 6 + cos? = 1. 


- ? 


x 
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g? 
Also, sin? d= S 5 sin? 6, andeos?p=% cos? 0, 


therefore, 7?=p? sin? 0 +q? cos? 0, and tan d= ; P tan 0. 


Draw OX parallel to P, OY parallel to Q, and Os parallel to R. 
Make Os=7. Draw sm and sn parallel to OX and OY respectively. 
Let On=x=r sin ¢, and On=y=r cos ¢. Then, substituting # for 


2 caf 
y sin ¢, and y for 7 cos ¢ in the equation at the foot of p. 147, tan 1, 


which is the equation to an ellipse whose semi-axes Oa and Ob. are equal 
to p and q respectively. 

The point s may be found graphically as follows. Draw OT perpen- 
dicular to LN, to meet a circle with centre O and radius Oa at #, and 
a circle with centre O and radius Ob at T. Through T and ¢ draw 
parallels to OX and OY respectively to meet at s. 

OX and OY are principal axes of stress, and the ellipse, whose semi- 
axes are Oa and OJ, is called the ellipse of stress. 

If the stresses y and g have opposite signs, that is, if one is tensile 
and the other compressive, then Of’ =p must be measured in the opposite 
direction from O. The construction being completed as before, Os’ will 
be the direction and intensity of the resultant stress on the interface LN. 

148. Shear Stresses in Beams.—The existence of a transverse shear 
stress in beams has been discussed in Art. 99, p. 87, and in Art. 141, 
p. 139, it has been shown that a shear stress in one plane i is always accom- 


panied by a shear stress of equal intensity in planes at right angles to — 


> ee ego eet 


Fig. 200. Fig. 201. 


that plane ; hence there is shear stress in horizontal longitudinal sections 
of a horizontal beam. The object of this Article is to determine the 
intensity of the longitudinal shear stress at any point in a beam, and also 
to show how the intensity of the transverse shear stress varies at different 
points in the depth of the beam. 


Before discussing the general case of a beam of any section, it will be | 


advantageous to first consider the simple case of a beam of rectangular — 
section. Fig. 200 shows a portion of a rectangular beam of depth d and 


breadth b. YY and Y’Y’ are two transverse sections very near to one — 
another, and W, at a distance x from YY, is the resultant of all the external — 


forces acting on the beam to the right of YY or Y’Y’. The bending moment 
‘at YY is Wa, and if /, is the maximum stress at this section due to the 
bending moment Wz, then Wx = 4bd?f,. The bending moment at YY’ 


iq 


: 
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is W(z+7?), and if /, is the maximum stress, then Wx+ Wi = }bd’/,. 
Hence Wt = }ld*( 7, -/, 
The distribution ri ‘the stresses due to bending on the upper half of 
the sections YY and Y’Y’ is shown in Fig. 200. A portion A of the 
beam bounded by the sections YY, Y’Y’, the top surface of the beam, and 
a horizontal section at a distance h above the neutral surface, is pulled to 


2 
the right by a force R, = wA($ : =), and it is also pulled to the left by a 
- force R,= TAC -*). The resultant of these two pulls is a pull to the 


_ left by a force R=R, - R, =0(f,—J;) (F= =) and this is balanced by 


the horizontal shear on the under surface of A. Let ¢ equal the intensity 
2 
_ of the shear stress on the under surface of A, then btg = b( /, - -A)(- a 


But £,-A= ; Sy therefore 7 = ul ae 3 


be the intensity of the transverse shear stress on the section YY at a 
distance h from the neutral axis. 

6W (¢- h? 
bP\4 a 
_ parabola which, when drawn as shown in Fig. 201, represents the dis- 
_ tribution of the shear stress on a transverse section of the beam. 
The maximum shear stress in the case just considered evidently 
occurs at the neutral surface of the beam or neutral axis of the transverse 


section where its intensity is pus , but since the total 


), and this by Art. 141 must 


The equation g = =) connecting g and h is the equation to a 


; — shear is W,theaverage transverse shear stress 


8 70! , hence the maximum transverse shear stress is 14 
times the mean. 
Proceeding now to the general case of a beam 
_ of any form of cross section, and referring to 
Figs. 200 and 201, and also to Fig. 202, which 
comet the section of the beam, the stress due Fig. 202. 
to bending at a distance y from the neutral axis 


=f “n at the section YY, and f = 1 at the section Y’Y’. 
% 


p= Lfedy = Sf, : “oy = “1 Lyzby between the limits y=h and y=y.. 
‘But ae ay), where @ is the area of the section beyond the line at a dis- - 
y tance h from the neutral axis, and y, is the distance of the centre of gravity 
of that area from the neutral axis. Therefore R, =fray,. In like manner 


i . 
Pn, ~7 to: Hence R=R,— R, =(f,- sy Again, Wz “a avail 
“ : 
4 W(x +?) =f, therefore Wt = = fy-f,). Also, R= qbt, Hence gq = Le 3 
x | ; iN 
‘ 


150 APPLIED MECHANICS 


An interesting case of great practical importance is s that of a flanged 
beam, which will now be considered, and for the sake 
of simplicity a numerical example will be taken. The 
I section shown in Fig. 203 has a total depth of 12 
inches, the flanges are 8 inches wide, and the web and 
flanges are all 2 inches thick. The formula which gives 
the shear stress at a distance h from the neutral axis 


Way FIG. 208. 
bl 

Consider the value of g at the neutral axis, where the shear stress is 
greatest. Here a= 24 square inches, y, = 4 inches, and ) = 2inches, therefore 

_ 48W 
I 

At the ee of the web and flanges, a= 16 square nea Yy=5 

40W 
I 

In the flanges at places indefinitely near to the junctions with the 
web, a=16 square inches, y,=5 inches, and b=8 inches, therefore g in 
10W 

ne 

For the dimensions given I= 896 in inch units, and if W=14 tons, 
the three values of g considered above are 1680, 1400, and 350 Ibs. per 
square inch. The diagram to the right 
in Fig. 203 shows the distribution of 
the shear stress. It will be seen that 
not only does the web take a large 
proportion of the whole of the shear rtd 
stress, but that the shear stress is 
nearly uniform over the section of the 
web. It may be noted that the 
curves in Fig. 203 are parabolas. 

In most practical cases the maxi- 
mum shear stress on a section of a 
beam is at its neutral axis, but this is not always the case. For example, 
consider a section which is a square (Fig. 204) with one diagonal vertical 
(in the plane of bending). Let d equal the length of a diagonal of the 
sae Using the same notation as before, B is easy to show that 

a 2M (2d - 8h?4d2), Differentiating, pe "W (ad -16h). Hence q is 
a maximum when 2d — 16h=0, or h=d/8. 


Putting h=d/8, the maximum value of ¢ is — tac 


has just been proved to be g= 


the flanges at these places is —— 


* te 
' 
' 


Fig. 204. 


4d?” 
Putting h=0, the value of ¢ at the neutral axis is ae ; 
The mean value of gis W + (5) = = , the same as the value at the 


neutral axis. 

The variation of the stress is shown plotted to the right in Fig. 204. 
The curved lines are portions of parabolas whose axes are horizontal, and 
at distances d/8 from the neutral axis of the section. 
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The distribution of a shear stress over a section of a beam may be 


_ found by making use of the section modulus figure which was described 


in Art. 113, p. 105. A little consideration will show that the force R 
(Fig. 201) is equal to a,( f,—/,), where a, is the area of that part of the 
section modulus figure which lies beyond the line at a distance h from 


the neutral axis. Hence it follows that g= bales ; 


Exercises [Xa. 


1. A cube ABCD (Fig. 205) is subjected to compressive stress of 10 tons per 
Square inch on the faces AB and CD, ‘Taking D as the origin, 


draw a ipolat curve showing the intensities of the shear stresses B 
on inclined sections through D. Scale, 1 inch to 1 ton per A 
square inch. 
2. A cube ABCD (Fig. 206) is subjected to a compressive 
stress of 3 tons per square inch on the faces AD and BC, and p' Cc 


_ also to a compressive stress of 5 tons per square inch on the faces 


AB and CD. Determine the shear stresses, in tons per square JF 
inch, on the interfaces BD and BE. oe 
3. On A and B, the opposite faces of a cube, there is no stress, but on 


3 the remaining four 


faces there are nor- 
mal stresses of the B Atiiiiitie & inn 
game kind, and of + a ae ees \7/ me 
intensity p. Show > A) Wr poe j—> 
that there is no ep \ WS oe eh cee 
shear stress on any 77] Nie Tt wie 
interfaces which — EX ee > \ itEe 
are perpendicular sreaag Pea ee pee \\ ex 
to the faces A and CS pre ic” bas 
B, also that the TTTtttt c 


peer of the Fra. 206. Fra, 207. 
these interfaces is equal to p. 

4. ABCD (Fig. 207) is a cube, On the faces AD and BC there is tensile 
stress of intensity p, and on the faces AB and CD there is compressive stress of 
intensity g. Show that there is pure shear stress of intensity f on all interfaces 
inclined at an angle @ to AB, and find fand @in terms of p and g. (Hint.— 
Consider the equilibrium of the element BCE.) 

_ 6. The rhombus ABCD (Fig. 208) is one end of a right prism. There is pure 
shear stress of intensity f on the faces AB, BC, CD, and 
DA, as shown. Prove that the interfaces AC and BD 
are subjected to pure normal stresses of intensities 
cov q respectively, and that interfaces, such as 

, which are perpendicular to BC, are subjected to 
shear stress of intensity f, and a normal stress of 
intensity s. Express p,q, and s in terms of /, and @ 
the angle ABD. 

6. The maximum tensile stress on a shaft due Fra. 208. 
to the bending moment is half the maximum shear ; 

Stress due to the twisting moment. The maximum tensile stress due to 
the above two stresses combined is 12,000 Ibs. per square inch. If the 
eeoae of the shaft is 3 inches, find the twisting and bending moments in 

7. The maximum stress on a shaft 3 inches in diameter is 9000 lbs. per square 
inch, and the shaft is subjected to equal bending and twisting moments. Find 
the twisting moment in inch-Ibs. 

__ 8. A shaft transmits 50 horse-power at 135 revolutions per niinute. There is 
a bending moment on the shaft equal to three-fourths of the twisting moment, 


; 
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Taking the maximum stress at 10,000 lbs. per square inch, find the diameter of 
the shaft. 

9. The external diameter of a hollow shaft is 15 inches, and the internal 
diameter is 10 inches. The shaft is subjected to a bending moment equal to 
the twisting moment, and the maximum stress is 10,500 lbs. per square inch, 
Find the horse-power transmitted at 85 revolutions per minute. 

10. A shaft 5 inches diameter is subjected to a thrust of 15 tons along its 
axis. There isa bending moment on the shaft equal to half the twisting moment. 
The maximum compressive stress is 13,000 lbs. per square inch. Find the horse- 
power transmitted at 120 revolutions per minute. 

11. Referring to Figs. 197 and 198, page 146. If the forces P and Q are 
each 9000 lbs., and the angles PBF 
and QDH are each 60°, what must 
be the diameters of the crank pin B F Ss 
and the shaft at C if the maximum - 
stress is 9000 Ibs. per square inch ? wl 

12. The centre lines of the crank 
shaft of a single-cylinder engine are | 
shown in Fig. 209. When the crank <aeT bE 
and connecting-rod are at right 
angles, the effective force on the rod 
is 80 tons. . The work is entirely 
taken off at the right-hand end, and Fria. 209. 
the bearings may be assumed to $6 
exercise no restraint on the shaft, Calculate the bending moment and twisting 
moment on the crank pin, and find the maximum direct stress induced, the pin 
being 12 inches Q a ; 
internal and 21 Cc Q 
inches external 
diameter, [U.L.] 

13. Thecranked 
shaft (Fig. 210) 
turns in bearings 
at Aand B. The Pp 
cranks C and D 
are in the same 
plane, and the forces P and Q act at right angles to that plane. P= 2000 lbs., 
and Q=2400 Ibs. Find the equivalent twisting moments in inch-lbs. on the 
shaft at A and on the crank pin at C. 

; 14. Same as the preceding exercise, except that the crank C and the force Q 
are turned through a right angle, as shown in Fig. 211. 

15. A three-throw cranked shaft used for working a set of three deep well 
pumps is shown in Fig. 212. The rods are so long that the forces on the crank 
pins may be as- 
sumed as acting 
vertically. The 
shaft turns in 
bearings at A 
and EK, and it 
is driven by 
pure _ twisting 
at the end A. 
The cranks 
make angles of Fria. 212. 
120° with one 
another. Allowing for bending and twisting, determine the diameters (in 
inches) of the three crank pins for the given loads when the shaft is in the 
given position (a) by the Rankine formula, and (b) by the Guest formula. 
Maximum tensile stress, 9000 lbs. per square inch. 

16. A wooden beam, 3 inches deep and 2 inches wide, when tested, gave way 
by shearing along the neutral surface when the load at the centre of the span 
reached 2760 lbs. What was the intensity of the longitudinal shear stress in the 
plane of fracture, assuming that the distribution of stress at fracture is the same 
as within the elastic limit? 


Fia. 210. Fig. 211. 


wid Se eve 


_ shear stress in lbs. per square inch. 
. in the text, and remembering that. the diagram in Fig. 203 
- determine the fraction which the total shear on the 
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17. Two cross sections 1 inch apart of a rectangular beam 3 inches broad by 
8 inches deep are subjected to bending moments of 20 and 30 inch-tons respec- 


_ tively. Determine the maximum shear stress on the sections, and draw diagrams 


of shear stress and direct stress. [U.L.] 
18. A cantilever of mild steel 10 inches long, 2 inches deep, and 1} inches 


_ wide, carries a load of 1000 lbs, at its free end. Construct the curve which 


shows the intensity of the transverse shear stress at any point of the depth. 
Scales.—Linear, full size. Stress, 1 inch to 500 lbs. per square inch. 

19. A rolled steel joist has a total depth of 15 inches; the flanges are 6 
inches wide and 0°85 inch thick, and the web is 0°54 inch thick. The total trans- 


_ verse shear at a certain cross section is 30 tons. What is the maximum intensity 


of the shear stress in the cross section, and what multiple is it of the mean 
shear stress, assuming that the web takes the whole of the shear. Draw the 
diagram which shows the actual distribution of the shear stress in the cross section. 


f 


\ 


| 
} 
i 


(2) (6) (¢) (d) (e) (f) @) 
Fia. 213. 


20. Cross sections of various beams are shown in Fig. 213. If the shear 
stress at the neutral axis in each of these sections is 
6000 Ibs. per square inch, calculate for each the mean 


21. Referring to Fig. 203, page 150, and the dimensions he 
wn 
shows the variation of the intensity of the shear stress, s «3 
—_ 
Qa. 


section of the web is of the total shear on the whole . 
section. 6 
22. Deduce an expression for the intensity of shearing (Seas 

Stress at any place in a cross section of a beam. Draw 

to scale a di m showing the intensity of shear stress Fig. 214. 
throughout a cross section (Fig. 214), 2 feet from one 

‘toa a girder of 30 feet span, supported at the ends, and carrying a 
un y distributed load of 60 tons. The greatest moment of inertia is 3860, 
calculated from dimensions in inches. [U.L.] 


149. Bending Combined with Tension or Compression.—<A_ piece 


_ AB has an arm CD upon which a force P acts as shown in Fig. 215, the 


ee re 


Fiq. 215. 


line of action of P being parallel to the line YY, which is the edge view 
of the neutral surface of AB when considered as a beam subjected to 
bending, the plane of bending being the plane of the paper. 

Let XX be any cross section of AB, If forces P, and P, each equal 
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and parallel to P be applied as shown at points F and H in YY produced, 
these added forces will not affect in any way the stresses at XX, because 
P, and P, balance one another. Pand P, being equal and parallel forces 
acting in opposite directions form a couple which produces a pure turning 
or bending action at XX. The bending moment is Pr, and the distribu- 
tion of stress at XX due to Pr is shown at (a), where /, is the tensile stress 


along AC, and f, is the compressive stress along BE. Pr=/,Z) = fos 

1 

also Pr=/,Z,= Tee where I is the moment of inertia of the section XX 
Yo 


about its neutral axis 0. From these equations /, = “rH and at: 5 


The force P, will produce a direct tension, and the tensile stress at 


XX due to P, is a — =f,, where a is the area of the cross section XX. 


The distribution of this stress is shown at (0). 

Combining the stresses due to the pure bending and the direct tension 
as shown at (c), it is seen that there is a tensile stress f along AC equal 
to f, +3, and a compressive stress along BE equal to f,—jf,. If f, is less 
than f,, then f, —/; is a tensile stress. 

Exampcre.—Referring to Fig. 215, the section at XX is a rectangle, 
depth XX=6 inches, breadth=3 inches, y=5 inches. Total tensile 
stress along AC =5 tons per square inch. It is required to find P and 
the stress along BE. ? 


Pr = }0d%f,, that is, 5P=1 x 3 x 6%, hence f, = = 


\ pubes 5P 
F255 faB=f, thw + 7.= 4) therefore P=15 tons, 
Ya ae =4i fp= re: Hence f, —/,= 3} tons per square 


inch, and is a compressive stress. 
150. Strength of a Ring.—Fig. 216 shows a ring of uniform cross 


Fia. 216. , Fia. 217. Fig. 218. Fra. 219. 


section carrying a load W. The mean radius of the ring is r. There is 
at the horizontal section at B a bending action tending to diminish the 
curvature of the ring at B, and at the vertical section at A there is a 
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- bending action tending to increase the curvature of the ring at A. There 
must Pscefore be some intermediate point F in AFB at which there is 
no tendency to alter the curvature of the ring, and therefore at F there 
_ is no bending action ; consequently at F the ring may be jointed without 
altering the stresses in the other parts. There are obviously four points 
at which joints may be introduced, these being symmetrically situated with 
reference to the vertical and horizontal diameters AC and BE, as shown 
in Fig. 217. The ring now consists of four links connected by pin joints. 
_ The lower link FK, shown detached in Fig. 218, is in the condition 
_ of a beam supported at the ends and loaded in the middle. The maxi- 
- mum tensile stress f due to the bending moment will be at L, and will 
16Wa 
| be equal to =H 
diameter d. 
The right-hand link FH, shown detached in Fig. 219, is subjected to 
a& maximum bending moment at the horizontal section at B amounting 


, assuming the cross section of the ring to be a circle of 


to Wer-2), causing a maximum tensile stress f, at M equal to . 


' ew ol . In addition there is a uniform tensile stress f, on the hori- 
- zontal section at B equal to chalk due to the load ua The total stress 
ae, _16W(r-2) , 2W 
at M is therefore /, +/,= 7s — ra?" 


__ Now it seems reasonable to suppose that the points F and H will be 
80 situated that the total stress at M will equal the stress at L, because 
when the first permanent set takes place, say at M, if there is not a 
simultaneous permanent set at L, the line FH would shift towards M, 
causing the bending moment, and therefore the stress, at L to increase. 
_ The line FH will therefore adjust itself so that permanent set takes place 
simultaneously at M and L, and therefore the stress at M must be the 
- same as that at L. Making use of this, 
-_= 16Wa 16W(r-2) 2W 
PIs 90 Ti 


16Wz 16W/r d W/sr 1 
ati fae sat tie) - sata): 


—_—__—_— 


If r=nd, thend= /|"* 
| v/zfint) 


The foregoing results are only roughly approximate, because of the 
_ assumption that the moment of resistance to bending of the curved piece 
4 FBH is the same as for a straight piece. In the case of a curved bar 
subjected to bending the neutral axis of a cross section does not pass 
1 through its centre of gravity, and the stress does not vary uniformly from 
_ the neutral axis, as in the case of a straight bar. The errors in the 
_ formule deduced above are on the wrong side for safety. 
For a full discussion of the theory of bending of curved bars the 
_ student is referred to Morley’s Strength of Materials. 
; 151. Poisson’s Ratio.—When a bar is subjected to direct stress, either . 
_ tensile or compressive, there is not only a longitudinal strain, but also 


ol & 


from which, x =; + 
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a transverse strain. If a bar of length /, hreadth 0, and thickness ¢ be 
loaded, say in tension, in the direction of its length, the length will 
increase by an amount «, the breadth will decrease by an amount y, and 
the thickness will decrease by an amount z. The longitudinal strain 
is z/l, and the transverse strain is y/6 or 2/t. 

It is found that, within the elastic limit, the ratio of the transverse strain 
to the longitudinal strain is constant for any given material, and this con- 
stant ratio is generally called Povsson’s ratio. In this work Poisson’s ratio 

transverse strain 

longitudinal strain’ 
between 3 and 3, but values as low as 0°22 and as high as 0°45 are given 
by different authorities. For india-rubber, o is about $. 

_ 152. Relations between co, EB, C, and K.—Let a cube ABCD (Fig. 
220), whose edges are of length 7, be subjected to tensile stress of in- 
tensity f on the faces AD and BC, and all interfaces parallel to them. 
Also let the faces AB and DC, and all interfaces parallel to them, be 
subjected to a crushing stress of intensity 7. The cube will assume the 
rectangular shape A’B’C’D’. 

The tension will cause a strain in the direction EG amounting to 7/E, 
and the compression will increase this strain by the amount o//E. There- 


fore the total strain ;= ‘ (1+¢c). 


According to Art. 142, equal tensile and compressive stresses acting 
at right angles to one another, as in this case, are equivalent to shear 
stresses of the same intensity on planes inclined at 45° to the directions 
of the tensile and compressive stresses. If, therefore, a rectangular solid 


nll LL, 


is denoted by o; thus o — For metals o is generally 


7 
. 7 
4 
ae 
Hate = sa a SPR i: 
! 
To \E-$ 
mY 
ean} sbogee = 
Fig. 220. 


be formed whose front face is the square EFGH, having its angular points 
at the middle points of the sides of the square ABCD, the faces of this 
solid, which are perpendicular to EFGH, will be subjected to pure shear, 
and the intensity of the shear stress will be 7. If ¢ is the angle of dis- 
tortion, then ¢=//C. When the block EFGH is strained it assumes the 


form E’F’G’H’, and the angle EPG’ =5+ d. Let E’G’=/+2, and let 
EF be denoted by a, then 
; T 
tbe sin(5+4) cos p 


sin ie sin cos — cos 7 sin § 
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2? _ sine? 
“1 aban)” /2( cos $ + sin 5) 


But since . is a very small angle, cos $ may be taken=1, and 


ino _¢ +2 Jo(1+¢). Agia £1 
ain 5 = 5 Therefore ——< /2 1+5 . Again ple /2. 
sin = 
4 
Hence -= z= /2(1+$)- J2=% »/ 2, and f= f=. 


But it has already been shown that prs a(1 +0). 


Therefore a = Za +o) or E=2C(1+¢). 


If the faces AG and DH of a cube AH (Fig. 221) be subjected to a 
_ normal pressure of intensity p, the edge AD will be shortened, and the 
strain Eodised will be p/E. If, in 

addition, the faces AE and BH be i G 
_ subjected to a uniform normal pres- A mea 
sure of intensity p, the edge AD will ! 
be lengthened, and the strain pro- Se-4--- Jy 
duced in AD by the pressures on pee 
AE and BH will be op/E. D C 

In like manner, normal pressures Fira. 221. 

_ of intensity p on the faces AC and 

_ FH will lengthen the edge AD, and the strain in the direction AD, due 
to the pressures on AC and FH, will be op/E. 
When all the faces are subjected to normal pressure of intensity p, it 


biti) 


oLii}i|> 


ST LEAS 


rTtt 


: follows that the strain produced in the direction AD will be 
4 a! 

; eS they z( 1- 20). 

;: 


But the strain in the direction of each edge will be the same, and the volume 
strain will be three times the above linear strain (Art. 81), ae Mag, = 


strain = ma -2c). But volume strain= z Therefore E SP — 2c) = K 


or E=3K(1 - 20). 
: From the equations E= 2C(1+«) and E=3K (1 — 2c), the following 
relations are easily obtained :— 


9CK 3EK CE 
ee) Sah es K=90-3E° 
; _E-20_3K-E_3K-2C 

i hee Seat 6K  20+6K° 

> 


It is evident that if any two of the four quantities, E, C, K, and ¢, 
be found by experiment, the other two can be calculated. 
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153. Thick Hollow Cylinders.—In Art. 90, p. 76, it was shown that 
if a thin cylindrical shell of diameter d and thickness ¢ be subjected to an 
. internal pressure of intensity 
p, the material of the shell 
is subjected to a tensile stress 
of intensity f, given by the 
equation pd =2tf. Inserting 
twice the radius 7 instead of 
the diameter d, then pr=#/. dr 
It is evident that so long as <u 
the thin shell remains circular 
the relation pr =#f will hold 
if the pressure p be transferred 
to he oats: of the shell, Pra, 32. 
but the stress f will become compressive instead of tensile. The assump- 
tion made in proving this relation was, that the stress is uniformly distri- 
buted over the longitudinal section of the shell. This assumption is 
justified for a thin shell, but it cannot be used in the case of a thick 
hollow cylinder. 

Let a thick hollow cylinder (Fig. 222) have an internal radius 7, and 
an external radius 7,, and let there be an internal pressure of intensity 
p, and an external pressure of intensity p,. 

In what follows a thrust or compression will be considered as posi- 
tive, and a pull or tension as negative. It will be convenient to suppose 
that the cylinder is in compression, the external pressure being greater 
than the internal pressure, but the results obtained will be of general 
application, the formule making the stress negative when the internal 
pressure is greater than the external pressure. 

Consider a portion of the cylinder of unit length, and take an inter- 
mediate indefinitely thin ring of it of internal radius r and thickness dr, 
Let the internal radial pressure on this ring be p, and the external 
pressure p + dp. 

Considering the equilibrium of this ring, if the external pressure 
pt+dp acted alone, the stress f produced would be given by the 
equation (p+dp)(r +dr)=/fdr, and if the internal pressure acted alone, 
then pr=fdr. Hence, when both pressures act at the same time 
(p+dp)(r+dr)-—pr=fdr, which reduces to pdr+rdp=fdr, which is 
one relation between p, f, and 7. 

Another relation involving p and f is found from a consideration of 
the strains produced by p and / in the direction of the axis of the 
cylinder. The pressure p will produce a strain in the direction of the 
thickness of the ring equal to p/E, and a strain in the direction of its 
axis equal toa p/E. The stress f will produce a strain in the material of 
the ring, in the direction in which it acts, equal to //E, and a strain in 
the direction of the axis equal too/f/E. Hence the total strain in the 
direction of the axis due to p and f is op/E+o//E, and this strain will 
be uniform throughout, because it is reasonable to suppose that plane 
sections perpendicular to the axis will remain plane. If, therefore, 
o p/K+o7/E is constant, p+/ is constant. Let p+/f=2a. 

From the equation p+/= 2a, f= 2a —p; substituting this value of fin 
the equation pdr+rdp=/fdr, it follows that 2pdr+rdp=2adr. Multi- 
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plying both sides by r, 2prdr+r°dp=d(pr*)=2ardr. Integrating 


pr =2afrdr = 2a 5 3 +c=ar*+c, where c is a constant of integration. 
When r=r,, p=p,,_ therefore Py =ari+e. 


” T= Vos P=Pro : Pali =ar?+c. 
iin thew equations a = 2X3 P2 “ang cao ied 
Zs rar er 


From the equations pr?=ar?+c, and f=2a-—yp, and the values of 


~ @and c just determined, 


f= Pi, Pari _ (ry — Por irs ’ 
r§-Tri (73 = ri)r 
Putting r=r,, f becomes /,, the stress at the inside surface, 
fa teri— rot +rt) 
t3-7r} 
Putting r=r, , f becomes f,, the stress at the outside surface, 
fea PhO td = pyri 
3-1} 
_ The most common cases in practice are those in which p, is so small 


_ compared with p, that the former may be neglected, or p, = 0. 


—p,(r?2 +72 — 2p r 
If p,=0 then f, = =e Te, fy= 7 at, 


and fa seri (rare), 


r3—ri r2 
~ the minus sign in front in each case See i the stress is tensile. 


The tensile stress J, has the value, — £ ri + a9 hanes it is easy to deduce 
"3 
2 _ (ate ae Lime, n/ (Bees w Pt) 1, 
mt J Ji-VA nd 5 Ji-Py 


_ where t is equal to 7,—7r,, the theives of the cylinder. It is evident 
_ that for all possible values of ¢, /, must be greater than 7. 


The foregoing formule are Known as Lamé’s formule. 


Exercises IXb. 

Notr.—The answers given at the end of the book to Exercises 5, 6, and 8 on crane 
hooks were obtained on the assumption that the moment of resistance of a curved 
bar to bending is the same as that for a straight bar. The answers are therefore 
only approximate. See the latter part of Art. 150, p. 155. 

1, The crank shaft shown in Fig. 223 is subjected to a thrust P along 
its axis. Determine the magnitude of P, in tons, 
when the maximum tensile stress produced by it a 
in the crank pin is 4 tons per square inch. Lak gee 
What will then be the maximum compressive © i fe? ie 
Stress in the pin? pe): 

2. A link (Fig. 224) of rectangular section, af 
8 inches deep and 2 inches wide, is subjected . 
to tension by a load P, the line of action of which ’ 
is to the axis of the central part of the p+ —+—|+] p< 

+ at a distance 2 above it. When «=} 
P, if the maximum tensile stress in 


6 tons per square inch. Find also Fig. 223. 
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the maximum value of x so that there shall be no crushing stress in the~ 
link. 


3. A short cylindrical block of diameter d pe 
is subjected to crushing by a load whose line 77 
of action is parallel to the axis of the block, P = EA ‘Se P 
and at a@ distance # from it. Find the maxi- C2729 
mum value of x, in terms of d,so that there K2 
shall be no tensile stress in the block. 
4. Show that there will be no tensile stress Fig. 224. 


at the joints of a masonry arch if the resultant 
thrust between two adjacent blocks falls within the middle third of the joint. 

5. The crane hook shown in Fig. 225 has at the level AB a circular cross 
section 24 inches in diameter, and & the distance of B from the line of action 
of the load W is 2 inches. Find W, in tons, when the tensile stress at B is 
4 tons per square inch. Find also the nature and intehsity of the stress at A. 

6. Referring to the crane hook shown in Fig. 225, if d is the diameter of the 


section at AB, and k= “a, find d in terms of W, where W is in tons and the 


tensile stress at Bis 5 tons per square inch, What is the nature and intensity 
of the stress at A? ‘ 

7. A beam 3 inches deep and 2 inches wide projects from a wall and carries 
a load P, which acts as shown in Fig. 226. The maximum tensile stress in the 


Fia. 225. Fig. 226. Fig. 227. 


beam is to be 10,000 lbs. per square inch, Find the magnitude of P, in lbs., 
(a) when h=1} inches ; (6) when h=44 inches. 

8. In the crane hook shown in Fig. 227 the dimensions are given in terms of 
an unknown unit, and the section at AB is to be assumed as having the form 
shown in the lower part of the figure. Determine the unit for the dimensions in 
terms of W the load in tons, so that the total tensile stress at B shall be 5 tons 
per square inch, 

9. A built-up crane jib is in the form ofa curved girder, and a horizontal 
section near the base is a hollow rectangle. The outside dimensions of the 
rectangle are 54 and 36 inches, and the longer and shorter sides are 1 inch and 
2 inches thick respectively. Find the maximum tensile and compressive stresses 
induced in the material when a load of 25 tons is suspended from the end of the 
crane, the horizontal distance of the load from the centre of the section being 
50 feet. Show by a sketch how the intensity of stress varies across the 
section, [U.L.] 

10. A cylindrical masonry column of diameter d feet is subjected to a 
horizontal force due to the wind pressure. Prove that no tensile stress will be 
produced in the basal cross section of this column, if the resultant of the wind 
pressure and the weight of the column fall inside a circle concentric to the 
circular cross section of the column, and of diameter =} of the diameter of the 
column. Hence find the greatest height to which a column of granite 6 feet in 
diameter can be safely built, if the maximum intensity of the horizontal wind 
cer. . 40 lbs. per square foot, the weight of the granite being 160 lbs. per 
cubic foot. 
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Note.—You may assume that the wind pressure on the cylindrical surface is 
area to a pressure of half the given intensity on an area equal to the 
eter of the column multiplied by its height. (U.L.] 

11. Using the method of Art. 150, p. 154, show that if the cross section 


_ of the ring is a square whose sides are equal to s, then s=} af 7 (Gn 1). 


4 12. A steel bar 20 feet long and 2 inches square is elongated by a load of 
_ 20,000 lbs. Find by how much the volume of the bar is increased. Take 
_ ¢=0°27 and E=30,000,000 lbs. per square inch, 
13. A piece of cast iron 5 inches long and 1 inch square is subjected to com- 
ora in the direction of its length by a load of 10 tons. What must be the 
intensity, in tons per square inch, of the lateral external pressure which must be 
7 ed to the piece to prevent lateral strain, and what will then be the alteration 
in length? ‘Take o=0:25 and E=7000 tons per square inch. 

; 14. The shell of a cylindrical steam boiler is 8 feet 4 inches in diameter and 
1 inch thick, and the effective steam pressure is 200 lbs. per square inch. Find 
_ the circumferential strain produced, (a) neglecting the longitudinal strain, (5) 
taking the longitudinal strain into account. Take o=0°26 and E=30,000,000 lbs. 
square inch. 
15. A bar of mild steel 1 inch in diameter twists through an angle of 2:2 degrees 
in a 20-inch length when subjected to a twisting moment of 2200 inch-lbs. An 
_ exactly similar bar of the same material deflects 0°03 inch when supported 
horizontally at two points 20 inches apart and loaded at the centre of the span 
with a load of 264 lbs. Calculate the Modulus of Elasticity (E), Modulus of 
_ ‘Transverse Elasticity (C), Modulus of Elasticity of Bulk (K), and Poisson’s ratio 
_ for the material. (U.L.] 
y 16. The cylinder of an hydraulic press has an internal diameter of 10 inches, 
and the water pressure is 1500 lbs. per square inch. Find the thickness of the 
_ metal of the cylinder so that the maximum stress may be 2500 lbs. per square 
inch. What will be the stress in the metal at the outside of the cylinder? 
17. Find the safe internal pressure, in Ibs. per square inch, for the cylinder 
_ of an hydraulic press which has an internal diameter of 5 inches and an external 
_ diameter of 7 inches, when the maximum safe stress is 3000 lbs. per square inch. 

18. The internal diameter of a thick hollow cylinder is 54 inches, the internal 
eno is 1120 lbs. per square inch, and the maximum stress produced is 

Ibs. per square inch. Find the thickness of the metal. 

19. The internal and external radii of a thick hollow cylinder are 5 inches 
and 9 inches respectively. If the tensile stress in the metal at the inner surface 
_ of the cylinder is 3000 lbs. per square inch, what is the internal pressure? 
_ Calculate the values of the tensile stress in the metal, in lbs. per square inch, 
at radii 6, 7, 8, and 9 inches, and plot the stresses on the thickness of the 
_ cylinder asa base. Linear scale, full size, Stress scale, 1 inch to 1000 lbs. per 

_ Square inch. 
20. In a thick hollow cylinder, show that if the stress f at radius r is 
inversely proportional to r, or that fr?=constant, then p,r3;=f,t (Barlow's 
3 ), where p, is the internal pressure, f, the stress at the inner surface, 
_ 1% the external radius, and ¢ the thickness of the metal. The external pressure 
is assumed to be zero. 
' 21. The internal pressure in a thick hollow cylinder is 3 tons per square inch. 
_ The internal and external radii of the cylinder are 5 inches and 10 inches 
respectively. Calculate the values of the stress at radii 5, 6, 7, 8, 9, and 10 inches, 
_ (a) by Lamé’s formula ; (6) by Barlow's formula (see preceding exercise). Plot 
the results. Linear scale, full size. Stress scale, 1 inch to 2 tons per square inch. 
y 22. Same as preceding exercise, except that there is an initial stress in the 
_ material which varies uniformly from 2 tons per square inch compression at the 
_ inner surface to 2 tons per square inch tension at the outer surface. . 


CHAPTER X 
COLUMNS AND STRUTS 


154, Columns and Struts.—A Column or Pillar is always vertical, 
and generally it is fixed rigidly at its ends. A Strut may be vertical or 


inclined, and one or both ends may be fixed rigidly, or one or both ends — 


may be connected to the surrounding structure by flexible joints. The 


theory of struts will therefore evidently apply to columns. In most cases 


the only important load on a column or strut is one acting at its ends in 
the line of its axis and tending to shorten it. In some cases, however, 
there is a lateral load in addition. | 


Comparing a strut with a tie (Figs. 228 and 229), it is evident that 


if the strut and tie be bent by lateral forces or if they be originally bent, 
the load P on the strut tends to bend it still further, while the load P on 


OS ee 
PLO STRUT <o}? ’( sro}? 


Fig. 228. Fig. 229. 


the tie tends to straighten it. The theory of a tie is obviously very 
simple, being expressed by the equation P= Af, where A is the area of 
the cross section and f the stress. The theory of the strut would be the 
same as that of the tie if the strut did not bend. Neglecting for the 
present the case of the laterally loaded strut, the load at its ends may 
bend the strut, because (1) the strut may not be perfectly straight when 


unloaded, (2) the load may not be applied exactly in the line of the axis — 


of the strut, and (3) through a want of uniformity in the material one 
part may yield more than the other parts in compression. 

The tendency of the strut to bend will evidently be greater the 
greater the ratio r of its length to its least transverse dimension, and 
the manner in which it gives way under the load will depend largely on 
the value of 7. When r is small there is no bending, and the strut gives 
way by crushing (or oblique shearing, as described in Art. 166, p. 175). 
When 7 is very large the strut gives way by bending, and for moderate 
values of 7 the strut may give way by crushing and bending. 


155. Critical Load for Long Column.—A simple and instructive — 
experiment on the behaviour of a long column will here be described. — 


A long slender lath of wood or a straight strip of steel is placed in a 
vertical position and loaded, the load being guided vertically, as shown in 
_ Fig. 230. The ends of this experimental strut are rounded and fit into 


shallow grooves in the end connections, as shown on an enlarged scale 
162 


i a 


. way, gradually increasing the load until it is found that 


_ further, may be called the critical load for the 
strut. 
_ slender columr. may be demonstrated as follows. 


_ the deflection being u,. Let Z be the modulus 


RR ee ee re 
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at (a). A load insufficient to bend the strut is applied, and the strut is 


then slightly bent by pressing it sideways at the middle of its length. 
When this side pressure is removed the strut straightens 
itself. A small addition is made to the load and the side 
pressure is again applied and removed, the strut bends and 
straightens again. The experiment is continued in this 


P 


when the side pressure is applied and then removed the 


strut remains bent. When this point is reached it will be (a) 
found that, whatever amount of deflection be given to the 
strut by the applied lateral force, the strut will retain 
that amount of deflection when the lateral force is removed, , G 
provided that the elastic limit is not exceeded. But if yg, 930, 


the load on the strut be further increased and the strut 
be slightly bent as before, the load will increase the amount of bend- 
ing until the strut takes a permanent set or collapses. This load, which 
will keep the strut bent but will not bend it 


That there is a critical load for a long 


Let the strut shown at (a), Fig. 231, be in equi- 
librium under the load P, and lateral force Q,, 


of the cross section, and let 7, be the maximum 
stress due to bending. ; 


The total bending moment is Py + Qe, Fia. 231. 


_ and the moment of resistance to bending is f,Z, therefore Pw, + Qe =f,Z. 


Tf Q,; be now diminished to zero and P, be increased to P, the deflec- 


tion u, remaining the same, it follows that Pu, =,Z or P=i7, 
1 
If the same strut be in equilibrium under the load P, and lateral 
force Q,, as shown at ()), Fig. 231, the deflection being u,, then decreasing 
Q, to zero, and increasing P, to P’, the deflection wu, remaining the same, 


it follows that py 7, where f, is the maximum stress due to bending. 


Us 


But Aah, therefore P’ =P. 
1 


From the foregoing it follows that the strut will be in equilibrium 
under the load P for any deflection within the elastic limit. 

For a load greater than P the force Q, acting as shown at (c), Fig. 
231, would be necessary to prevent further deflection of the strut, because 
the bending moment due to P+W is Pu,+Ww,, and the moment of 
resistance of the strut to bending is 7,Z, but Pu,=/,Z, therefore the 
bending moment Wz, must be balanced by the moment’ of Q, hence 


QU=Wu,. Within the clastic limit, /Z, the moment of resistance of the 


’ 
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strut to bending will be proportional to /, and therefore propor- 

tional to the deflection. But when the elastic limit is passed, the 
- moment of resistance will increase more rapidly (see Art. 116, p. 109); 
and with the additional load W there may be another position of 
equilibrium for the strut, but the strut will then have taken a per- 
manent set. 

156. Approximate Theory of Long Columns.—ACB (Fig. 232) 
represents a long slender column which, when unloaded, is perfectly 
straight, of uniform cross section, and uniform elasticity. 
The ends are supposed to be rounded so that the column 
is free to bend throughout its whole length. The critical A\ 
load P is supposed to act in a fixed line which coincides 
with the axis of the column when the latter is unloaded. u 

Let the loaded column be slightly bent by the applica- 
tion for an instant of a lateral force. At any point C uj; 
there is a bending moment equal to Pu, where w is the de- 
flection at C, and it follows that the figure ACBA is the 
bending moment diagram for the whole column. ‘ It is B 
evident that the curve ACB cannot be an are of a circle, 
because that would necessitate the bending moment being yyq 939 
uniform throughout the whole length of the column. If 
the curve ACB be assumed to be a parabola, then the deflection 
of the column is the same as it would be if the column became 
a beam, supported at its ends, with a transverse load uniformly dis- 
tributed over its length. In Art. 123, p, 114, it was shown that for a 
beam of length L and uniform section, supported at its ends and loaded 
5WL 
384EL" 
If M is the bending moment at the centre of the beam, then 


“F 


1 
' 
k 


k---- - -- 2 


uniformly with a total load W, the deflection w, at the centre is 


WL, _ 5ML? wf 
M= = hence w, = FREI? but for the column M=Pw,, therefore 
= _ 5Pu,L? and p= 48EI _ 9°6EI 
1 48EI ’ 5L? L? © 
By the more exact theory of Euler, discussed in the 
next Article, Pare 


157. Euler’s Theory of Long Columns.—The column 
ACB (Fig. 233) is supposed to be under exactly the same 
conditions as the column considered in the preceding 
Article. At any point C in the column, at a distance y 
from the middle point of AB, the bending moment M is 
equal to Pu. If R is the radius of curvature of the 
column at C, then by Arts. 109 and 110, pp. 103-105, 

2 
——— But ” oa (see Art. 9, p. 9), the minus sign 
being used to maké.R positive, because as % increases 


a 2 
“ decreases. Hence PY = — The general solution of this differ- 


dy El dy 


Fig, 233. 
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ential equation gives w= A sin ny +B cos ny, where n? = Lm and A and B 
are constants. . 
Differentiating, ie = An cos ny — Bn sin ny. 
¢ 


When 7 =0, a 0, also sin ny =0; therefore A=0, and u=B cos ny. 


But when y=0, w=, and cos ny=1, therefore u, = B. 
When y=/, w=0, therefore B cos m/=0, hence either B=0 or 


cosnJ=0. But B=u,, therefore cos nl =0, hence nl = 3 and / vl RS =", 


2 
wEI 7°EI 

Therefore P ip i 
158. Influence of End Connections on Strength of Ideal Columns. 
—If the ends of the ideal column ACB are fixed as shown at (a), Fig. 
234, then when the column deflects the directions of 
the tangents to the curve ACB at A, C, and B must 
be vertical, and the line of action of the resultant load 
on the column will no longer pass through the centres 7 
of its ends, but must lie between the point C and the | 
straight line AB, and will cut the curve ACB at points 
Hand K. At the points Hand K there is no bending , 
moment, and these must therefore be points of con- | 
trary flexure. i 
Consider the parts HA and HC of the bent column. L 
i 
! 
{ 
L 


At points in HA and HC where the deflections, mea- 
sured from the vertical line through H, are equal, the 


bending moments are equal, and therefore the radii of (a) P 
curvature at these points must be equal, the column (b) 
being of uniform cross section. Also the curves have 
the same slope at H, and also the same slope at A and P 
_ ©. Hence it is evident that the curves HA and HC Fic, 234 


are similar and equal, and that the points H, C, and K 
_ divide the column into four equal parts. Hence the part HCK has a 
length equal to half the length of the whole column. Now the part 
_ HCK is in the condition of a column with rounded or hinged ends carry- 
ing the load P, as shown at (0), Fig. 234. Therefore, 


2 PoP 
from the preceding Article, oe tect - Hence 

Ps 2 3 A FTA 
@ column fixed at the ends is four times as strong as the L 


same column with hinged or rounded ends. , 
The formula for the strength of an ideal column fixed c— 
at one end and loaded at the other is easily deduced 4 YY 
from that for the column with rounded ends. A column , (a) (b) 
ACB with rounded ends is shown at (a), Fig. 235. At 3 
C, the middle point of its length, the tangent to the B 
curve is vertical, and if the column be held in a clamp at 
C, so as to preserve the direction of the tangent to the —Fyq, 235, 
curve at that point, the lower part of the column might 
be removed without affecting the upper part. The upper part will then 
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become a column fixed at one end and loaded at the others as shown at 
2 
(t), Fig. 235, where L=3L, Hence, P=7 1-7 | which shows 


Li 41 
that a column fixed at one end and loaded at the other has only one- 
fourth the strength of the same column with hinged or rounded ends. 

159. Empirical Formule for Struts.—The Euler formule for struts 
is rational, but it is only applicable to struts which are very long com- 
pared with their least transverse dimension, and when applied to struts 
which are common in practice they give values which are too high for 
their strength. Numerous empirical formule have been devised by 
different authorities to give the strength of ordinary struts, the constants 
or coefficients in these formule being derived from the results of experi- 
ments on struts. The empirical formula which has been most used is 
that known as the Rankine or Rankine-Gordon formula. 

160. Rankine-Gordon Formula for Struts.—The Rankine-Gordon 


formula is p= > Matas, 9» Where 


A 1+a(7) 


P=crushing or crippling load on strut in tons. 

p=crushing or crippling load on strut in tons per square inch of 
cross section. . 

f=direct crushing strength of the material of the strut in tons 
per square inch. 

A =area of cross section of strut in square inches. 

L=length of strut in inches. 

k =least radius of gyration of section of strut in inches. 

a == constant. 


Values of and @ commonly taken for different materials in different 
cases are given in the following table :— 


Values of a. 
Material. Ff 
Case I. Case II, Case III. 
Cast-iron . 3 : 36 pay 1.4: = 1 16 = 1 
6,400 6,400 1,600 9 x 6,400 3,600 
Wrought-iron . -| 16 : - = shin ee = : 
36,000 | 36,0007 9,000 9 x 36,000 20,250 
: 1 a i eng 16 1 
Mild-steel . ; 21 = = 
30,000 | 30,000 7,500 9x 30,000 16,875 
i , 1 4 ik 16 1 
Dry timber(strong kind 3:2 ines Ss Lae kt ee peanh eee ee Pe 
7 io 3,000 | 3,000~ 750 | 9x3,000 ~ 1,687 


Case I. Fixed ends. Case II. Hinged ends. Case III. One end 
fixed and the other hinged. 
It will be observed that the values of a for Cases II. and IIL. are 


obtained by multiplying the values for Case I. by 4 and ao 


9 respectively. 
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d Most text-books give a so-called proof of the Rankine-Gordon 
formula, but the assumptions made are not warranted in the case of 
- actual struts. It is best to consider the formula as an empirical one, but 
it may be pointed out that when it is applied to very short struts it 
reduces to P= Af, which is correct, and when applied to very long struts it 


7 reduces to P= Vi JT x25 


ws L? aL?’ \ MILD STEEL COLUMNS. 
_ which is the form of the 429 6 HINGED ENDS. 
expression given by Euler’s ¢ NY, eC! 
theory of long columns. ec 15 Yor 
Fig, 236 shows graphi- @ ‘@ 

‘ NA 

cally the difference between 2 10 <N 

the Rankine-Gordon and § no 

the Euler formule applied , 5 ——— 

to mild steel columns with § Fe 
_ hinged ends. = 25 50 75 100 

If the results of the RATIO Lk oS og 

- Rankine-Gordon formula Fia. 236. 


be plotted for columns of 

different materials, instructive curves are obtained. Fig. 237 shows the 
- eurves for columns of cast- 
_ iron,wrought-iron, and mild COLUMNS. FIXED ENDS. 
_ steel with fixed ends. It RANKINE FORMULAE. 
_ will be seen that for very 
short columns cast-iron is 
- much stronger than either 
wrought-iron or mild steel, 
and that for ratios of L to 
k less than 85 the cast-iron 
_ columns are the stronger, 
but for ratios of L to k 
greater than 85 the mild 
steel columns are the 
stronger. Also for ratios 
of L to & less than 115 
the cast-iron columns are i 
stronger than the wrought- 25.50 75 100 125 150 175 200 
iron ones, but when the ah. RATIO Lik 
ratio of L to & is greater Fia. 237, 
than 115 the wrought-iron ; 
_ columns are stronger than the cast-iron ones. For all values of the 
ratio of L to & the mild steel columns are stronger than those made of 

wrought-iron. 
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Notr.—A defect in the theory of Arts, 155-158 is that the direct crushing 
stress is neglected; but in very long columns the direct stress is small com- 
pared with the bending stress, while in short columns the direct stress is large 
compared with the bending stress. 


168 APPLIED MECHANICS 


Exercises X. 


1. A straight bar of steel 40 inches in length, 1 inch broad, and 4; inch in 
thickness, is bent into the form of a bow, having an elastic deflection of 2 inches 
in the middle, and the ends are united by the bow string. Taking the modulus 
E= 29,000,000 lbs. per square inch, what will be the tension on the string ? 

[Inst.C. E.] 

2. Apply the Rankine-Gordon formula to tind the buckling load for a cast- 
iron column 8 inches external diameter, 6 inches internal diameter, and 20 feet 
long. The column has fixed ends. 

3. A strut in a framed structure is formed of a steel pipe 6 inches external 
diameter, and 3} inch thick; it is 10 feet long, and has pin connections at each 
end. With a factor of safety of 5, to what load may it be submitted ? [Inst.C.E. 

4. Determine the value of the ratio L/k for which columns of cast-iron an 
mild steel of the same cross section, with hinged ends, have the same strength by 
the Rankine formula. ‘7 

5. Plot crippling load, in tons per square inch, and ratio L/k, for cast-iron 
columns with hinged ends, (a) by the Rankine-Gordon formula, (6) by Euler’s © 
formula, up to L/k=200. Take E=6000 tons per square inch. 

6. Find the proper diameter for a solid mild steel strut with pin ends, if its 
length is 120 inches, and if it has to carry a total load of 20 tons with a factor of 
safety of 7. Take the values of f and a (for flat ends) in the formula as 30 tons 
per square inch, and zp3gy respectively. [U.L.] 

7. Three solid cast-iron columns, each 3 inches in diameter, and 10 feet long, 
have their ends fixed, and each carries one-third of a load W. Find by the 
Rankine-Gordon formula the diameter of a single solid cast-iron column with 
fixed ends to replace these three columns, and find the percentage saving in 
weight of cast-iron. 

8. A hollow cast-iron column has to be designed to support a total load of 130 
tons ; the column is to be 15 feet in length, and the internal diameter is to be 
four-fifths of the external diameter, and it is desired to have a factor of safety 
10. Find the external and internal diameters of the column if the crushing 
load in tons per square inch for such a column is given by the formula 


Crushing load in tons per square inch = a , where L is the length 
. ste 5) 
of the column in inches, and D is the external diameter in inches. [B.E.] 


9. A hollow cast-iron column 20 feet long, with ends rigidly fixed, has 
to carry safely a load of 50 tons, If the factor of safety is 6, and the 
external diameter of the column is 8 inches, find the internal diameter. 

10. A steel strut is built up of two T section bars (Fig. 238) 
riveted back to back; the T’s are of the following section : 6 
inches x 43 inchesx 8 inch, The ends of the strut are rigidly 
secured, and its over-all length is 18 feet 6 inches. What gross 
load can this strut carry if it is to have a factor of safety 5? By 
the Rankine formula the buckling load in lbs. per square inch 


of such a strut=——4%,000 _ | where L is the length of the 
1+! _ (LY Fig. 238. 
30000\ & 
strut in inches, and & the least radius of gyration of the section. [U.L.] 


11. A column is built up of an [ rolled joist 20 inches deep ; flanges 7} inches — 
wide, and 1 inch thick; web $-inch thick; with two §-inch 


plates 12 inches wide riveted to each flange (Fig. 239). Find 
the least radius of gyration of the section. Taking a factor of 
safety of 6, find the working load if the column is 10 feet high 


= »where P is the 


ith fixed ends. he f 2 
with fixed ends. Use the formula P 2 Fia. 239. 


buckling load in tons, A the cross sectional area in square inches, and \ is 
the ratio of the length to the least radius of gyration. [Inst.C.E.] 
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_ 12. A vertical mild steel post in a bridge consists of a central plate 18 
nche ae inch, a pair of angles 4 inches x 4 inches x} inch at each 
of the plate, and a plate 12 inches wide by } inch thick con- 
ed to each pair of angles so as to form an i section (Fig. 240). 
t th is 20 feet, and each end is firmly riveted to the flanges of the 
main girder. Find the safe load by Rankine’s formula. [Inst.O, E.] 
_ 13, A cast-iron column 10 feet long is fixed at the ends and has an 
I section 6 inches deep, with flanges 5 inches wide and web 1 inch Fia, 240. 
Find the thickness of the flanges so that with a factor of 
) ¢ 6 pee eran will carry safely a load of 85 tons. Use the Rankine- 
_ 14. If P denotes the buckling load of a column by Euler’s formula, and W 
‘denotes the buckling load of the same column by the Rankine-Gordon formula, 
o if F denotes the crushing load of a very short column of the same section 


‘and same material, show that W =>" if the constant a in the Rankine-Gordon 
aM 7; 


x. 
ik for a column with fixed ends. 


15. A hollow 2 egg steel strut has to be designed for the following 
conditions. Length 6 feet, axial load 12 tons, ratio of internal to external 
diameter 0°8, factor of safety 10. Determine the necessary external diameter of 
the strut and the thickness of the metal, if the ends of the strut are firmly built 
in. Use the Rankine-Gordon formula, taking f=21 tons per square inch, and a 
for rounded ends=1/7500. [U.L.] 
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CHAPTER XI 


BEHAVIOUR OF MATERIALS IN THE TESTING 
MACHINE 


161. Nominal and Actual Stresses.—When a specimen of cross 
sectional area a is placed in simple tension or simple compression by a — 
load P, then f, the direct stress produced, is given by the equation f= P/a. 
The effect of the load is not only 59 


to alter. the length of the specimen, aa 
but also its cross sectional area, 45 ae 
and if in the above equation a is n 
the original area of the cross section, 40 44 
then f is the nominal stress pro- 3 Lpoptesie. A 
duced by the load P. If however “*35 7a 
a is the actual area of the cross S50 “s: >* ae 
section when the load P is on the §°° we i 5 1 
specimen, then / is. the actual stress ae Tio wand aes : 
produced. &: / vot om £ \ 
0-5 20|—7, ai 
Pree beerereTT TTT TTT S315 ie 
S03 Bi | 8 a 
. TENSILE | § mio 8. &! — 
3° TEST : STEEL - + 
"30-1 re ; 5 : ; 
3 o | _| Axis y A i 
0 I 2 xe! ee) 1 38 D095. O15 ae . 
Lengths. Scale % . Extension (in inches) in Binches 
Fia. 241. Fia. 242. ° . 


For loads within the elastic limit of the specimen the difference — 
between the original and actual areas of the cross section is so small that 
it may be neglected. Beyond the elastic limit however, in the case of 
ductile materials, the actual area of the cross section of the specimen may 
differ considerably from the original area, and the actual stress may be 
much greater than the nominal stress when the specimen is in tension, 
and much less when in compression. The foregoing remarks are well — 
illustrated by Figs. 241, 242, and 243, which show the results of two — 
tests, one a tensile test on a specimen of mild steel, and the other a a 
compression test on a specimen of wrought-iron. The full curves in — 
Figs. 242 and.243 show the relation between the nominal stress and the 
strain produced, while the dotted curves show the relation between the — 
actual stress and the strain produced. The specimens were originally — 

170 | 
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but they did not remain so, as the load was increased beyond 
_ the elastic limit, and in each case the actual area of the cross section is 
taken as the area of the smallest section. The original and final outlines 
of the mild steel specimen tested in tension are shown in Fig. 241. The 
change in the form of, the wrought-iron specimen in compression as the 
load is increased is clearly shown in Fig. 243. 
Referring to Fig. 242, it will be observed that the maximum nominal 


Stress t square inch. 
20 eT 80 


deel Ee t) 100 
aii Ft 
Bi dood=20 tsi _ 520} PR 
S| foad=30 tone. $40) 4. | Se 
3 Load =30 tone. _ 844 ALT See 


COMPRESSION TEST 
WROUGHT— IRON. 


Sy 
we a 
stress is greater than the nominal stress at fracture, but the actual stress 
at fracture is much greater than the maximum nominal stress. 

In reports on tensile tests for commercial purposes, the maximum 
‘nominal stress is sometimes called the ultimate or breaking stress ; this 
however is wrong, and it should either be called the maximum nominal 
stress, or the maximum stress on the original area. When the term 
maximum stress is used, maximum nominal stress is generally under- 
stood. 

There is no definite ultimate crushing stress for ductile materials, 
‘such as mild steel and wrought-iron, but it will be seen from Fig. 243 
that the curve for the actual stress gets more nearly parallel to the strain 
_ axis as the load is increased. 


‘162. Relation of Elongation to Dimensions of Test Piece.—A study 
of the following results of a test of a specimen of mild steel will lead to 


Fig. 243. 


_ Some important conclusions. Before testing, the specimen was marked off 
carefully in half-inch lengths, and after being broken in tension the two 

: Ne were put together, and the lengths given below the specimen in 
. 244 were measured. The shortest of these lengths, 1°58 inches, is 
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the altered length of a 1 inch length on the specimen before testing, and 
this length contains the 
fracture near its centre, oe 

The other lengths, in order, $5 

are the altered lengths of .& 

S 


2, 4, 6, 8, and 10 inch »04 Vi 
lengths respectively on the 803 \ 
specimen before testing, . Papen 4 mies 


and the fracture is approxi- 
mately in the middle of 0-1 
each of these lengths. 5 


The altered lengths of the oC (2) (3) (4) (5) 16) : 
original inch lengths num- Inches of Lede 9) (10) 


bered (1), (2), (3), ete., are Fig. 245. 
given above the specimen 


in Fig. 244, and the elongations of these inch lengths are plotted 


in Fig. 245. 

It will be seen that the elongation per inch is fairly uniform, except 
for about 1} inches on each side of the fracture, and the elongation in 
the immediate neighbourhood of the fracture is much greater than in any 
other part of the specimen. 

Coming next to the actual elongations and the elongations per cent. 
of length in the 2, 4, 6, 8, and 10 inch lengths, which contain the fracture 
near their centres, the results are tabulated below. 


Gauge length, inches . , 1 2 4. 6 8 10 
Elongation, inches. ; 0°58 0°92 1:43 191 2°40 2°87 
Elongation, per cent. . ‘ 58°0 46°0 35°7 318 30:0 28°7 


It will now be seen how important it is, in stating. the elongation, 
to give the gauge length on which it is taken. It is also very important 
that the gauge length used in getting the elongation should contain the 
fracture, and if possible the gauge length should contain the fracture 


near its centre. For example, the elongation on the 4 inch length con- — 


taining the inch lengths numbered (1) to (4) in Fig. 244 is only 24°6 


per cent., while the elongation on the 4 inch length puipuis the fracture — 


near its centre is 35°7 per cent. 


To be able to select the gauge length so that it shall if posatile contain — 


-the fracture near its centre, it is desirable that the whole length of the 
parallel part of the specimen be marked off in half-inch lengths. 


When tests are made on specimens of the same material it is found — 
that the elongation is influenced by the area of the cross section of the 


specimen as well as by the gauge length. 


The elongation may be divided into two parts, one, the general, and 


the other, the local. The general elongation takes place over the whole 
length of the parallel part of the specimen, and is produced mainly before 


7 


the maximum load is reached. This general elongation is practically 


uniform over the length, and is independent of the area of the cross section 
of the specimen, After the maximum load is reached, local contraction 
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s in in the neighbourhood where the fracture will occur, and the 
ubsequent elongation is mainly in this neighbourhood. But the length 
ver which the local extension takes place is greater the larger the area of 
the cross section of the specimen, and is approximately proportional to 
the diameter, or, in the case of non-circular sections, to the square root of 
the area of the cross section. 
Professor Unwin has shown * that within a considerable range of 
- dimensions, the percentage elongation ¢, on a gauge length s ie a specimen 


leh ® cross sectional area is a, is given by the equation, e= =" = b, where 


re vi s represents the local extension, and ) the general extension, ¢ and } 


og. x constants for a given material. 
. he following are a few values for c and 0, given on the authority of 
Professor Unwin :— 


4 Material. ¢. b, 
| Mild steel plates not es thick, rene Ml te ene 18 
Gun-metal (cast) . : - . 8°3 10°6 
| Rolled brass . : . : : < 4 is - | 101°6 97 
ee CODER ws gee el OS Ppa | 84 0°8 
| p Annealed ee. eee al ied s, ooh oY Ae 35 


- 163. Position of Fracture in a Tension Test Bar.—When a test 
bar is gripped at the ends the outer surface of the bar at the ends first 
receives the tension, and this tension is transferred towards the axis of the 
bar by means of the longitudinal shear stresses between the different 
co-axial layers of material. It is therefore evident that at cross sections 
the ends of the bar the tensile stress will be greatest at the 
ae e, and that it will diminish towards the centre. But at sections 
urther and further from the ends the distribution of the tensile stress will 
e more and more nearly uniform. Hence the section at which the 
fires most nearly uniform will be at the centre of the length of 


When a ductile material is loaded in tension it stretches, and the 
tendency to stretch is greatest where the stress is greatest. But where 
* h occurs there must be a contraction of cross section, and the 
greater the tendency to stretch, the greater is the tendency to contract. 
Now if the stress is greater on the outside of a bar than on the inside, 
ie tendency of the outside to contract is opposed by the inside, where 
e tendency to contract is less. Hence it is evident that contraction 
be greatest where the stress is most nearly uniform, and this is at 
@ centre of the length of the bar. But fracture will oceur where the 
Beeection is greatest, therefore a bar of ductile material of uniform 
ength should break at the centre, and this is what generally happens. 

If the bar is not of uniform strength throughout it will of course 
tend to fracture at its weakest section, but it will not break there unless 
the difference between its strength at that section and its strength at the 


_ ™ Proceedings of the Institution of Civil Engineers, vol. cly. p. 180. 
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centre is sufficient to counteract the tendency to break at the centre, as 
explained above. 

In the case of brittle materials, where the contraction is negligitil 
the position of the fracture is either at the weakest section, or at the 
section on which the distribution of stress is most variable. The fracture 
is therefore at the weakest section, or near one end. 

164. Long versus Short Tension Test Bars.—Every np is 
more or less variable in quality, and test pieces taken from the same 
piece will probably have different tenacities, In a long bar there will be 
one part weaker than the remainder, and if this bar is tested as a whole, 
it will probably fracture at the weakest part. But if a number of test 
bars be cut from the long bar, only one of them will contain the original 
weakest part. Hence the short bars will generally show a higher tenacity 
than long ones. A familiar illustration of the above is found in boot- 
laces. In tightening the lace it is more likely to break when the pull is 
applied at the end than when the pull is applied locally at the boot. 

165. Effect of Notches and Perforations on. Tenacity of Test — 
Bars.—Reducing the cross section of a bar by notching it, as shown at — 
(a) and (0), Fig. 246, or by perforating it, as shown at (c) and (d), will 
evidently fix the position of the frac- 


ture, and as the probability is in favour a Be 

of this not being at the section where the | 
material is weakest, the tenacity of the Oo oO 
notched or perforated bar will for this (b d)\ 
reason probably be higher than that of (a) ) (c) (d) ; 
the unaltered bar. Again, the notching imi Ee 
or perforating will evidently disturb the Fra. 246. 


distribution of the stress at the reduced 
section, making it less uniform, with the result that the contraction of 
area will be reduced. On this account, therefore, the tenacity would be ~ 
increased. On the other hand, however, the notch or perforation may — 
cause such an unequal distribution of stress that fracture may take 
place in consequence and the tenacity be reduced. The effect of the 
notch or perforation in reducing the tenacity will evidently be greater — 
the sharper the re-entrant angle formed by the notch or perforation, 
and it will also be greater the more brittle the material, because a brittle 
material does not yield sufficiently where the stress is greatest to throw 
part of the stress on to the part of the bar where the stress is least. 
Notching or perforating a bar of mild steel raises its tenacity, but 
notching a piece of cast-iron lowers its tenacity very considerably. 
Another important point to consider is the effect of the notch or 
perforation on the resilience of the bar, which is a measure of its power — 
to resist shocks. Let 7 be the length of a bar of uniform cross section @ — 
Let A be the area of the cross section of another bar of the same length, 
but having an indefinitely narrow notch in it, the area of the section at 
the bottom of the notch being a. Let fbe the maximum tensile stress on — 


each bar. Then the stress on the second bar, except at the notch, is ; i. 


The resilience of the first bar is ~ (see Art. 88, page 69). The 
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" . . Al/a,\?_ aif? 
ee, : the second bar is aE (4 vy ) SRE 
laine resilience of first bar _ A 


resilience of second bar a’ 
The unnotched bar has therefore a greater resilience than the notched 
_ bar when the minimum or effective cross section is the same in both. 
166. Fracture by Shearing in Tension and Compression Tests.— 
In Art. 140, p. 138, it was shown that a piece subjected to direct 
tension or direct compression is also placed under shear, the shear stress 
being a maximum in planes inclined at 45° to the axis of the specimen. 
Tt was also shown that the intensity of the maximum shear stress is half 
the intensity of the tensile or compressive stress on planes perpendicular 
to the axis of the specimen. 

__ Experimental evidence of the existence of this oblique shear stress in 

tension and compression tests is found with various materials. For 
_ example, if a test piece of mild steel be highly polished previous to 
testing in tension, a series of lines inclined at about 60° to the axis of 


‘the piece are clearly seen after the yield point is reached. If the piece 
‘is cylindrical, the lines referred to form helices on the polished surface, as 
‘shown roughly in Fig. 247. These lines, sometimes called Luders’ lines, 
show that the molecular slip is taking place in the direction of shear 
Stress, and in the case of mild steel and other materials it is no doubt 
the resistance to pure shear which determines the yield point. 

The actual fracture of a piece of mild steel in tension also shows that 
it really gives way by shear- 


‘ing, as is shown in Fig. 248, 
where the specimens are cylin- 


drical, and the fractures partly 
conical. Fig. 249 shows the 
common form of fracture of 
a cylindrical piece of cast-iron CR 
tested in compression. The All 
of the fracture to the axis of il 
_ the specimen being about 35°. 
_ Shearing of a piece under a crushing load is found when testing a hard 


Wide 
| 
| 


———— 
=————— 
zx 


ing obliquely, the inclination 


‘cast-iron gives way by shear- 
eel ball in compression between two hard flat plates, or between two 
_ other balls. Where contact takes place small circular flats are formed 
on the ball, and these become the bases of two cones, which form in the 
all by shearing, and these cones are forced into the ball and cause it to 
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split into two or more pieces. The ball therefore gives way finally by 
tearing. Fig. 250 shows a ball which has split into two pieces by a 
erushing — load re: . 
acting in the 
direction of the 
arrows. The two 
cones referred to 
above are seen 
adhering, one to 
one half of the 
ball and theother ‘Fria. 260. Fig. 251. 
to the other. 

Fig. 251 shows a typical fracture of a cast-iron roller tested in com- 
pression between two hard flat plates. Here wedges form by shearing, 


and these finally split the roller. In the case illustrated, the splitting | 


was probably caused by the bottom wedge. 

In actual fractures by shearing in tension and compression tests the 
inclination of the plane of fracture to the axis is never 45°, although at 
that angle the shear stress produced by the external load is greatest. 
The reason why the fracture does not take place at 45° is that the resistance 
to sliding at an oblique section is affected by the normal stress on that sec- 
tion. The theory of the effect of the normal stress on an oblique section 
in altering the inclination of the shear fracture is as follows. Re- 
ferring to Fig. 182, p. 138, and using the notation of Art. 140, the 
external load P causes a shear force p sin 6 cos @ along CD per unit area 
of CD, and also a force p cos? 6 normal to CD per unit area of CD. Ifs 
is the normal cohesive force per unit area holding together the parts on 
opposite sides of CD, then the resultant normal force on CD per unit 
area is s +p cos® 6, where the upper sign applies to a compression test, and 
the lower sign to a tension test. Assuming that the resistance to sliding 


along CD per unit area is proportional to s +p cos? 0, and that it is equal 
to (s +p cos? 6), where p= tan > is a coefficient of resistance to sliding, © 


then p sin 6 cos 0 = u(s +p cos? 4), and this reduces to 
Bi 2s cos 
P~ sin (2044) Fain 


Hence p will be a minimum when sin(20F ¢) is a maximum, that is, when 
204% p=90°, or when cot 20= 4p, where the upper sign applies to a 
compression test, and the lower sign to a tension test. It follows from 


the above that the value of # in a compression test is the complement of — 


its value in a tension test of the same material. 


167. Fracture by Tension in Torsion Tests.—When a cylindrical 
specimen is subjected to simple torsion there is a pure shear stress in the ~ 
material in planes perpendicular to the axis, and also in planes containing — 
the axis, and in Art. 142, p. 140, it was shown that at any point in the 
material there is also a pure tensile stress equal to the shear stress at 


that point, the direction of this tensile stress being at 45° to the shear 
stresses. It may therefore be expected that when a specimen of a 


material whose resistance to direct tension is less than its resistance to — 


pure shear is subjected to torsion it will give way in tension. Cast-iron 
is such a material, and the form of the fracture of a hollow cylindrical 


he oe 


q 
a? 


- 


% 


reached 16°5 tons per square inch. When 


+ square inch the load was almost entirely 
removed, and then again immediately 


until the stress was about 24-4 tons per 


— 
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of this material when tested in torsion is shown in Fig. 252. It 


: will be seen that the surface of the oblique fracture is a screw surface, the 


ABC Development of outside surface 
ABC, ” » Uuside ” 
Scale Half Full Size 


Fig. 252. 


edges of which are helices. The developments of the outside and inside 


surfaces of the specimen after fracture are shown to the right in Fig. 252. 


168. Hardening Effect of Overstraining.—When a ductile material 


__ like mild steel is loaded beyond the yield point, and therefore given a 
_ definite permanent set, and then unloaded, it is found that when the load 

_ is again applied the yield point is higher than before. This is well 
_ illustrated by Fig. 253, which is a stress strain diagram (the stress being 


the nominal stress) for a bar of mild steel re 
tested in tension. The first loading pro- g* A) 
duced a decided yield when the stress S 


the stress reached about 21°5 tons per 


point was found to be at about 22-2 tons 
‘per square inch. The load was increased 


applied, with the result that the yield } 


Square inch, when it was again almost Extension a hes r 
_ entirely removed. A third application of Fic. 253 
the load showed a yield point at about Mer 


_ 24°7 tons per squaré inch. The load was then continued until fracture 
occurred. 


Compared with a test of the same material, in which the bar was 
broken with one loading, the maximum and breaking loads were found 
to be higher, but the final elongation was less in the bar tested with 
interrupted loading than in the other. 


4 
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If after each unloading an interval of a few hours is allowed before — 
the next application of the load, it is found that this has the effect of 
raising the yield point still higher. Ifa bar which has been overstrained 
be loaded below its yield point and the extensions measured with a 
delicate extensometer, it is found that the elasticity of the bar is very 
imperfect, but after a sufficient period of rest the elasticity is restored. 
The elasticity lost through overstraining a bar of mild steel may be 
quickly restored by immersing the bar for a few minutes in boiling water. 
Another effect of this heating is that the yield point is raised as much as 
it would be after a considerable period of rest. 

For further information on the above subject the student is referred 
to papers by Ewing in the Proceedings of the Royal Society, 1880 and 
1895, also a paper by Muir in the Phil. Trans. Roy. Soe., 1899. . 

169. Effect of Fluctuating Loads.—General experience, and direct 
experiments, have shown that when the load on a piece is made to vary 
over a given range a sufficient number of times, fracture may take place 
at a much lower stress than the piece would have originally stood under 
a static load. For example, in one of Wéhler’s tests on wrought-iron, the 
tenacity under a static load was about 23 tons per square inch, but when 
loaded and unloaded about 10 million times, the load in each case pro- 
ducing a tensile stress of 15°28 tons per square inch, the bar broke. In 
another test on the same material the stress was made to vary from 8°6 
tons per square inch in tension to 8°6 tons per square inch in compres- 
sion, and the bar broke when the number of repetitions of the load was 
about 19°2 millions. 

Wohler was the first to investigate in a comprehensive manner the 
effects of fluctuating loads on the strength of iron and steel. His 
researches, which were carried on for about twelve years, embraced 
loading and unloading, and also partial unloading in tension, repeated 
bending in one direction and also in opposite directions, repeated twisting 
in one direction and also in opposite directions.* ne 

Further researches on this subject have been conducted by Spangen- 
berg, Bauschinger, Sir Benjamin Baker, Dr. J. H. Smith and Professor 
Osborne Reynolds, Dr. Stanton, and others. The subject is still being 
investigated by a number of experimenters. 

The general result of the numerous experiments which have been 
made seems to be that the maximum stress at which fracture will ae 
in any particular case depends to a large extent on the range of : 
fluctuation of stress as well as on the static strength of the material. 

Various empirical formule have been constructed to express the rela- 
tion between the maximum stress at fracture after a very large number 
of repetitions of the load, the static strength of the material, and the — 
range of stress. One well-known formula is the following, given by 
Unwin in his “ Machine Design,” 


Frnax. = 30+ ff? —n&f, 
where /max. is the stress at which fracture will probably occur after a 
sufficiently large number of repetitions of the load, f is the static ultimate 


* For details of Wohler’s tests the student may refer to Unwin’s Testing of — 
Materials of Construction, and also to Engineering, vol. xi. (1871). 
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stress, A is the range of stress, and is a coefficient depending on the 
“material, For ductile iron and ductile steel the average value of n is 
t 1:5. For the harder and more brittle qualities, » may be as high 
as 2°2. In estimating the range of stress, if a tension is taken as positive, 
then a compression must be taken as negative. 
The following are examples of the application of the foregoing formula 
to a bar of mild steel having a static tenacity of 26 tons per square inch. 
m= 15. 


(1) Range of stress from fix. t00. A=fonox. 

~ Fras. = Max, + (262-15 x 26fmax, Hence Jingx. = 15°75 tons per sq. in. 
q (2) Range of stress from finx. t0 dfmax. A=Fhnax. 

; eas = 2 ranx. + ,/26?-1°5 x 26 x dfx, Hence finax. = 21°43 tons per sq. in. 


_ __ (3) Range of stress from fina. tO —Sinax. A = %Foaax. 
Frat. =Smax. + [262 — 1°5 x 26 x 2fnax, Hence fnax,= 8°67 tons per sq- in. 


4 The safe working stress is obtained by dividing /,,,,. by a factor of 
safety. 
Other empirical formule for fluctuating load stresses are given on 
252. 
> 170. Fatigue of Metals.—The loss of strength which occurs when 
a metal is subjected to a fluctuating load for a considerable time is 
frequently said to be due to fatigue. It is necessary, however, to dis- 
» ish between deterioration of strength due to mere fluctuation of 
"stress and deterioration due to shocks. It is well known that a crane 
chain, if kept in use for a long time, may fracture abruptly when carrying 
a load less than that which it has been in the habit of carrying. This 
_ deterioration of strength is, however, probably due to a slow accumula- 
tion of permanent set produced by shocks due to the sudden starting 
_ or stopping of the load when raising or lowering (see Art. 88, p. 69, and. 
_ Art. 168, p. 177), and the chain becomes in consequence less able to 
resist shocks. It has been found that the power of the chain to resist 
_ shocks is restored by annealing, and it is a common practice to anneal 
 erane chains at frequent intervals, say, once or twice a year: Unwin has 
to restrict the term fatigne to deterioration due to shocks which 
vable by annealing. 
— “I71. Mechanical Properties of Steel after Heat Treatment.— 
__ The sixth report to the alloys research committee of the Institution of 
Mechanical Engineers by the late Sir William ‘C. Roberts-Austen and 
_ Professor William Gowland, relates to the heat treatment of steel.* This 
voluminous report contains a record of a large amount of research on the 
»& oe of various kinds of heat treatment on the mechanical properties of 
. a of steel containing different amounts of carbon. A few of the 
ts will be given here. 
4 _ The table on page 181 gives the maximum stress and the elonga- 
____ tion obtained in tensile tests of the bars as received from the rolls, and 
____ also after the different kinds of heat treatment described. Additional 


 * Proceedings of the Institution of Mechanical Engineers, 1904. 
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results, and the results on the bars as received, are shown plotted in 
Fig. 254. 

The maximum stress is in tons per square inch of the original area of 
the test pieces, and the elongation is the percentage elongation on a 
length of 2 inches in each case. The reduced parallel part of each 
specimen was ;3, inch in diameter before testing. 
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Carbon per cent. 


The full lines A, B, C, D, and E show the maxvmum stresses. 

The dotted lines a, b, c, d, and e show the elongations. 

A, a, refer to the bars as received from the rolls. 

B, }, refer to bars annealed at 900° C. for half-an-hour. 

C, ¢, refer to bars soaked at 720° O. for twelve hours, 

D, d, refer to bars quenched at 800° C. in water at 20° C. 

E, e, refer to bars quenched at 720° C. in oil at 80° C. and subsequently 
reheated to 350° C. 


Fig. 254. 


Bars as received.—The maximum stress for the bars as received from 
the rolls is about normal, but the elongation is extremely low. The low 
elongation was found, after microscopic examination, to be due, to a 
certain extent, to rapid cooling near a certain critical temperature. 

Annealing.—The test pieces were annealed as follows. “The bars 
were packed in lime in 3-inch wrought-iron tubes, closed at each end by 
screwed iron caps. These tubes were then packed in a large wrought- 
iron tube, the ends of which were covered by wrought-iron plates. This 
was placed in a closed gas-mufile, and a record of the temperature was 
taken by means of two thermo-couples attached to an autographic 
recorder.” After attaining the temperature desired, the contents of the 
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Tenacity and Elongation of Steel after Heat Treatment. 


_ [cation percent. . | 0-130 | 0180 | 0:254 | 0-468 | 0-722 |o-871 | 0-947 | 1-306 


Bars as received from the rolls. 
_ | Maximum stress at 22 | 31°52 | 33-25 em 49-00 | 58-02 | 53°74 | 56°11 


20°00 12°50 | 12°70] 6°25*| 11:72) 5:47) 7:03] 7°03 


Bars annealed at 720° C. for half-an-hour. 


20°16 | 26°52 | 28°80 | 32°82 | 39°96 | 43°98 | 39°30 | 50°58 
44°50 | 36°00 | 32°50 | 29-00 | 23-00 | 20-00 | 22° 7 


_ | Maximum stress 
Elongation 


Bars annealed at 1100° C. for half-an-hour. 


Maximum stress 26-91 28°11 | 31°38 | 42°38 | 47-69 | 49°62 | 46°62 

| Elongation 39°50 | 33°50 | 27-00 | 14:00 |} 11:00 7° 50 | 6°50 
Bars soaked at 620° C. for twelve hours. 

Maximum stress 19°75 | 26°81 | 28°61 | 32°01 | 40°63 | 45°25 | 45-41 | 46°96 

Elongation 48°50 | 32°50 | 31-00 | 33°00 | 29°50 | 19°50 | 18-50 | 11:50 
Bars soaked at 900° C. for twelve hours. 

i Maximum stress F «-» | 26°91 | 29°55 | 29°91 | 43°21 | 49°32 | 47-76 | 44-41 


| Elongation . .| ... | 87:00! 29:00/| 30:00| 12-50 | 11:00] 11-90 | 10-00 


Bars quenched at 900° C. in Water at 20° C. 


_| Maximum stress . | 82°34 | 49°92 | 70°32 | 55°44 | 61-98 | 26-04 | 21°60 
| Elongation . .| 28-20] 6:50| 3:80| 1:00] 1-00] 2:00] nil. 
48 Bars quenched at 1200° C. in Water at 20° C. 
: Maximum stress - | 45°29 | 72°78 | 77°04 | 31:74 | 13°44] 5:40] 4:20] 3-52 
| Elongation -| 900) 3°50) 3:00} nil. | nil. | nil. | nil. | nil. 


2 _ Bars quenched at 870° C. in Oil at 80° C., and subsequently reheated to 350° C. 
. 


z Maximum stress - | 24°50 | 36°12 | 41°13 | 54°65 | 78°59 | 90°68 ae! . pe 
? os ancaaimaa : - | 89°50 | 23°50 | 24°50 | 25-00 | 23-50 | 10°50 


Bars quenched at 900° C. in Oil at 80° C., and subsequently reheated to 600° C. 


| Maximum stress 24°55 | 30°13 | 31-24 | 35-71 | 50°44 
ion 40°70 | 30-00 | 26-20 | 27-20 | 17-50 


52°68 | 49°10 | 51°32 
15°50 | 17°00 | 13:00 


* Abnormal result, 
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muffle were kept at that temperature for the time required (half-an-hour 
in these tests), the gas was then turned off, and the whole allowed to 
. cool slowly. 

It will be observed that the general results of annealing are, reduction 
of strength and increase of elongation of the steel when tested. 

Soaking.—The difference between annealing and soaking is, that in 
the latter operation the bars are heated for a much longer time. 

Hardening. —“ By heating steels to the hardening temperatures, some 
or all of the iron carbide is dissolved in the iron, and the latter is re- 
strained from reverting to its soft condition by sudden cooling. Within 
certain limits, the more rapidly the heat is abstracted from the bar the 
more effective will be the hardening.” 

Referring to Fig. 254, and comparing the D, d lines with the A, a 
lines, the effect of quenching the steels at 800° C. in water is to increase 


the tenacity of all the steels considerably, but at the same time the 


elongation is diminished, except in the case of the 0°13 and 0°18 carbon 
steels. . 

Tempering.—Steel which has been hardened by quenching in water 
or oil may be tempered, that is, its hardness may be reduced to any 
required extent, by subsequent annealing at a temperature depending on 
the degree of hardness required. 

Oil hardening.—“ When steel is quenched in oil at 80° C., the offect 
is to increase the tensile strength, but to a somewhat less extent than by 
quenching in water at 20° C., and also at the same time to increase the 
elastic limit and rather diminish the ductility.” 

“The most suitable temperature for quenching steel, in order to 
obtain the best combined results as regards tensile strength, elastic limit, 
and elongation, is about 900° C., and the most suitable temperature for — 
reheating, when elongation, and consequently resistance to shock, is not 
of paramount importance, is about 350°C. If, however, the steel be 
required to withstand violent percussive action, as in a gun tube, then 
reheating at a higher temperature, say 600° C., will be found to be 
necessary, as such steel, when thermally treated ‘in this way, although 
possessing a relatively high tensile strength and elastic limit, nevertheless 
has also a high percentage of elongation.” 

The student is recommended to study carefully the results given in 
the table on p. 181 and in Fig. 254, and to plot the results as directed in 
Exercise 12, p. 190. 

172. Tests of Copper-Zinc Alloys (Brasses).—The curves in Fig. 255 
show the tenacity and extensibility of alloys containing different pro- 
portions of copper and zinc. These curves have been reproduced, with 
modifications as to scales, from the fourth report to the alloys research 
committee of the Institution of Mechanical Hagieg by Professor W. C. 
Roberts-Austen.* =i 


* Proceedings of the Institution of Mechanical Engineers, 1897. 
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The full lines T,, T,. and T, show tenacities. 
The dotted lines EK, and KE, show elongations. 
The lines T, and E, refer to tests by Charpy, the test pieces being completely 
annealed, 
The lines T, and E, refer to tests by Thurston on cast brasses. 
The line T; refers to tests by the alloys research committee on worked rods. - 


Fig. 255. 


173. Tests of Copper-Tin Alloys.—The curves in Fig. 256 show the 
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: copper and tin. These curves represent the results of tests made by 
Professor Thurston. * 


* Proceedings of the Institution of Mechanical Engineers, 1895, Plate 43. 
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174. Tests of Lead-Tin Alloys.—The results of tests on the tenacity 
and extensibility of alloys containing different proportions of lead and tin” 
_ are shown plotted in Fig. 257.* 
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Fig. 257. 


175. Tests of Alloys of Aluminium and Copper.—The eighth report 
to the alloys research committee of the Institution of Mechanical Engineers 
by Professor H. C. H. Carpenter and Mr. C. A. Edwards contains a large 
amount of information on the properties of alloys of aluminium and 
copper. Some of the results of the tests made will now be given. For 
further particulars the student is referred to the full report.t 

The results of tensile tests of specimens cast in sand moulds, and of 
specimens cast in thick cast-iron moulds, are given in the following 
table :— 


Sand Castings. Chill Castings. 
Alumin- a 
Alloy. 
5 ium. Yield Point) Ultimate | Plonga- lyicia-Point| Ultimate —< 
: Stress. Stress. Aint oie Stress. Stress. 2 inches. 
No. Per cent. ~ wey a hie Per cent. igri na gh cs Per cent. 
1 0°10 Be 11:5 46°0 4°1 11°53 46:0 
2 1-06 3:0 13°4 52°0 5:2 11°8 53:0 
3 2°10 3-4 13°5 53°5 4:5 i bs ia 54°5 
4 2°99 3°8 14°5 60:0 6°8 13°8 60°0 
5 4°05 3:5 16°7 83-0 4:9 Bs By | 82:0 
6 5:07 4°3 18°1 75:0 fh | 181 60°5 
7 5'76 4°8 17°8 67:0 6:0 18°8 61:0 
8 6:73 4:8 18°65 eH .§ 19-96 69:0 
9 7°35 6°6 Dats 71°0 .§ 21°58 84:0 
10 8°12 be i 24°91 58-0 9°7 27°47 62:0 
11 8°67 9°8 28:1 48:0 .§ 80°8 55:0 
12 9°38 9-7 30°38 36°2 10°5 33°98 43°5 
13 9-90 11:3 31:70 21°7 12°4 36°93 30°5 
14 10°78 14:1 29°52 90 16°9 36°73 9-0 
15 11°73 14:0 25°43 5:0 14:8 30°63 6:0 
16 13:02 19°75 19°75 1:0 25°06 25°06 nil. 


The stresses are given on the original area. 


** Proceedings of the Institution of Mechanical Engineers, 1897, Plate 4. 
t Ibid,, 1907, { Could not be measured. § Not taken. 
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The specimens were turned to the forms and dimensions shown in 
258 and 259. 


———— - 3% Ms eel a ee 
’ « AT, 
564 “564 
i t 
- - = - 24-- + = = 214 - - rite 1" 
Fig. 258. Fia. 259. 


_ The next table shows the results of tests on specimens turned out of 
rolled bars }# inch diameter. These rolled bars were made as follows. 
Billets 3 inches in diameter and about 20 inches long were cast in 
_ cast-iron moulds. These billets were first turned in a lathe, and the 
diameter thus reduced to 21% inches. They were then heated to 
about 800° C. (1472° F.) and rolled down, first to 14 inches diameter, - 
and then to +$ inch diameter. The gauge length of the specimens 
was 2 inches. 


Yield- Ultimate Elongation Reduction — 

Alloy, | Aluminium. Pics Stress. on 2 inches. of Area. Cubic 
; : : oot. 
No. Per cent gt bg my Per cent. Per cent. Lbs. 
1 0°10 6°9 14°50 65°5 90°71 556 
eo 1:06 69 15°88 61:0 88°63 548 
3 2°10 8°6 17°46 56°5 89°65 537 
4 2°99 116 19°79 57:2 86°11 528 
5 4°05 11:3 23°80 67:0 83°27 518 
6 5°07 11°4 26°41 69°2 77°80 510 
7 5:76 11°8 28°40 742 76°93 503 
8 673 10°4 28°85 71:0 75°02 499 
ae 735 10°6 29°68 725 74:34 492 
10 8:12 13°0 33°22 51°5 60°40 487 
il 8°67 1l‘1 36°67 38:0 50°66 482 
12 9°38 177 . 38°00: 34:0 33°60 477 
13 9°90 14:8 38°10 28°8 30°80 473 
14 10°78 15°4 38°62 14-0 18°60 466 
15 11:73 12°6 33°85 85 15°37 460 
16 13°02 st. 87°14 20 1°87 451 


_ __ Fig. 260 shows stress-strain diagrams taken from longer specimens 
4 eee from the +2-inch rolled bars. The parallel portion was 10°5 

inches long and 0°564 inch diameter, and the gauge length was 8 inches. 
_ The numbers on the curves are the descriptive numbers of the alloys. It 
_ will be observed that the various diagrams are displaced to the right, so 
_ that the zero points of elongation are at the points showing the percentage 
_ of aluminium in the respective alloys. 
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The results of torsion tests on a number of these alloys are shown 
plotted in Fig. 261. 


TORSION TESTS. 
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176. Tables of Strength and Elasticity of Materials.—The tables 
which follow give approximate average values of the ultimate strength — 
and modulus of elasticity of various materials, 


Ultimate Crushing Strength in Tons per Square Inch. 


Cast-iron : . . : . 45 | Granite 6 
Brass, cast . ‘ : ; . 5 | Brick, London stock i 1 
Timber . ; i : ; Pee ;, Staffordshire blue 3 ot 
Sandstone. * : : . 31] Concrete. : : 05 
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Ultimate Tensile Strength in Tons per Square Inch. 


. 8] Aluminium, cast. met 
> ae - rolled 8 
28 | Delta metal, cast 20 
30 ds rolled . 30 
i: ‘ 80 | Manganese bronze, cast . 25 
1 10 = pe rolled . 30 
4 ” rolled or forged . 14] Muntz metal stake 22 
ae wire, annealed .  . 18) Navalbrass.  . : 24 
Brass, cast - + + + 11 | Phosphor bronze, cast. 16 
4 * im 1) . . . . 20 Leat er . % . . . 2 
| Gun-metal or bronze . «=. «14 | Timber. « «© «© + « 6 
Ultimate Shearing Strength in Tons per Square Inch. 
Feasicon 4 . . 12 | Gun-metal. - ~ AS 
j. Wrought-iron, across fibre . . 19 | Yellow pine, across fibre . ae 
f 9° » along fibre . é30 » along fibre . 3 
‘steel .. . : . - 22 Oak, across fibre. ‘ ee 
a ; P F A, » along fibre 


Modulus of Elasticity in Tons per Square Inch. 


Direct. Transverse. 
(E.) (C.) 

> 7 . é é 2 . 6,700 2,600 
d ; F , 4 ; 13,000 5,200 
7 13,400 . 5,500 
2 5,500 2,100 
w ; 6,700 2,500 
Y 5,600 2,200 
z 5,600 2,200 
phor bronze 6,100 2,300 
: 700 270 


Exercises XI. 

«In a tensile test of a wrought-iron bar, the following observations were 
on : W=load in tons, «=extension in inches in a length of 8 inches, 
-d=smallest diameter of bar 
; ninches. 9°24 was the load : lq : ; 7 
at the yield point, 13-6 was WwW ©. }9:24°|11°94 |13°21. | 13°60 | 12-78 
a) 2 maximum load, and 12°78 | x 0 |0:175 | 055 O975 | 1°56 | 2°45 
a velne ot (07175) was | @ [0°S81 [0872 | 0-854 | 0833) 0-809] 0628 
1e end of the “yield,” |— ;, 
‘and the nominal stress (load + original area), also x and the actual stress 
+actual area of least section). Scales.—Stresses, 1 inch to 5 tons per square 
h ; #, 24 times full size. 
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2. Ina tensile test of a mild steel bar, the following observations were made: 
W=load in tons, s=extension in a length of 8 inches in inches, d=smallest 
diameter of bar in 
inches. 10°64 was : ‘i é : 
the [sad at the yield WwW O |10°64 |13°81 |15:07 | 15°64 | 15°60 | 12°97 
point, 15°64 was the | « 0 0°24 0°60 1:02 157 2°12 2°79 
maximum load, and . ‘ ; : ; ; - 
1807 was the break- d |0°906 | 0°891 |} 0°871] 0°851] 0°825| 0°799) 0°588 
ing load. The second 
value of x (0:24) was at the end of the “‘ yield.” Plot « and the nominal stress, 
also « and the actual stress. Scales.—Stresses, 1 inch to 5 tons per square 
inch ; x, 24 times full size. 

3. In a tensile test of a mild steel bar, the following observations were 
made: Diameter of bar, unloaded, 0°748 inch, W=load in tons, «=extension, in 
inches, on a length of 8 inches. Load at elastic limit, 6 tons. Maximum load, 
12°54 tons. 


1 2 3 4 5 6 | 681 “yield” point, | 
0-0014 | 0:0027 | 0:0040] 0:0055 | 0:0068 | 0°0082 | 0-18 atend of “yield.”| 


. 3 


W 75 9:0 10°5 12°0 12°54 12°25 |10°25 Breaking load. 
x 0°19 | 0:27 0°55 1:05 1:75 2°10 | 2:42 Total extension. 


(a) Plot W and x up to W=6 and #=0'0082. Scales.—W, 1 inch to 1 ton; 
x, 1000 times full size. 

(b) Draw the straight line which most nearly contains the points in (a), and 
calculate from it the modulus of elasticity in lbs. per square inch, 

(c) Calculate the load, in tons, necessary to elongate the bar 0°006 inch. ae 

(d) How many ft.-lbs. of work have been done in stretching the bar 0°0082 
inch ? 

(e) Plot W and « from no load up to the breaking point. Scales.—W, 1 inch 
to 2 tons; x, 24 times full size. 

(f) Determine the total work done, in ft.-Ibs., in breaking the bar. : 

(g) Plot x and the nominal stress, also x and the actual stress. Scales.— 
Stresses, 1 inch to 5 tons per square inch; «, 24 times full size. Assume volume 
of bar constant in finding. cross section up to maximum load. Assume also that 
the contracted section at fracture is 0°43 of the original section. é 

4. A cylindrical piece of mild steel was tested in compression, The load W, 
in tons, acted on the ends of the piece. The mean diameters of the piece at the 
top, middle, and bottom of its length were d,, dz, and dz inches respectively, and 
its length was / inches. Values of these dimensions for various values of W are 
given in the following table :— 


W 0 5 10 15 20 25 30 35 40 

d, | 0°719 | 0°720 | 0°757 | 0°813 | 0°884 | 0°965 | 1°054 | 1:13 1:20 
d, | 0°719 | 0°723 | 0°763 | 0°832 | 0°922 | 1°045 | 17144 | 1°21 1:60 
dz | 0°720 | 0°721 | 0°760 | 0°815 | 0°886 }| 1°000 | 1°085 | 1:14 1°22 
l 1°624 | 1589 | 1°452 | 1:236 | 1-025 | 0 804 | 0°690 | 0°61 | 0°54 


Under the greatest load the piece was free from cracks. 

Calculate the nonfinal and actual compressive stresses on the smallest sections, 
and plot the results in the manner shown in Fig. 243, p. 171. Scales.—Linear, 
twice full size. Stresses, 1 inch to 20 tons per square inch. 

5. A test piece of steel boiler plate of rectangular section 14 inches wide and 
& inch thick, when tested» for elongation, gave, after fracture, the following 
results :— A AY, 
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ss 


| Gauge length (), inches! 4 6 8 10 12 4 
} Elongation (c), percent.| 378 | 31:8 | 285 | 2967 | 255 | 245 


; - Plot on squared paper ¢ and wa where a is the area of the cross section of 


_ the bar in square inches. Draw the straight line which most nearly contains all 
the points, and find the values of the constants ¢ and 6 in the equation to the 


line, which is enone 5, Apply the equation to find the probable elongation 
om. in 8 inches of a test piece of the same material 1 inch wide and } inch 


6, A bar of mild steel 10 inches long and 1} inches in diameter has a ve 
_ turned on it at the centre of its length, the groove being 4 inch wide and 4 inch 
deep. Another bar of the same material has the same length and a uniform 
eter of l inch. Compare the resilience of the second bar with that of the 
first for the same maximum stress, the bars being loaded in tension. 

_ 1%. The averages of the results. of numerous tests of the crushing strength of 
hard steel balls are given’in the following table :— 


}a@-. inches} ¢ | w-| t | w | @ | 4 | 8 
‘|W. . tons} 0-77 160 | 288 | 407 | 582 | 9:50 | 13-04 


where d is the diameter of the ball, and W the crushing load. The balls were 
tested between two hard steel plates. Calculate for each size of ball the stress 


fin the formula w=3ay. Plot f and d, also W and d. Scales.—For d, eight 


times full size; for f, 1 inch to 10 tons per square inch ; for W, 1 inch to 2 tons. 
Show that an expression of the form f=a-—bd gives approximately the relation 
between f and ej in the above results, where a and 6 are constants, and find 
the values of these constants. Hence the relation between W and d is 


W=Ta\a —bd). 


8. The following table gives the results of crashing tests on cast-iron rollers 
' tested between steel plates :— ‘ 


; d » . inches 


ja } a t i 1 1s | 1a 
_|l.. . inches } 1 14 1} 14 18 1g 
|W .. tons} 4:3 


2 6°90 9°95. 12-70 17-11 | 21°20 27°00 


a 


_ d=diameter of roller, /=length of roller, W=crushing load. Plot W and dxl, 
_and find the most approximate value of ¢ in the expression W=cdl for the above 
results. Scales.—For dx/J, 1 inch to } square inch ; for W, 1 inch to 5 tons. 

_ 9. A cylindrical piece of cast-iron 0°727 inch in diameter and 2 inches long 
Was tested in compression, the load being axial. The piece gave way by 
she ng in a plane inclined at 37° to the axis when the crushing load was 
22°91 tons. Neglecting the alteration in the diameter of the piece, calculate the 
ensity of the shear stress in the plane of fracture. What is the value in this 
e of the coefficient « used in Art. 166, p. 175? 

10. Same as Exercise 9, except that the angle was 33° instead of 37°, and the 
ashing load was 19-25 tons instead of 22°91 tons. 

11. The load on a certain steel tie-bar in a bridge truss varies from 14 tons to 
L tons (both tensions). If the tenacity of the material is 28 tons per square 
inch, and the coefficient n in the formula given on p. 178 is 1°56, what must be 
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the area of the cross section of the bar if the maximum stress ba . 
one-fourth of the maximum stress. due to the above. fluctuating load load 

12. Piston aan raetia Fig 2 the nian yrs? 254, p. 130, en 
in the table on p. 181-and in 254, gr ing the results on separate d 
as follows :—(1) Annealed bars ; (2): » group bars; (3) bars quenched in w 
(4) bars quenched in oil. Show also on each diagram the results of the t 
the bars as received from the rolls. Scales.—Carbon, 1 inch to 0-2 per ¢ 
stress, 1 inch to 10 tons per square inch; elongation, 1 inch to 10 
Examine all the results carefully, and discuss the effects of the different J ci 
heat treatment on the different steels. oe 
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CHAPTER Xi 
STRESS DIAGRAMS 


177. Stress Diagrams for Framed Structures.—It will be assumed 
that the framed structures considered are made up of bars which are 
connected by frictionless pin joints at their ends. It will also be assumed 
that the loads on the structure are concentrated at the joints. If a bar 
carries a load uniformly distributed over its length this load is divided 
into two equal parts, and one-part is placed at each end of the bar. Ifa 
bar carries a load concentrated at an intermediate point, this load is 
divided into two parts, which are to one another as the distances of the 
oad from the ends of the bar; these parts are then placed one at each 
end of the bar, the greater part being at that end of the bar which is 
nearest to the original load. 
In studying the equilibrium of a structure, two kinds of forces 
have to be considered, (1) the external forces, which for the whole 
structure must balance one another, and (2) the internal forces. As 
a consequence of the two assumptions mentioned at the beginning 
of this Article, the bars forming the structure are subjected either 
to direct compression or to direct tension under the action of the 
external forces. It follows, therefore, that the lines of action of 
‘the internal forces are the lines which represent the bars on the 
diagram of the structure ( called the frame diagram). At any joint, 
therefore, the forces acting are the internal forces acting along the 
bars meeting at that joint, and the external forces, if there are any, 
acting at that joint. 
If a sufficient number of the forces acting at any joint are known, the 
Si ygon of forces for that joint can be drawn and the unknown forces 
x ined. 
_ he general method of drawing the complete stress diagram for 
a framed structure will be understood by reference to the example 
worked out in Fig. 262. A simple roof truss is shown carrying 
, load AB at its apex. The other external forces are the reactions 
BC and CA at the supports. The internal forces are the forces 
acting along the bars AD, BD, and CD. The lines of action of all 
the forces are known, but AB is the only force whose magnitude is 
known as yet. 
At each joint there are three forces acting, and the polygon of forces 
for each joint is therefore a triangle. The triangle of forces for the joint 
2 or for the joint 3 cannot yet be drawn, because the magnitudes of all 
the forces at these joints are as yet unknown, but the triangle of forces 
for ‘the joint 1 may be drawn, and this is shown at (m). This triangle 


termines the magnitudes bd and da of the internal forces in the bars 
191 
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BD and DA respectively. The sense of these forces is also deter- 
mined, and it will be observed that the internal forces in the bars — 
BD and DA both act towards the joint 1, therefore these bars are 
in compression. In drawing the triangle (m) the forces have been 
taken in the order in which they occur in going round the joint 1 
in the watch-hand direction, beginning with the known force AB. 
Beginning with BA, and going round the joint in the opposite direc- 
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Fig. 262. 


tion, the triangle (s), which is similar to (m) but differently situated, 
is obtained. 

Passing next to the joint 2, the three forces acting there are known 
in direction, and the magnitude of one of them, BD, has been determined . 
by the drawing of the triangle (m) or the triangle (s). Beginning with 
DB, and taking the forces in the order in which they occur in going © 
round the joint in the watch-hand direction, the triangle of forces (n) 
is drawn. If the forces be taken in the order in which they occur 
in going round the joint in the opposite direction, beginning with — 
BD, the triangle (wv) is obtained. Proceeding next to the joint 3, 
the triangle (0) is obtained when the forces are taken in the watch- — 
hand order, and the triangle (v) is obtained when the forces are taken in — 
the opposite order. i 

The construction of the three triangles (m), (), and (0), or the three 
triangles (s), (w), and (v), determines the magnitude and sense of each of — 
the three internal forces, and also the magnitudes and sense of the 
external forces BC and CA, 
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It is obvious that the triangles (m) and (0) may be applied to the 

triangle (m) so as to form the figure (7), and this figure gives all the 
‘results which were found from the separate triangles (7m), (m), and (0), 

_and this figure (r) is the complete stress diagram for the given framed 
‘structure. ‘The figure (r) may of course be drawn at once without 
drawing the triangles (m), (n), and (0). It should, however, be noticed that 

in order that the force polygons for the different joints may be combined 

into one diagram, these polygons must be drawn by taking the forces in the - 
order in which they occur in going round each joint in the same directiun. 

_ (r) is the form of the stress diagram when the forces are taken in the 

order in which they occur when going round each joint in the watch- 

hand direction, and (w) is the form of the diagram when the order is 

_ reversed. 

3 178. Example.—A roof truss carrying a load at each joint is shown 
in Fig. 263. The loads are in pounds. The total load is 10,000 lbs., 
and since the loads are placed symmetrically about the centre of the truss, 

- it is obvious that the reaction at each support is 5000 lbs. In cases 

_ where the loading is not symmetrical, the reactions at the supports may 

_ be determined by means of a funicular polygon. 


, 


drawn. The polygon of forces Jmnhkl for the joint LMNHKL may now 
be drawn, and for practical purposes no more of the stress diagram need 
N 


© 
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be drawn, since the truss is symmetrical, ai symmetrically loaded. The 

complete stress diagram for the whole truss is, however, shown in Fig. — 
263. The results are tabulated under the heading “dead load” in the — 
table on p. 196. ; 


179. Wind Pressure.—The force exerted by the wind on a plane — 
surface at right angles to the direction of the wind may amount to about 
50 lbs. per square foot of surface. When the surface is inclined at an 
angle @ to the direction of the wind, the normal pressure on the surface 
is usually determined by Hutton’s formula, which is | 


5 (sin 0)1'84 cos @-1 
or log? pril 84 cos 0-1) log sin 8, 


where p is the normal pressure, and P is the pressure On & plane at right 
angles to the direction of the wind. Values of »+P for various values 
of @ are given in the following table :— 


abe 10° 15° 20° 25° 30° 35° 
plP 0°241 0°350 | 0°457 0563 | 0°663 | O°754 


0 40° 45° |. 50° 60° 70° 80° 
p[P 0°834 0°901 0952 1°012 1023 1°010 


When 0=90°, p=P. 


180. Stress Diagrams for Wind Pressure.—It is usual to assume 
' that. the direction of the wind is horizontal, and that its maximum — 
pressure on a plane at right angles to its direction is 50 lbs. per 
square foot. The inclination of a roof being known, the normal pres-— 
sure of the wind on it may be determined by the formula given in 
the preceding Article. It is assumed that the wind acts on one side 
of the structure only at one time. The total load due to the wind 
pressure is divided up into parts, which are placed at the joints, as 
explained in Art. 177. 

Figs. 264 and 265 show the stress diagrams for the wind pressure on 
the roof truss whose dimensions are given in Fig. 263. The truss is 
assumed to be fixed rigidly at the right-hand end and simply supported 
at the other end, so that it may expand and contract freely with changes 
of temperature. The reaction at the left-hand end must therefore be 
vertical, and the line of the reaction at the right-hand end must therefore 
pass through the point where the resultant of the wind pressure cuts the 
line of the reaction at the left-hand end. 

The directions of the reactions having been fixed, the load polygon 
abcde can be drawn, and upon this the stress diagram is built, as in Fig. 
263. which shows the stress diagram for the same truss under the dead 
load. 

The mitens in the various bars of the truss due to the dead load and 
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are tabulated on p. 196, In the last column, the 
stresses - which Se,hers will be subjected to are given. 


- 
Paar 


= ae 6 ba a > 
“ core cere ercoss=® ai 


et 


Fig. 265. 


Jompressive stresses are underlined with a thick line, and tensile 
t 38 rs by a thin line, 
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et | tae | Ee 
Bar WwW Pp. Q ; Maximum Stress. | 
(Fig. 266).| (Fig. 263) | (Fig. 264) | (Fig. 265) | 
1 13715 | 9180 6900 | W+P | 22895 
2 | 1280 | 9180 | @900 | wir | 22000 | 
3 | 399 | 4980 | 1100 | w+q | 23020 
4 13715 | 4980 | 11100 | w+Q | 24815 4 
5 12450 | 1258 | 12598 | W+Q | 24978 
: phat HS BO ie 5031 | W+Q | 11469 
f peaineeidis Nig fi 6268) Weel oh are 
8 1789 | 3600 0 | W+P | 5389 
9 6906 | 6577 1566 | W+P | 13488 
ay one Ske 7330 | W+Q | 14736 
1 1789 0 3600 | W+Q | 5389 


181. The Method of Sections.—Conceive that a framed structure is 
divided into two parts by cutting three bars A, B, and C. Next suppose — 
that one of these parts is removed, and 
that external forces P, Q, and S are 
applied to the bars A, B, and C respec- 
tively, so as to balance the internal 
forces in these bars, then the part of the 
structure which remains (Fig. 267) will 
evidently be in equilibrium. 

If moments of all the external forces 
acting on the part of the structure under 
consideration be taken about the point 
O, where the bars A and B intersect, 


Fic. 267. 
then the moment of § will balance the resultant moment of all the 


remaining external forces; and since the moments of P and Q are 
zero, and the other forces are known, their resultant moment can be- 
determined, as in Art. 60, p. 43, and therefore the moment of 5 is- 
found, Again, since y, the ‘perpendicular distance of S from O, is known, 
therefore S can be found. If in constructing the resultant moment of 
the known external forces the pole distance be made equal to y, then the 
line which (measured with the force scale), multiplied by the pole dis- 
tance, gives the resultant moment, will, when measured with the force 
scale, give the magnitude of 8. 
Having found §, the force P may be found in like manner by taking 
moments about another point in the bar B (say at the intersection of 
and C). Lastly, the foree Q may be determined by taking momen 
about a point outside the bar B. i 
“ The forces P and Q may, however, be determined by the polygon of 
external forces after S thas been found. \ 
Another method of finding S is by means of the polygon of forces — 
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a 
« 


and a funicular polygon, the latter having one angular point at O, as 
explained in the latter part of Art. 57, p. 38. 
ae 182. The Three-Hinged Arch.—If the ends of a roof or bridge truss 
re secured to foundations by hinged joints, and there is another hinged 
int at an intermediate 
‘point, say, at the middle mA A 
of the truss, such a truss § 
is known asa three-hinged i 
arch, and it is said to ' 
constructed on the three- 
hinged system. The. de- 
t ination of the stresses 

1 the various bars of such 
a truss may be proceeded 
with as in an ordinary 
_ tress as soon as the re- 
actions at the hinges are 
_ determined. 
One method of find- 
ing the reactions at the 
_ hinges is as follows. _ Aaa |e 2 
Fig. 268 shows a truss 
hinged at A, B,-and C. The resultant load on the part AB is the force 
P, and the resultant load on the part BC is the force Q. First neglect the 
Toad persing on the part BC. The part BC is then under the action of two 
forces only, viz. the reactions at B and C, and these forces must balance 
‘one Bdaother, and will therefore act in opposite directions along the straight 
‘line BC. The truss as a whole is now under the action of three forces, 
viz. the force P, the reaction T, at C, which acts along CB, and the 
reaction §, at A. Since these three forces are in equilibrium, ’and since 
“the lines of action of two of them, T, and P, meet at m, therefore the line 
of action of the third one, §,, must be Am. By means of the triangle of 
forces the magnitudes of 8, and T, can be determined. 

Next neglect the load on ‘the part AB, and consider the load Q on the part 

"Be. This load Q will cause reactions S and T, at A and B respectively, 
and these reactions may be found in the same way as §, and T, were 


po ‘When both loads P and Q act, it is evident that the reaction at A will 
an the resultant of S, and §,, and the reaction at B will be the resultant 


and T,. 
he reaction of the part AB on the part CB at B will be the force 
“which will balance the force Q and the reaction at C, and the reaction of 
hey CB on the part AB at B will be the force which will balance the 
e Pand the reaction at A, These two reactions will, of course, be 
B qual and opposite. 
— When the truss is symmetrical about a vertical centre line, and is 
.m mmetrically loaded, the reactions at B will be horizontal, and the. line 
f action of the reaction at A will be the line joining A with the point of 
itersection of the line of action of the resultant load on the half trass 
B with the horizontal line through B. The direction of the reaction at 
Cc Cis found in like manner. 
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Exercises XII. | 


1-8. Draw the stress diagrams for the structures shown in Fig. 269. Measure 
the results, and either tabulate them or mark them on the frame diagram. Indi- 
- “ 


Ex.) c B Ex. 2. pokey | 
1B J | K E |) cm | Non | 
A‘ i Yr BL N PSIG 
A G é A 1,¥ YK | ra 
y a J J J A 
Fx. 9-12 EY. . x 
1 CK ope AS : 
= = c 
Net —M N al” fa + Dar f er 
A J J J J J J h- P $s Vv Hr 
B a Ex.5.| ¢ Yr,| 0 | Ww 
ac} x.5.4 EY 41—\p KN J ’ 
- ' | D L 
W G F al 4 ®t x : 7 1 
Ex.4. . HYG Go» G8 i¢ K 
| B Alf | 
| ALA TATA AYBYCYDYEVFYG YH 
H/\K/\M/\0 MINoINealIrRZit/1v 
IVS VEV EV LININN PMs Hu Mw 
Fo EB eee AK K 9 aKa ie 
Ex.6. Ex.7. 
Fie. 269. 


cate on the frame diagram the members which are in compression by lining them 
in with thick lines. In addition to determining the results graphically, they 
should also be found by calculation. : 
1. Span=2t feet. The loads are as follows: AB=EF= 250 Ibs., 
BC=CD=DE=500 lbs, 
2. Span=30 feet. The dead loads are as follows: AB=GH=400 lbs., 
BC=CD=DE=EF=FG=800 lbs. The wind pressure is to be taken at 6000 Ibs., 
acting at right angles to, and distributed over, the sloping surface as follows: 
2000 lbs. at-each of the intermediate joints, and 1000 lbs. at the top and bottom 
joints. The reactions at the supports due to the wind pressure are to be assumed 
to be parallel. Tabulate the stresses due to (1) dead load, (2) wind on left, 
(3) wind on right, and state also the maximum stress in each bar. . 
3. Span=48 feet. The loads are as follows: AB=GH=500 lbs., each of the 
other loads =1000 Ibs. . 
4. A wall crane. The bar BC is horizontal, and 10 feet long. The bar BD 
bisects the angle ABC, and is 3 feet 9 inches long. The distance AB is 8 
feet. The chain passes over a pulley at C, as shown, and supports a weight W of 
1000 Ibs. ; 
5. Pent roof truss projecting 18 feet from the wall. Each load shown is 1000 Ibs, 
6. Warren girder of 40 feet span. Case (a). There is a load of 10 tons at the 
joint EJKLD. Case (5). There is a load of 8 tons at the joint EJKLD, anda 
load of 6 tons at the joint CNOPB, Case (c). There is a load of 6 tons at each 
of the joints in the bottom boom, 3 
7. Span, 48 feet. Load AB=load GH=8 tons. Each of the other loads 
shown =6 tons. : 
8. Curb roof truss of 48 feet span. The loads AB and JK are each 500 lbs., — 
and each of the other loads shown is 1000 lbs. Case (a). Take the truss as 
shown. Case (5). Suppose the bar LS to be removed, and that the truss is 
converted into a three-hinged arch, as explained in Art. 182. Determine the 
reactions at the hinges, and the stresses in the various members. ; 
9. A jointed frame, shown in Fig. 270, is subjected to six forces, acting one 
at each joint. The directions of the forces bisect the angles marked, and the 
magnitudes of three of them are given inthesketch. Find, graphically or other- 
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wise, the magnitudes of the unknown forces X, Y, Z, and deduce the force in 
‘the member AB. [U.L.] 


x 
; 6-7" 
LU er 
5 >. , b 
”) 
iS 
50° 
o 3 
Fig. 270. > - Fie. 271. 


40. In the truss shown (Fig. 271), AB is a beam member. The links AE, EG, 
_ GF, and FB are equal, and the links EC and FD connect the joints E and ¥F to 


4 The span 

_ of the frame given 

in Fig. 272 is 57 

feet, the depth 

_ LM is 7 feet, and et |M 

the distance NO is Wa. 272 

18 feet. There Aare 

are loads of 2 tons at P, 4 tons at O, and 2 tons at M. Find the stresses in the 

_ members. [U.L.] 

12. A truss is as shown in Fig. 273. 

Each top joint carries a load W, and 

the top boom is divided into equal 

' segments. The length of the horizon- © 

= age is helt ee oe Deter- 

mine the ratio of depth to span so : 

that the tension in all the tie-rods Fig, 378. 

shall be the same, and prs your result by drawing a force diagram. [U.L.] 
13. The sketch (Fig. 274) shows the frame of a tandem bicycle. Calculate 


120 lbs. 120 lbs. 


Se eens ee gS Soe 


| ne 30 lbs. 30 lbs. ' 
be — 5 23~ - — --10™ He -12~ te -10* 9" >! 
Fia. 274. 


. and draw bending moment and shear diagrams for this frame, when each of the 
__ two riders weighs 150 Ibs., 30 Ibs. of the weight of each rider being assumed to 
____ be borne at the driving axle centres. Regarding the frame as a plane structure, 
draw a complete force diagram for it. [B.E.] 


td 
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14. A Bollman truss is shown in Fig. 275. The vertical struts divide the 
span into six equal parts. The truss carries a uniformly distributed load of 
1 ton per foot run, and 
a.single load of 10'tons eS SO = --- 
at 20 feet from the left- 
hand support. Find the 
forces, in tons, in the 10 
various members. Note 
that the sloping mem- L Se ves fangs 
bers have joints at their J K L M N 
ends only. The top Fia. 275. 
member is really a ! 
beam, but in working this problem the beam may be assumed to have pin joints 
at the junctions with the vertical struts. - 

15. Show that for a Bollman truss, if »=number of equal panels in the truss, 
d=depth of the truss, 7=span, and w=intensity of the uniformly distributed 


load, then the horizontal stress in the top member is aang”? - 1). [U.L.] 


._ 16. A Fink truss is shown in Fig. 276. The vertical struts divide the span into 
eight equal parts. There is a load of 8 tons atthe top of each vertical strut. Find 


Fiq. 276. 


the forces, in tons, in the various members. Note that the sloping members have 
joints at their ends only. The top member is really a beam, but in working this 
problem the beam may be assumed to have pin joints at the junctions with the 
vertical struts, 


CHAPTER XIII 
DESIGN OF STRUCTURES—ROOFS 


183. Roofs and Roof Trusses.—The function of a roof or upper 
- eovering to a building is to protect the interior from wind and weather. 
_ It consists of a weather-proof covering supported on a suitable framework. 
This covering may be made either flat, sloping, or curved, the pitch or 
_ slope depending largely upon the nature of the material of which it is 
composed. The framework consists of (1) the roof trusses, or principals, 
which span from support to support and carry the roof structure ; (2) 
_ the purlins, longitudinal 

beams which run from 


truss to truss along the 0, T 
/ 
roof; (3) the rafters, sash 1/1, Y) P 
bars, ete., which rest | i] a, ve y 
_ upon the purlins, and to Vif, 7 y LY W. P 
which the covering pro- / 7), jj Ly 
"per is fixed ; (4) the wind yy $ 
_ ties, which prevent longi- jy/ 11, Wy) 
tudinal distortion of the 1449 Wy 
roof by the wind. Yip, , 
In Fig, 277, which 47/77 
shows, in oblique projec- fyi, y, "4 1. p W 


tion, the framing of a Up 


; roof, TT a = are the A- 
: _ the 77 
_ main trusses or princi- 
PP... the pur- Fia. 277. 


ns, WW the wind ties, and C the roof covering. RR is called the 
ridge of the roof, and the lower longitudinal edges are called the eaves. 
184, Iron Roof Trusses.—Roof trusses may be made of wood, but 
__ iron or steel principals are superior in nearly every respect for spans of 
_ any considerable size. Figs. 278-290 represent the more common types 
_ of iron or steel roof trusses. They are all composed of the following 
members or parts: (1) the principal rafters, which are the members, 
_ either straight or curved, running from the ridge to the abutments or 
_ Supports, and carrying the purlins ; (2) the tze rod, which may be straight 
_ or cambered, whose function it is to tie the two feet of the principal 
_tafters together, and thus relieve the abutments of the horizontal thrust, 
_ Which would otherwise come upon them; (3) secondary bracing, which 
_ divides the principal rafter into panels, and thus supports it both as a 
_ strut and as a beam. The upper ends of these secondary members 
_ Should come directly under the purlins, and thus relieve the principal 


rafter of transverse bending actions, The axes of any three adjacent 
. 201 
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members of a truss should either meet at a point or form a triangle. 
All members of the truss should either be simple ties or struts. Struts — 
should be as short as possible, and as many members as possible should 
be in tension. 

The feet of the principal rafters rest in shoes, which rest in turn upon 
wall plates, bolted to the walls or other abutments. 

185. Forms of Roof Trusses.—Figs. 278-283 represent six of the 
commoner forms of “ King-rod” and “‘ Queen-rod ” trusses. The member 
depending from the apex at the junction of the principal rafters is called 
the king-rod, while the other ver- 


tical suspension rods are called Peas <a 
queen-rods. : 


Fig. 278 shows the simplest , Fic. 278. Fic. 279. 
form of iron roof truss. The prin- 
cipal rafters are only supported at their ends, and a single king-rod with the 
tie rod complete the framing. This design may be used for spans up to 
15 feet. In Fig. 279 each principal rafter is divided into two equal 
panels by a secondary brace (a strut), and the span may be increased to 
about 25 feet. 

The design shown in Fig. 280 may be used for spans up to 30 feud 

By dividing each principal rafter into three equal panels, and adding 


Fie. 280. Fie. 281. 


two queen-rods in addition to the king-rod, as shown in Fig. 281, the 
span may be from 35 feet to 45 feet. 

The design shown in Fig. 282 is sometimes called an English truss, 
The principal rafters elite 
are each divided into 
four equal panels. This 
truss may be used for 
spans up to 60 feet. 

The saw-tooth or 
workshop truss is shown 
in Fig. 283. This form 
of truss is extensively used for the roofs of weaving sheds and the like, 
The slopes of the rafters are unequal, the covering on the lesser slope 
being slates or tiles, while that on the . 
greater slope is glass to light the in- 
terior. The truss shown may be used 
for spans of from 20 feet to 35 feet. 

King and queen-rod roof trusses, 
having vertical members, are very ” > 
suitable for hipped roofs. They Fr. 288. , 
have the disadvantage that the long braces are struts and the shot 
ones ties. This is sometimes obviated by sloping the diagonals. in the 


Fig. 282. 
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. ‘other direction, as shown in Fig. 284. The verticals, except the centre 
one, then become struts, and the diagonals ties. 


oaks, 


Fra. 284. Fira. 285. 


_ Figs. 285-288 show the more frequent, types of trussed rafter roofs. 
‘The principal rafters are supported by trusses, consisting of struts and 


Fig. 286. Fic. 287. 


ion The upper ends of the struts divide the rafters into panels, and 
the lower ends are supported by the tie rods. The trusses mipportang 
the two opposite raf- . 

_ ters are held together 
_ by the main tie rod. 
This type of truss has 
the advantage that 
the struts, which are 
usually perpendicular 
to the rafters, are 
_ short. For a given span and a given system of loads, this type of truss 

probably makes a lighter roof than any other type of principal. 

he design shown in Fig. 285 is 


_ used for small spans up to, say, 20 or | 
30 feet. The design shown in Fig. 
286 may be used for spans up to 40 


feet, and that in Fig. 287 up to 

45 feet. The truss shown in Fig. 288 Bae 

is known as the French, Belgian, or Fink truss. It is a very common 
design for trusses of from 40 to 60 feet span. A light suspension rod, 


Fie. 288, 


Fra. 290. 


q shown dotted, is often introduced to give support to the main tie rod. 
______ Two types of curved roof truss are shown in Figs. 289 and 290 ; that 
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shown in Fig. 289 has curved rafters, and may have a span of from 20 
to 40 feet. The sickle-shaped truss, shown in Fig. 290, is of a type 
suitable for large spans of, say, from 40 to 100 feet. 

For very large spans, arched principals are used. The abutments 
must then be made strong enough to carry the thrust of the arch. The 
span may, however, be divided, and combinations of simple roof trusses 
used. 

186. Roof Coverings.—Zinc, in sheets, about ;', inch thick, laid upon 
boarding with wooden rolls, forms a light covering. The joints must be 
arranged to allow free expansion and contraction of the metal with 
changes of temperature, while still remaining water-tight. The sheets 
are 7 to 8 feet long and about 3 feet wide. 

Corrugated tron is much used as a roof covering. For small spans, 
not exceeding 10 feet, it may be simply arched, and used without any 
main trusses, the free ends being held in at intervals by tie rods, or 
simply screwed to timber wall plates. On larger spans curved angle or 
tee-irons are introduced as rafters to give support and stiffness. If, how- 
ever, the span exceeds 15 feet, a properly designed roof truss should be 
used; the sheets of corrugated iron are then laid upon purlins. The 
sheets of corrugated iron vary from 6 to 8 feet in length, 2 to 3 feet in 
width, and from 24 to 16 L.S.W.G. thick (0°022 to 0°064 inch). The 
corrugations vary in width from 3 to 6 inches centre to centre, the depth 
being about one-fourth of the width. 

The span of the sheets depends upon the depth of the corrugations, 
the thickness of the metal, and the weight per square foot to be carried. 


The following formula may be used. L=12 a =p? Where L=span in feet, 


¢ = thickness of metal in inches, d=depth of cntibices in inches, and 
w = weight per square foot to be supported. 

The sheets may be laid directly on the purlins, the corrugations 
following the slope of the roof. The lap of the horizontal joints should 
not be less than 6 inches, and these joints should come directly over the 
purlins. Where two sheets join along their sides, at least one complete 
corrugation should overlap, and the two sheets should be fastened to- 
gether by screw bolts or rivets pitched about 9 inches apart. 

If the purlins are of wood, the corrugated iron may be fastened to 
them directly by means of screws or by stirrup bolts, as shown at (0), 
Fig. 291. If angle iron purlins are employed, the sheets are best fixed 
by means of hook bolts, as shown at (a), Fig. 291. These hook bolts are 
commonly about 5%, inch in diameter. All bolts and rivets should pass 
through the ridges of the corrugations, and should be provided with 
washers to prevent leakage. A flat bar, or sometimes an angle bar, is 
often introduced at the eaves, running along the length of the roof, and 
held down by the. lowest row of bolts. This prevents the wind ‘from 
tearing the corrugated iron from the roof should it get beneath the 
sheets, This wind tie is shown at (6), Fig. 291. 

Large slates (Duchess, 24 inches x 12 inches, or other sizes) are often 
used for the covering of iron roofs, These may be laid upon boarding 
and nailed in the usual way, or light angle iron purlins may be fixed to the 
rafters, and on these the slates are laid and then wired on, as shown at 
(e), Fig. 291. These angle iron purlins may be about 14 in. x 14 in. x $ in. 
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- when the distance between the rafters does not exceed 8 feet, or 


2 in. x 2 in, x ,'; in. when that distance is increased to 10 feet. 

Tiles of great variety are used for roof coverings. They are sup- 
ported in the same way as slates. Tiles are heavy, and they require the 
roof to be of high pitch. 

Glass is largely used as a roof covering. Many roofs have glass sky- 
lights, while some are entirely covered by glass. The shorter slope of a 
saw-tooth roof and many railway station roofs have glass coverings. The 


Fig. 291. 


glass may be laid in sash bars of wood or tee-iron, with putty. Iron sash 
bars, however, expand and contract more than the glass with changes of 
temperature, and the putty is liable to crack. Hence many systems of 
glazing without putty have been introduced. 

Glass sheets suitable for roofing vary in width from 12 to 20 inches, 
and in thickness from 3 inch to } inch. They are made in lengths up to 
6 feet. About 3 inches of lap should be allowed between two sheets. 
Tee-iron sash bars vary from 1 inch to 2 inches in depth, and from } to 
ys inch in thickness. 

187. Details of Roof Trusses.—The various parts of roof trusses 
should be made as plain and simple as possible. Forging and welding 
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should be avoided, being expensive, and*welding is not always reliable. 
Riveted and bolted joints form the best connections. Rivets and bolts 
are best placed in direct shear, but if such fastenings have to be in 
tension, bolts should be used in preference to rivets. Bolts are also gener- 
ally preferred when the diameter exceeds 1 inch. Gussets, in many 
cases, form a convenient means of attachment, particularly where many 
members meet. Care should be taken that at a joint the axes of the 


Fig. 292. 


various members intersect at a point. This is a condition which is too 
often neglected in practice. 

Sections of rafters are shown in the upper part of Fig. 292. A tee 
section is the most common form for small roofs. Double angles and 
built up sections are used for larger spans. A rafter must be of a form 
enabling it to act as a strut, and at the same time affording convenient, 
attachment ‘for the secondary members and purlins. 

At the ridge or apex the rafters are united by double gussets, which 
also form the fastening for the braces which are attached there. The 
trusses should be tied together at the apex, either by the purlins placed 
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\ 


Cross sections of Struts. 
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Sections of Ties. 


=—_s OF 
q SL fennosasa mae 
Eye in Tie Rod for Queen Bolt. 


ye 


Fig. 294. 
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here, or by a special ridge member. Examples of ridge joints and 
‘methods of connecting the secondary braces to the rafters are shown in 
y. 292. 

Further detail illustrations, mainly relating to struts and shoes, are 
given in Fig. 293. Struts are usually angles or tees, or combinations of 
em A simple and efficient strut is formed of. two flat bars, or two 
bars of other suitable section, held apart by distance pieces suitably 
d Such a strut must be arranged to carry the total load upon it 
while acting as a whole, and must also be strong enough between the dis- 
tance pieces to resist local buckling. The attachment of struts to the rafters 
is usually by means of gussets, but they may also be attached directly. 
Angles, tees, etc., are sometimes joggled at the ends to suit the rafter. 

_ Shoes may be made of cast-iron, but built up shoes from rolled 
sections are common. They must hold the end of the rafter firmly, 
allow convenient attachment for the tie bar, and afford suitable bearing 
’ for the truss. The axes of the tie bar and rafter should meet at a point 
_ on the line of the vertical reaction from the wall or support. When the 
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truss rests upon a wall a stone templet is provided for the shoe to rest 
upon ; Lewis or rag bolts let in with lead form a suitable holding. When 
the shoe is to slide, slotted holes are provided for the bolts. Sliding 
shoes often rest upon sole plates. 

__ Ties and their connections are shown in Fig. 294. Flat bars placed 
with their widths in the plane of the truss form good ties. Round bars 
may look neater, but they are more costly than flat bars as ties, especially 
for large sizes. Angle and tee bars work in well for ties of large section. 
With flats, angles, etc., the joints are usually made by means of gussets 
with rivets or bolts. In the case of round tie bars, forked ends or eyes 
may be forged on them to make pin joints. Another practice is to screw 
the ends of round tie bars, and the ends are sometimes staved up before 
Serewing in order to save weight. Adjustment may be obtained by 
making a cottered joint, or by cutting the rod and introducing a turn- 
buckle. With good workmanship such adjustment should be unnecessary. 
At the foot of the king-rod a tie between the trusses is often introduced ; 
this prevents lateral movement of the tie rods. 

; Fig, 295 shows cross sections and details of fixings for purlins. 

) 
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Several forms of joints for purlins are shown in Fig, 296, 


Fig. 296. 


es methods of introducing longitudinal wind bracing are shown in — 
Fig. 297. 4 
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188. Weight of Roof Coverings.—For the purpose of estimating — 
approximately the weight to be carried by a roof truss, the particulars 
given in the following table may be used. The weights given are in 
pounds per square foot of covered area. 


Sheet zinc . 3 : : . 14} Slates, large  . . 4 >, 10 
Corrugated iron % s Riri? * » medium. Seas as 
Tiles, plain : 2 : , » small. i i . 515 
Pantiles . s 3 : . 12 | Boarding, 1 inch thic. , .- ae 


189, Pitch and Slope of a Roof.—The ratio of the rise to the span 
is called the pztch of a roof. If the roof is symmetrical and the slope or 
inclination is denoted by 0, then tan 6=rise+half the span. The min- 
imum slope for a roof depends on the nature of the covering, and is roughly 
5° for zinc, 11° for corrugated iron, 22° for large slates, 26° for pantiles’ 
and medium sized slates, 30° for small slates, and 45° for plain tiles. 

190. Procedure in Designing a Roof.—The method of procedure 
in getting out the designs for a roof may now be briefly given. 

Decide upon the type of truss. This will depend upon the various 
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nditions which the roof has to satisfy, the type of building it has to 
2 the span, whether the ends are to be hipped or not, ete. 
oy type of roof covering, and arrange for a suitable support 
or it seeing that the proposed distance apart of the purlins works in 
the secondary bracing of the truss chosen. 
~The pitch should next be fixed. This depends largely on the type of 
covering to be used. 
BP iecide whether the tie rod is to be cambered or not. This depends 
a m the conditions of the case, whether the roof is to support a ceiling, 
hether head room is a necessity, etc. The advantages of a camber are, 
er struts, greater head room, and better appearance. Speaking 
generally, it is better to give the tie rod a small camber if possible. 
Draw an outline diagram of the truss. The proportions should please 


ne eye. 
___ Fix the distance apart of the principals. This will depend to some 
extent on the type of roof covering, purlins, etc. Usually it may be 
e from one-eighth to one-fourth of the span. The larger the interval 
dy the larger the ratio of the least lateral dimension of the struts to 
their length, and they will therefore be lighter in proportion to their 
petrength. Too large a pitch of principals involves heavy purlins and 
ine 3 the cost. 
_Find the loads upon the truss. These are: (1) The weight of the 
. (2) The weight of the covering. (3) The weight of snow upon 
the ay (4) The weight of the ceiling, if any, carried by the trusses. 
0 is often neglected, but in large roofs it should be allowed for. (2) 
1 be approximately estimated (see table, p. 210). Allowance should 
‘also be made for the weight of the purlins, rafters, ete. (3) can be 
taken at about 6 lbs. per square foot of area covered in the British Isles. 
) must be estimated approximately, the weight being carried from the 
A A aed of the roof. For wind pressure, see Arts. 179 and 180, 
p. 19 
The loads should now be divided up, and the resulting forces at each 
of the joints found. It is well to keep the loads at the joints due to the 
wind pressure separate from the others. 
___ Choose next the methods of support for the ends of the trusses. 
Usually one end is left free, to allow the principal to expand and contract 
with changes of temperature. The reaction at this end is then assumed 
to be vertical. 
7 Find the stresses in the ‘iain either graphically or analytically, 
or preferably by both methods. The dead load stresses should be found, 
» stresses with the wind pressure on one side and then on the other, 
d the three sets of figures should be combined, as shown on p. 196. 
“' ~The sections of the various members can now be ascertained by the 
ordinary rules. It is safer to assume that all the struts are hinyed at the 
ends. See also that members in which the stress reverses are capable of 
withste nding the reversed load, although it may be smaller than the 
normal load. Use a low working stress for these members. Use also 
per stress for members which are welded. 
_ Design the joints. Arrange sufficient rivets, bolts, or pins to take 
e stress from the bars on to the gussets. Where a gusset connects one 
r more ties or struts to a rafter, bear in mind that the total shearing 
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force on the rivets connecting the gusset to the rafter is the resultant 


4 
¥ 


of the forces acting along the various members, other than the rafter — | 


itself, connected to the gusset. 

Design the shoe and whatever other details of the truss have not 
already been arranged for. 

Fix the size of the purlins, treating them as beams carrying their 
load from rafter to rafter, and arrange for suitable joints in them. 

Settle any further details of the covering which may be necessary. 

Arrange for suitable wind ties if it is deemed prudent to fit these. 

Make complete working drawings of the whole roof, seeing that 
all the parts go together properly, can be easily made, and are in every 
way suitable for the functions which they have to perform. 


Exercises XIII. 


In the following exercises the various members must be proportioned pei 
to the loads which they have to carry, and working drawings of the various detat 
should be made. 


1. Design for a king-rod roof truss (Fig. 298). Span, 20 feet. Rise at centre, 
5 feet. Distance between principals, 6 feet. Assume that the truss has to 
support a total load of 2 tons per ‘‘ square” acting verti- peer 
cally. (A “square” is 100 square feet of area covered.) al 
The following sections are to be used.—Rafters, ‘tee ; = 
struts, angle; ties, flat. Material to be mild steel, and < 7 
the joints to be riveted. eo 20 ae 

2. Design a roof suitable for covering a shed with Fia. 298 
open ends. The span between the supports is 35 feet, a 
and the trusses are to be placed 8 feet apart. The principal rafters have a 


rise of 10 feet, and the tie bar has a camber of 2 feet. The form of truss to 


be used is shown in Fig 299. The covering is to be corrugated iron on angle iron 


purlins. The dead weight upon the roof may be assumed in the first instance © 


to be 10 lbs. per square foot. Snow, 6 lbs. per square foot, and horizontal wind 


pressure 50 lbs. per square foot. Lateral wind bracing is to be provided, 


Rolled steel sections and riveted joints are to be used. 


Fra. 299. Fra. 300. 


3. A design is required for a trussed roof of the saw-tooth pattern (Fig. 300). — 


There are several similar spans. The trusses over the first span are bolted to 
a wall at one side, and all the other supports are columns, as shown. The 


distance apart of the principals longitudinally is 7 feet 6 inches. The steep slope — 


is to be covered with glass, the other with slates on boarding. Take the dead 
weight of the roof as 18 lbs. per square foot, the weight of the snow as 6 lbs. 
per square foot, and the horizontal wind pressure as 50 lbs. per square foot. 
Round bars may be used for the ties, angles and tees for the other members. 

_ & Design for a slated roof. The trusses to be of the “ French” pattern. 
Pitch, }. Camber of tie rod, 2. Span, 50 feet. Distance apart of principals, 
10 feet. The covering to be Duchess slates laid upon 2 inch boarding supported 
by angle purlins. The roof is estimated to weigh as follows: Slates, 9 lbs. per 
square foot. Boarding, 7 lbs. per square foot. Purlins, 3 lbs. per square foot. 


One truss, $ ton. Snow, 6 lbs. per square foot, and the normal wind pressure ~ 
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uare foot, One end of the truss is to be firmly bolted down, and 
capable of sliding. Rolled steel sections only to be used, with 


; ign a queen-rod roof truss with vertical struts of the form and 
nsions shown in Fig. 301. Distance apart of principals, 10 feet. Take the 
dead weight of the roof as 20 lbs. per 
ure foot, horizontal wind pressure as 50 
DS. per square foot, and snow as 6 lbs. per 
are foot. One end of the truss to be free 


, 
is 100 feet. The total rise is 25 feet, and the bottom chord has a rise of 
ie There are eight equal segments in the top chord, and seven equal 
_ Segments in the bottom chord. The trusses are 20 feet apart. Take the dead 
load as 18 lbs. per square foot. Snow, 6 lbs, per square foot. Horizontal wind 
cepeche 50 Ibs. per square foot. One end of the truss is bolted down, and 
__ the other slides. Use rolled steel sections only. 
7. The principals of a steel'roof for a dock shed are of the form sketched in 
Fig. 302. The rafters are 
- equally divided at the joints, 
- and a vertical load of 1} 
tons acts at each top joint. 
_ The huge ary are sup- 
ported on girders 8 inches 
wide, Draw the force dia- 


og the roof, and 
q your results, dis- 


peptishing between ties 
and struts. Design also Fic. 302. 
the joints at A and B. % 
a our own stresses, and draw the details one-quarter full size. [U.L. 
__ 8. The tie rod of a roof truss is connected to the foot by two clip plates, an 
_ by a cotter joint with two gibs. The diameter of the tie rod is 1} inches, 
R this joint for equal 
_ strength throughout. The forte eee ne---> 


type of joint is indicated in (~ — 
hpeketch (Fig. 303). Draw, § & cS ©pP PE pees. «2 
_ full size, plan and elevation, >. 


_ and any necessary sections. 


_ The drawings must be fully Fria. 303. 
dimensioned and finished 


off neatly in pencil. All calculations must be fully worked out, and must be 
_ handed in with your drawings. (U.L.] 


CHAPTER XIV 
DESIGN OF STRUCTURES—PLATE GIRDERS 


191. Beams and Girders.—In Chapter VII. it has been shown that 
the straining actions at any cross section of a beam, due to any system of 
vertical loading upon it, may be resolved into two distinct effects, namely, 
‘a bending action and a shearing action. It has also been shown that, for 
economy, beams are made with a cross section shaped like the letter I, in 
which case the top and bottom flanges may, for practical purposes, be 
assumed to resist the bending moment, whilst the. web takes the shearing 
force. 

The concentration of the material into a web and flanges may be 
obtained by using a rolled steel joist or channel, and these may be 
combined with plates for stronger sections. Again, separate plates may 
be used for the web and flanges, which are united by angles. Another 
form is obtained by substituting diagonal bracing or lattice work of bars 
for the plate web. 

192. Beams of Rolled Joists or Channels and Plates.—The most 
common form of beam in use for short spans is the rolled steel joist 


(2) (0) (c) 


(d) 


(e) 
Fig. 304. 


shown at (a), Fig. 304, The standard sections for rolled steel joists are 


numerous, and range from 3 inches deep by 14 inches wide, weighing 


4 lbs. per foot of length, to 24 inches deep by 74 inches wide, weighing 


100 lbs. per foot of length. These joists can generally be obtained from — 
stock in lengths of every foot from 10 feet to 40 feet for ordinary sections. 
For convenience in rolling, the flanges are tapered in section, as shown, 
the angle between the inside of the flange and the web being 98°. Should 
the load require it, two or more of these joists may be placed side by — 
side, and they may also be strengthened by having plates riveted to their 
flanges, as shown at (4), (d), and (e), Fig. 304. A beam, formed of two 
channels connected by plates, is shown at (c), Fig. 304. . 
193. Connections between Rolled Joists.—When two or more joists 
are used side by side, without connecting flange plates, cast-iron separators, 
214 


DESIGN OF STRUCTURES 215 


or distance pieces, are placed between them, as shown in Fig. 305. 
‘Separators should be placed at intervals of about 5 feet, and also where 
a concentrated load occurs on the beam. 

A joint between two lengths of joists is made 
by means of fish plates, as shown in Fig. 306, 
and if there is any bending moment where this 
joint is made, cover straps on the flanges should 
be added, as shown by the dotted lines. 

Angle connections between horizontal joists 
at right angles to one another are shown in 
Fig. 307. Angle connections between horizontal 


es .% ; Fia. 305. 
_ joists and joists used as columns are shown in 
Figs. 308 and 309. In these various connections, where the load on one 
> beam is transmitted to another, or to a column, through rivets or bolts, 
: 9 
Pee | | So 
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Fig. 307. 


herria 


care must be taken that the rivet or bolt section is sufficient to transmit 
the load. Many of these details are, however, standardised by the manu- 
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facturers, and provided that the standard connections are capable of 
carrying the loads which will come upon them, they should be used 
in preference to specially designed ones. 

194, Parallel Girders and Girders of Variable Depth.—Parallel 
girders, as their name implies, have their flanges parallel to one another, 


216 APPLIED MECHANICS 


and they are therefore of constant depth throughout their length. Hog- 
backed girders have a curved top boom, and /ish-bellied girders have a 
curved bottom boom, as shown in Fig. 310. The effect of curving one 
boom is to increase the depth of the girder towards the centre, where the 
bending moment is greatest. This permits of the cross section of the 
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Fig. 310. 


booms being kept more nearly constant. Except under special cireum- 
stances, it is generally better and cheaper to use a parallel girder than 
one of variable depth, the cross section of the flanges being varied to 
approximately suit the bending moment. Fish-bellied girders are usually 
adopted for overhead travellers of large span. Hog-backed girders are 
frequently used for large span railway bridges. 

195. Plate Girders.— When the depth of a girder exceeds a foot, but 
is less than the limiting depth for a rolled joist, it is frequently more 
economical to build it up of plates 
and angles rather than use a rolled 
joist, and when the depth exceeds 
the limiting depth for rolled joists, 
the built up girder must be used. 
Types of built up plate girders are 
shown in Figs. 311 and 312. For 
smaller spans and lighter loads, one 
web plate and one or two flange 
plates may be sufficient, while for 
larger spans and heavier loads two, _ il | 
or even three, web plates and many IL 
flange plates may be required. When TET ge TK 
more than one web plate is used, as Fic. 311. Fra. 312. 
in Fig. 312, the girder is called a 
box girder. The box type is more suitable for large than for small 
girders, and it is better only to employ this type when there is sufficient 
room inside for the girder to be properly painted, and so protected from 
corrosion. Care must also be taken that the girder can be properly riveted 
up, a not altogether unnecessary caution. 

The depth of the girder must never be less than 1-20th of the span. 
For economy, the depth should be 1-12th to 1-10th of the span. The 
breadth varies from 1-20th to 1-50th of the span, depending on the 
amount of lateral support the girder gets. If there is no lateral support, 
the breadth should not be less than 1-20th of the span, whilst if it is 
well supported laterally, say by closely spaced cross girders, this dimen- 
sion might be diminished to 1-40th or 1-50th of the span. 
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196. Booms or Flanges.—The booms, or flanges, of built up girders 
are almost invariably made up of flats* or plates. These are united to 
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the web plates by angles, which of course act with the plates in resisting 
the bending moments. 

The boom plates are not all of the same length, but are curtailed as 
the bending moment falls off. The usual graphical method for determin- 
ing the length of the flange plates is shown in Fig. 331, p. 227. Care 
should be taken that 
theangles and platesare @-@-a.@—0—044_44_2_2a— 
of convenient lengths. @ooooood0o0e000e090o 
When there are many 
plates in a boom, the Fig. 314. 
joints in them should be 
grouped, where possible, under one cover, as shown in Fig. 313. It is, 
however, sometimes convenient to make one flange plate form the cover 
for the joint of another, as shown in Fig. 314. 

Joints in the flange angles are made with rownd back covers, and are 
arranged as shown in Fig. 315. 

In the type of grouped joint shown in Fig. 313, a single cover is used 
and is placed on the outside, hence the rivets in the joint, although they 
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pass through several plates, are only in single shear. An underneath 
flange plate or angle must not be regarded as forming a cover to the joint 
in a plate above it, for it has its own load to carry, and cannot act as a 
flange plate and also as a cover at the same time. 


* Flats are narrow plates, rolled to definite widths, usually not exceeding 
12 inches, 


218 APPLIED MECHANICS 


Various means are adopted to place the rivets in a flange joint in 
double shear. The rivets which do not pass through the flange angles 
_ may be placed in double shear by the addition of covers underneath the 
flange plates, as shown in Fig. 316. The addition of round back covers 
to the angles, as shown in Fig. 317, will place the remainder of the 
rivets in double shear, but these angle covers cannot act as just stated 


Fria. 316. Fig. 317. Fig. 318. Fia. 319. 


and also act as covers to a joint in the flange angles at the same time. 
* The underneath cover may extend right -across the flange, as shown in 
Fig. 318, which is a section of the flange in the neighbourhood of the 
joint. This, however, prevents the flange angles being placed directly 
on the flange plates, and where the covers do not occur, packing pieces 
have to be introduced, as shown in Fig. 319. These packing pieces 
cannot, however, be counted as forming part of the flange section, at any 
rate in the neighbourhood of a joint. 

The thickness of each flange plate should not be less than 2 inch or 
greater than # inch. Four 3 inch plates, or three } inch plates, make a 
much better flange than two ? inch plates, supposing the required flange 
thickness to be 14 inches. 

197. Web Plates.—The web in small plate girders consists of a 
single plate suitably stiffened to resist the shearing forces. Except for 
. very small and unim- © 2 i eee 


portant girders, it is ITT YT oo 


not desirable to make & * ° °1° ° 
the web plate less than e elee 
2 inch thick. On the 1 
other hand, the thick- ve. os eS 
ness of a single web (3 e-% 
plate should in general ' pS 
not exceed # inch. pistes: meer 
When more than e e1ee 


one plate is required 
to form the web, the as Aa A nee 


different plates are “7-7 —W—W—vW—ao— 

united by butt porns §$—_—=_—_—-— 

with double cover 

straps, as in Fig. 320, Fig. 320. Fig. 321. 

which shows a vertical joint in a web. Sometimes stiffeners are utilised 
to do duty as covers, as shown in Fig. 321. This figure also shows how a 
change in the thickness of the web plate may be effected. Such changes, 
made with the idea of proportioning the thickness of the web to the shear 
stresses, are only advisable in large and important girders, or when 
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many of a type are required. It is often more economical to have the 
same web thickness throughout, especially in small spans, where the web 
plate can be obtained in one piece, than to use plates of different thickness 
and special joints. 
. 198. Web Stiffeners.—To prevent buckling and twisting it is neces- 
sary to give web plates lateral support. This is done by riveting to 
them at intervals angle- or tee-section bars placed vertically. Fig. 322 


Fig. 322. 


shows examples of stiffeners applied to single web girders. When the 
stiffeners are straight and not set in to meet the web plate, intermediate 
packing pieces are introduced. Stiffeners 
formed of plates and angles are shown on 
the main girders in Figs. 328 and 329, 
p. 223. 

Box girders should have diaphragm 
plates fitted between the webs at intervals, 
as shown in Fig. 323. This ensures that 
the cross section of the girder remains 
rectangular, and that all the parts bend 
together. Manholes must be provided so 
that the space enclosed may be got at. 

The distance apart of the stiffeners is 
determined by the shearing force upon the 
web. It is necessary, however, to place 
a stiffener wherever a local load occurs 
upon the girder. ; 

No satisfactory theory for the spacing 
of the web stiffeners has yet been formu- 
lated, and the rules which will be given 
wen are almost entirely empirical. In 

pter IX. it was shown that a shear 
stress in one direction must be accompanied 
by another of the same intensity, but in a 
direction at right angles to that of the first. 
Also, it was shown that these two shear stresses are equivalent to tensile and 
compressive stresses of the same intensity as the shear stresses and at right 
angles to one another, but in directions making angles of 45° with the 
directions of the shear stresses. A square panel of the web plate is therefore 


Fig. 323. 


e 


220 APPLIED MECHANICS 


in compression along one diagonal, and in tension along the other. Since the 
thin plate is much less able to withstand the crumpling tendency of the 
compression than the direct tension, it is usual to consider the web as if 


composed of a number of parallel strips inclined at 45°, terminated either 


by the stiffeners or by the flange angles, and acting as struts. This con- 
sideration establishes a relation between the thickness of the web and its 
unsupported length. The shear force at any one section is assumed to be 
uniformly distributed over the depth of the web, which is very nearly 
correct (see Fig. 203, p. (150). This determines the shearing stress 
and the diagonal compressive stress, which is equal to it, and hence the 
load upon the strut. The foregoing reasoning leads to the construction 
of formule such as are given below. It will be observed that these 
formule are of the form of the Rankine-Gordon formula for struts. 
S=safe shearing force in tons per inch of depth at any section, 
found by dividing the total shearing force, in tons, at the 
section, by the over-all depth of the web plate there in 
inches. 
t= thickness of web plate in inches 
d= horizontal distance between centre lines of stiffeners, or vertical 
distance between centre lines of rivets in the boom angles, in 
inches, whichever is least. 
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Another rule, due to Mr. Theodore Cooper, reduces to the following, 
5°36¢ 


In any case, S must not exceed 4¢. 

Preferably proceed graphically, as shown in Fig. 330, p. 226. Draw 
the shear per inch of depth diagram found as above. Plot on this lines 
parallel to the datum line representing the possible shear per inch of — 
depth of 3 inch, ;% inch, } inch, etc., plates, corresponding to the pro- 
posed spacing of the stiffeners, as found by one of the formule given 
above. An examination of such a diagram will show, either the limits 
between which a given thickness of web plate may be used with a given 
spacing of the stiffeners, or the limits between which a given spacing of 
the stiffeners may be used for a given thickness of web plate. This 
matter is further considered in connection with the worked exampig, 
Art. 204, p. 223. 

199. Riveting of Plate Girders.—For ordinary everyday work 
punched holes, 4; inch greater in diameter than the rivets, are usually 
specified. In first-class work the holes are punched 3}, inch to 4 inch 
smaller than the rivets, and reamered to size after the work is bolted 
together. The bolts are then removed, and the burrs formed by the 
reamer taken off, after which the work is riveted up. 

The riveting in the joints of the plates in the booms must be designed 
to carry the tension or compression which exists in the plates they unite. 
The riveting through the angles connecting the boom plates to the web 
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od is determined by the shearing forces tending to slide the boom over 
the web. Where the shearing force is small, the pitch may be large, but 
near the ends of the girder, or where the shearing force is large, closer 
riveting must be adopted. It is sometimes even necessary to adopt zig- 
zag riveting, or larger rivets at places where the shearing force becomes 
very great. It is not economical, however, to make many changes ; two 
_ different diameters or two different pitches may be regarded as the limit. 
, The riveting in the vertical joints of the web itself must be made 
_ capable of withstanding not only the shearing forces in the web, but also 
_ the stress in the web plate, due to the bending moment, for although the 
boom may be considered as carrying the bending moment, there is also 
a bending stress in the web. In fact, the stress in the outer fibres of 
_ the web is the same as that in the boom. 

Roughly, the size of the rivets may be as follows. For plates under 
# inch thick, § inch rivets. For plates from % inch to } inch thick, 
# inch rivets. For plates from 34 inch to § inch thick, 7 inch rivets. 
In each case the hole is ;4, inch larger than the rivet. These are about 
the usual proportions for punched work, and will serve as a guide. 
When many plates are to be united, larger rivets should be used. 

The pitch of the rivets should not be less than three diameters, or 
oe than sixteen times the thickness of the thinnest outside plate. 

nless it is absolutely impossible, simple pitches 3, 34, 4, 44, 5, or 
6 inches should be adopted. It is not advisable to go above 6 inches if 
the work is exposed to the weather. : 

The longitudinal pitch is easiest determined graphically. Since the 
shear stress in the web is uniformly distributed, or practically so, over 
its depth, and the shear in two directions at right angles to one another 
is the same, the shearing force per inch-run, which the longitudinal rows 
of rivets must carry, is equal at any point to the shearing force per inch 
_ of depth there. The shear per inch of depth diagram, already referred 
to (Fig. 330, p. 226), can therefore be used to determine the pitch of the 
longitudinal riveting. Let P be the safe load on a single rivet, and p 
the pitch of the row, then P/p is the shear per inch of depth or length it 
will safely carry. Set this up on the diagram as a line parallel to the 
base line for a number of different pitches. The points of intersection of 
these horizontal lines with the shear per inch of depth diagram deter- 
mine the points to which each pitch must extend. This question is 
further considered in connection with the worked example, Article 204, 
p. 223. 

200. Ends of Girders—Bearings for Girders.—The ends of girders 
are specially formed to carry the reactions. Special web stiffening is 
provided to spread the load over the depth of the web plate. Examples 
are shown in Figs. 324 and 325. When the end of a girder is carried 
on a wall, a stone templet is built into the wall to give a strong support 
for the girder. Between the stone templet and the girder a hair felt or 
sheet lead packing is placed, in order that the pressure between the girder 
and the stone may be properly distributed. It is better to limit the 
length of the bearing surface by riveting a piece of plate, called a bolster 
pale, to the under side of the bottom flange, as shown in Figs. 324 
and 325. 

The safe ‘bearing pressure between the girder and its supports will 
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depend on the nature of the material on which the girder rests, and is 
usually limited in the case of stone to from 12 to 20 tons per square 
. foot. The safe bearing pressure between the stone and brickwork set in 
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cement may be taken at from 6 to 10 tons per square foot, and between 
stone and brickwork in mortar at from 4 to 5 tons per square foot. 

One end, and sometimes both ends, of a girder are left free to slide, 
so that a certain amount of expansion or contraction can take place with 
changes of temperature. 

For large spans, say, of 50 feet and upwards, cast-iron bed plates are 
provided, on which the ends slide. These bed plates are usually sunk 
into the stone templet a small distance, as shown in Fig. 326. These 
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Fig. 326. 


bed plates are bolted down to the stone templet. At (2), in Fig. 326, the 
holding down bolts for the bed plate are shown passing through the 
bolster plate, the bolt holes in the bolster plate being elongated to perme 
of the girder sliding a small amount. 

For spans of over 80 feet, bearings similar to those shown in Figa 
368 and 369 would be used. 

201. Connection of Cross Girders to Main Girders.—Figs. 327, 
328, and 329 show methods of attachment of cross giftlers to main 
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gives some support to the cross girder, the end of the latter is securely 
riveted to the web of the former. 
202. Weight of Plate Girders.—An estimate of the probable weight 
of a plate girder may be made by means of Unwin’s formula. 
W = total external distributed weight in tons (exclusive of girder). 
w= weight of girder itself in tons. 
7=actual span in feet. 
Jf =stress in booms in tons per square inch, 
7r=ratio of span to depth. « 
¢=coefficient varying from 1400 to 1500 for small plate girders, 
and varying from 1500 to 1800 for large plate girders. 
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As a check, the following rough rule is ‘given, w= wis . 


203. Camber and Deflection.—Girders are usually given a slight 
eamber while being built, so that they just become straight when in place 
and loaded. A common allowance for camber is 3 inch to } inch per 
10 feet of span. In calculating the deflection, take E, the modulus of 
elasticity, equal to 9000 tons per square inch, for riveted structures, 

, 204. Plate Girder—Worked Example.—The method of procedure 

in designing a plate girder will be shown by working out a practical 

example. 

It is required to design a plate girder such as might be used to carry 

_ a heavy floor, the clear span being 36 feet. It is to carry twelve loads of 
_ 6 tons each, spaced 3 feet centre to centre. An inexpensive design is 

required, and it is not desirable to take up much head room. 

_ Type.—Parallel flanges. Single web plate. Punched holes. Material, 

mild steel. This will make the cheapest design. 

Actual Span.—The clear span is 36 feet. Each end reaction will be 
about 40 tons. Two square feet of bearing area at least will be required 
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at each end, supposing the girder to rest on stone templets. Wall plates 


1 foot 6 inches square would give a bearing area of 2} square feet at 


each end, and the actual span or the distance between the reactions would _ 


then be about 37 feet 6 inches. 

Depth and Width—The minimum depth would be 54, of 37 feet 6 
inches, say 22 inches. It would be desirable for economy to go to +; of 
37 feet 6 inches, say 37 inches. Since head room is valuable, a com- 
promise of about 30 inches will be tried, say 24 inches between the centre 
lines of rivets in the flange angles. The girder is, it may be supposed, 
fairly well supported laterally by the cross girders which bring on the 
loads, and a width of 54, to 4, of the span may be taken, say a flange 
width of not less than 12 inches. 

Weight.—Using Unwin’s formula (p. 223). W=72 tons. 1=372 ft. 
7 =373$/25=15. c=1500. f=7 tons per square inch. 


wa 12% 875 x 15 
1500 x 7-374 x 15 


As a round figure, the weight of the girder will be taken as 4 tons. 

End Bearings and Exact Span.—The total weight is 72 + 4 = 76 tons. 
Each end reaction will be 38 tons. If wall plates 18 inches by 18 inches 
be used, the bearing pressure on each stone templet will be practically 17 
tons per square foot. A hard stone will safely carry this. The actual 
span may therefore be taken as 36 +14= 374 feet. 

Bending Moment and Shearing Force Diagrams.—These can now be 
drawn, and are shown in Fig. 331, p. 227. 

The maximum bending moment is at the centre, and is 4440 inch-tons, 
and the maximum shearing force is at the ends, and is 38 tons. 

Thickness and Stiffening of Web.—The depth of the girder between 
the centre lines of the flange angles is 24 inches. The depth of the web 
plate may therefore be taken at about 28 inches, and this is constant 
throughout the span. The shear per inch of depth diagram is at once set 

ut (Fig. 330, p. 226). Its value at the extreme end is 38/28 = 1°36 tons. 

‘the loads brought on by the cross girders are at intervals of 3 feet, this 
ecides that stiffeners must be placed at 3 feet intervals under the loads, 
and it remains to be seen whether further stiffeners will be required. 
Considering the panels between the stiffeners under the loads, the 
dimension d in the formule on p. 220 is 24 inches, the vertical distance 
between the centre lines of the rows of rivets in the boom angles and the 
web. Putting d= 24 inches in the first instance, and giving ¢, the web 
thickness, the values 2 inch, 35, inch, and } inch, § from the formula 
given is 0°73, 1:07, and 1°47 tons respectively, and these are plotted on 
the shear per inch of depth diagram (Fig. 330). It is now evident that 
except at the extreme ends a ;% inch plate is of ample strength. Near 
the centre a 3 inch plate would suffice. A change of thickness however, 
entailing, as it would, two web joints, would probably cost more than the 
metal saved, unless of course many similar girders are required. If a +> 
inch plate is to be adopted, extra stiffening must be used near the ends. 
The most convenient way to carry this out is to put intermediate stiffeners 
between those under the loads, reducing d to 18 inches. A 3 inch plate 
would then stand 1:1 tons per inch of depth, and a 7% inch plate 1°54 
tons. zs inch plate will therefore serve, a $ inch plate being too weak, 


= 4:07 tons. 
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Uxtra stiffening to make a } inch plate suitable is not advisable for three 
-reasons—the necessary stiffeners would be awkward to get in, the stress 
square inch would approach very near to the limit, and, what is even 
_ more important, the web riveting in the 3 inch plate would be very difficult 
todesign. On the other hand, it need hardly be pointed out that the extra 
stiffeners required by the ,', inch plate will be much cheaper than if a 4 
‘inch plate were used with no extra stiffening. A +% inch web plate will 
4 Bharefore be used, stiffened as shown. 
_ Longitudinal Riveting in Web and Flanges. —? inch rivets in }# inch 
holes will be adopted. The value of a rivet in single shear at 5 tons per 
square inch shearing stress is 2°59 tons. A rivet in double shear bearing 
in a 4%, inch plate will carry 3°55 tons, the bearing stress being limited to 
10 tons per square inch. Dealing first with the single row in double 
shear through the web plate, a 3 inch pitch represents a shear per inch of 
depth (or length) of 1°18 tons, a 4 inch pitch 0°89 tons, and a 6 inch pitch 
0°59 tons. A 5 inch pitch will not work in between the stiffeners, and 
need not be further considered. The above values are set up in the 
diagram as thin full lines. It is now seen that a 3 inch pitch must 
_ extend from the end of the girder to A, a 4 inch pitch from A to B, and 
a 6 inch pitch from B to the centre. Since too many changes are not 
desirable, a 3 iach pitch will be adopted extending to B, and a 6 inch 
pitch from B to the centre. Over the last two panels, near the end, a 3 
ch pitch with the same size of rivets is inadequate. A closer pitch 
_ means zig-zagging the rivets and a deeper flange angle, and thickening 
the web plate is not desirable, as has already been seen. The third 
alternative is to use larger rivets. There are only a few larger rivets 
required, and probably the cheapest way out of the difficulty wiil 
be to punch all the holes alike and then reamer the few holes at 
the ends out to % inch diameter. The load upon one of these { inch 
rivets at 3 inches pitch is 3x 136=4:1 tons. Its bearing area is 
0-383 square inch, and the bearing stress will therefore be 10°7 tons per 
square inch, but since in these reamered holes the rivets will be in 
‘much better condition than in the ordinary punched holes, this may be 
allowed. 
The riveting in the flanges joining the flange plates and angles is 
_ determined in exactly the same manner as for the web, except that there 
_are two rows of rivets in single shear, instead of one row in double shear. 
The possible pitches are shown on the same diagram as dotted lines. It 
| must be remembered when choosing the pitch that the rivets should 
wig-zag with those in the web. 3 inch and 6 inch pitches only are 
admissible. The 3 inch pitch will extend from the end to C, and the 6 
inch from C to the centre. This will necessitate one odd 44 inch pitch, 
shown in the plan of the girder. No larger rivets are necessary, the 
3 inch pitch giving ample strength. 
Boom Section.—The distance between the centres of gravity of the 
flanges may be taken roughly as that over the backs of the angles. 
Tf angles 4 inches x 4 inches x 4 inch be used, punched 2} inches from 
‘the back, this will be 24+ 4} = 284 inches. Using this figure, draw the 
diagram (Fig. 331), showing the force in the boom everywhere (got by 
dividing the ordinates of the bending moment diagram by 28} inches). 
_ The force in a boom at the centre is roughly 160 tons. The stress being 
P 
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limited to 7 tons per square inch, the best section, found after a number 
of trials, is as follows :— , 


Two angles 4 inches x 4 inches x } inch, less one }4 inch 


rivet hole in each = 46 tons 

Three flats 12 inches x 2 inch, less two 33 ‘inch rivet ‘holes 
ineach . = 82 tons 
One flat 12 inches x ve inch, less two iE inch ‘rivet holes = 32 tons 
Total : - 160 tons 


Setting these off upon the diagram, the necessary length of each plate 
is at once apparent. The 1g inch plate placed outside must be 18 feet 
6 inches long, the next two 3 inch plates 24 feet and 29 feet long, while — 
the inside plate and the angles will be carried the full length of the — 
girder. It will be observed that an extra rivet pitch or two have been — 
allowed in the various lengths. 

In this design the top boom will be made of exactly the same 
pattern, length of plates, etc., as the bottom boom; that is to say, the 
rivet holes will be subtracted from the area .of the section both for — 
compression and tension. If it is thought desirable to take the area of — 
the compression boom as the gross area, not subtracting the rivet holes, 2 
another diagram of the same type for the compression boom will be — 
necessary. It is doubtful in the present case if such alteration would 
save money. 

Set out the Girder.—Start with two horizontal centre lines 24 inched 
apart. Erect the centre lines of the stiffeners. Next put in the rivets, 
those in the flanges being staggered with regard to those in the web, 
due regard being paid to local conditions, taking on of cross girders, ete., 
remembering that a simple uniform pitch is to be aimed at. Next, on 
this skeleton outline, put in the outlines of the plates and angles. 

Joints.—The longest boom plate in the design has a length of — 
38 feet 5} inches. It will be advisable to make a joint in this, although — 
it might possibly be obtained in one piece. This joint will be placed so- 
that the outer ¢ inch plate produced will form a cover. The cover 
being single, the rivets are in single shear, each worth 2°59 tons, and : 
since the cut plate was worth 27} tons, 12 rivets will be required through — 
each half of the cover, as shown: 

If the joint occurs in the bottom boom to the left of the centre of the 
girder, it may be placed to the right in the top flange. 

~The web plate will also be made in two pieces, and the joint placed at — 
the centre, where the shear is least. If the joint be designed to carry the 
shearing force only, the shear per inch of depth diagram which determined — 
the longitudinal riveting will determine that in the transverse seam also. — 
It will be seen that a 6 inch pitch would be more than sufficient at the 
joint under consideration. Actually a single riveted butt joint with double 
cover straps and rivets of 4 inches pitch will be used as shown. “a 

Stiffening at Ends.—The reaction at each end is 38 tons. A bolster 
plate 1 foot square will be riveted to the bottom of the girder at each end — 
to limit the span, and between this and the wall plate sheet lead is placed. — 
The reaction must be distributed over the depth of the web plate through 
the vertical stiffening at the end. There are 8 rivets in the end 
angles, and 7 in the first stiffener. The load on each of these rivets is — 
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+15=2°53 tons; they are in double shear, and, as has been shown, 
his worth 3°55 tons. But the load is not equally divided over the 
sts, and therefore a margin is desirable. If the area of the cross 
tion of the stiffening be worked out, it will be found that the direct 
‘stress is small. Taking only the end plate 12 inches x 2 inch, and the 
‘two end angles 4 inches x 4 inches x $ inch into account, it is 3-2 tons 
er square inch. 


the depth of the web. rat each passes 7 rivets, and if a section 
4 inches x 3 inches x $ inch be used, the direct stress will be less than 
1 ton per square inch. 
g bsitend of Inertia and Moment of Resistance of Cross Section.— 
Subtracting the rivet holes from both flanges and allowing for the middle 
1 foot 8 inches of the web only at 33 per cent. efficiency, that is, the worth 
of the riveted joint (the joint is weakest in compression between the 
rivets and plates), the moment of inertia of the central cross section is 
_ found to be 9740 (inches)*. - Since the distance of the extreme fibres 
from the neutral axis is 15°81 inches, the modulus of the section is 
9740 + 15°81 =616 (inches)*. Hence the maximum stress at the central 
cross section is 4440+ 616 =7-2 tons per square inch, which exceeds the 
limit. The explanation of this is, that in so deep a flange the variation of 
stress between the outer and inner fibres is considerable, a point often 
overlooked when the approximate method is applied, and this shows the 
necessity of calculating the moment of resistance everywhere. It will be 
_ found necessary to increase the thickness of the outer plate from ;', inch 
-to}inch. The moment of inertia of the central cross section will then 
become 10,060 (inches)*, and the moment of resistance will increase 
to 634 (inches)*®, which will reduce the maximum stress to 7 tons 
per square inch. 

_ The moment of resistance diagram is plotted on the base line of the 
_ bending moment diagram (Fig. 331), and it will be seen that the former 
lies entirely outside the latter. 
__ The moment of inertia diagram is also plotted on the base line of the 
_ bending moment diagram (Fig. 331). 
Deflection and Camber.—Assuming that M +I is constant through- 


out the girder (a rough approximation) and equal to aaah’ then, 


; A ML? 4440 x 450? ‘ : oes 
_ deflection = SEI ~8x9000 x 100607 1} inches. This deflection is yy 
_ of the span, which may be considered as reasonable. 

If 2 inch of camber be allowed per 10 feet of span the total camber 
required i is 13 inches, agreeing fairly well with the estimated deflection. 
Actual Weight of Girder.—The weight of the girder as designed 
‘is 4tons Ocwt. 2qrs. 13 lbs., showing that the estimated weight is 
sufficiently accurate. 


Exercises XIV. 


_ 1. A steel plate web Faber with parallel booms, 100 feet long, is to support 

a dead load of # ton, and a rolli load of 1} tons per foot-run. Select a suitable 
h, and assuming suitable working stresses, design the centre section and the 
dinal section of the booms, taking 30 feet as the maximum length of 
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plate. Design also the cover plate for one of the,boom joints, and show the 
general arrangement of stiffeners. Scale for section, | inch to 1 foot, Horizontal - 
scale for booms, | inch to 5 feet. [U.L.] 

2. A built-up steel plate girder has the following cross sectional dimensions: 
—tThe flanges consist of three plates, each 4 inch thick and 16 inches wide; 
the web consists of one plate, 45 inches deep and @ inch thick; the web and 
the flanges are connected together by angles 4 inches by 4 inches by $inch. If 
the external shear force at a particular vertical section of this girder is 112 tons, 
determine (a) The intensity of the shear stress in the horizontal plane of the 
section in which the web plate meets the flange plates. (b) The proper pitch to 
adopt for the 1} inch rivets used to connect together the web and the flanges, if 
the intensity of the shear stress in them is not to exceed 4 tons per square 
inch. [U.L.] 
8. Draw the M/I diagram for the plate girder in the worked example (Art. 204). 
Find graphically from this the actual deflection curve of the girder. Measure 
the maximum deflection. Show by how much the deflection curve differs from 
an arc of a circle. oie 

4. Plot the shear distribution curve for an end cross section of the plai 
girder in the worked example (Art. 204). What is the ratio of the mean to 
—— shear stress? Compare each with the shear per inch of depth 
assumed. ; 

5. Design the grouped joint for three } inch steel plates 16 inches wide. 
Diameter of rivets, { inch. Holes punched and reamered. A single outside 
cover to be employed. The holes in the flanges to be staggered. Calculate — 
the various efficiencies of the joint. What saving of metal is there over three — 
separate joints ? 

6. A rolled steel joist is continuous over three spans. One extreme end is — 
built firmly into an abutment, while the other may be taken as freely ny He 
The load carried is 1 ton per foot-run. The two outer spans are each 10 feet, — 
and the centre span is 12 feet. What are the loads on the piers? Draw the ~ 
bending moment and shearing force diagrams. Design the beam. 4 

7. Design a plate web girder of the fish-bellied type suitable for an overhead 
traveller of 50 feet span. There are two such girders upon which the trae 
carriage runs. The maximum weight to be lifted is 40 tons, and the weight 
the traverser may be taken as 4 tons. 

8. A three-girder bridge, to carry a double line of rails, has a clear of 
36 feet, and the girders have a length of bearing at each end of 2 feet 6 inches. 
The girders are to be of the plate web type. The flooring is to be trough form, — 
weighing about 7 cwt. per foot-run of the whole width of the bridge. The 
permanent way, including rails, sleepers, etc., may be taken as equal to 160 
pounds per foot-run for each line of rails. Estimate in any way you please the 
approximate weight of the main girders, and determine the maximum bending 
moments and shear on each of the side girders and on the central girder for the 
above dead loads, and for a live load of 40 cwt. per foot-run per single line of 
rails. Choose your own working stresses, and design a suitable cross section — 
for the centres and ends of the central girder and for one of the side girders. 
Determine the necessary pitch of rivets in both cases. _ [U-L.] 

9. Design for a double track railway bridge. Span between bearings, 60 
feet. There are to be two main girders, spaced 26 feet apart, centre to centre. 
The deck of the bridge is carried by cross girders placed’ at about 7 feet to 8 
feet pitch, and consists of trough flooring running longitudinally. The sleepers 
are laid transversely. The dead weight of the floor may be taken as 1} cwt. 
per square foot, and the equivalent uniform live load at 2 tons per foot-run for — 
each line of way. The maximum load on one axle may be assumed as 20 tons. 


CHAPTER XV 
DESIGN OF STRUCTURES—BRACED GIRDERS 
205. Open Web or Braced Girders.— Open web girders include all those 


in which the web is constructed of separate bars or members instead of 
a continuous plate. In such girders the tensile and compressive stresses 


- 
~> 


_ to which the shear has been shown to be equivalent are carried by ties 


and struts specially designed to take them. 
Open web girders are lighter than corresponding plate web girders. 


__ The metal in the open web is better disposed, and the girder presents less 
_ surface to the force of the wind. 


Above 60 to 80 feet span open web girders are preferable in most 
cases to plate web girders, and in very large spans they are a necessity. 
Very light girders also are often made of the open web type. 

Open web girders are, however, more costly per ton than plate web 
girders, and the latter are therefore less expensive for small spans carry- 
ing heavy loads. 

It is sometimes convenient to construct the web of a girder partly as 
a plate web and partly as an open web. If the shear is very large, say, 
at the ends, the bracing and connections are sometimes very difficult to 
design. In such cases it may be more convenient to use a plate web. 
Near the centre, however, or where the shear is small, it may be more 
economical to carry it by means of ties and struts. Such a girder is 


termed a semi-plate web girder. This form is, however, not much used, 


except in special cases. 

206. Types of Open Web Girders.—The web bracing takes many 
diverse forms, from which the various types mainly take their names. 
Examples are shown in Figs. 332 to 347. 

In the type known as the Warren girder (Figs. 332 to 335), the web 
braces form the sides of isosceles triangles, whose bases are parts of the 
booms. ‘The web members are inclined at 60° to the booms in Figs. 332 


Fig. 332. Fie. 333. Fig. 334. Fig. 335. 


and 333, and at 45° in Figs. 334 and 335. Vertical members shown 
dotted in Figs. 334 and 335 are introduced to add further support to 
the roadway. In Figs. 332 and 334 the floor or deck of the bridge is 
at the bottom, and the traffic would pass between the main girders. In 
Figs. 333 and 335 the deck is on the top. 

A Pratt or Whipple-Murphy truss is shown in Fig. 336. This is 
sometimes called an N truss. The web bracing is composed of vertical 
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and diagonal members alternately. The diagonals are usually, though 
not necessarily, placed at 45°. The shorter vertical members are struts, 
and the longer diagonals ties. The truss is shown inverted in Fig. 337 
to get the deck on the top. 

A modification of the Pratt truss, with the diagonals sloping the 
other way, and known as the Howe truss, is used in America. It is 
usually constructed mainly of timber. The verticals, which are now 
ties, are wrought-iron or steel bolts, and the diagonals, which are now 
struts, are of wood. 

For long and heavy spans, duplicate systems of web bracing are used. 


Fie. 336. Fig. 337. Fig. 338. Fie. 339. 


If two Warren girders of the form shown in Fig. 334 be taken, and one 
is inverted and superposed on the other, a Lattice girder (Fig. 338) is 
formed. If two N trusses of the form shown in Fig. 336 be similarly 
treated, the lattice girder shown in Fig. 339 is obtained, which is the 
girder of Fig. 338 with the verticals of Fig. 334 left in. The function 
of these verticals is to equalise the load between the two systems. In 
the type shown in Fig. 338, two diagonals in the same bay do not carry 
the same stress ; in the type shown in Fig. 339, they should. In actual 
bridges it is doubtful if these verticals really act as they are supposed 
to do. 

If two N trusses be superposed, one being moved half a bay along 
relative to the other, a 
Linville truss (Fig. a. & 
340)is obtained. Fig. z be 
341 shows the same Fia@. 340. Fi. 341. Fig. 342. 
truss with a slightly 
different end post. Fig. 342 shows the Linville truss inverted to get the 
deck on the top. 

In designing girders with duplicate web systems it is usual to separate 
the two systems, and to design each on the assumption that it carries 
one half of the load, though this assumption is not strictly correct. The 
two are then again superposed, and the stresses combined’ in those mem- 
bers which are made to coincide. 

Sometimes two girders of the type shown in Fig. 338 are combined, 
one being moved half a bay along relative to the other. Such a combina- 
tion is termed a double lattice girder. 

In small girders the web is often composed of a number of diagonal 
bars lattice braced, as shown in 


Fig. 343. Such a web may be Sth oe 


looked upon as a multiple lattice 

girder. The bracing usually con- Fic. 343 
sists of flat bars, which are made Lis 
wider and thicker toward the points of support. The usual assumption 
when designing such a web is to make the diagonals cut by any vertical 
section of such size that the vertical shear force at the section will be 
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“equal to the vertical component of the sum of the safe loads in all the 
jagonals cut. Vertical stiffeners similar to those used in plate girders 
‘are usually introduced, and for similar reasons. 
So far the types of open web girders referred to have parallel booms. 
7 large spans it may be more economical to curve one, or even 
a of the booms. Girders with curved booms are more expensive per 
ton than corresponding ones with straight booms, and should not be 
employed when parallel booms are suitable. Most of the types of web 
4 bracing already referred to can be used in girders with curved booms. 
yA girder with the top boom of parabolic form and the other straight 
P (Fig. 344) is termed a bow-string girder, from its similarity to a bow and 
string. Such a girder, carrying only a uniform dead load, would, theoreti- 
 eally, require no diagonal bracing in the web. Since all bridges have to 
support both non-uniform and rolling loads, in practice diagonalisation 
becomes necessary, as shown in Fig. 344. This form may be inverted, 
_ when the “bow” becomes a suspension chain. 
The type sometimes called the bow and chain girder is shown in Fig. 
345. It is the bow and inverted bow or suspension chain girder types 
_ combined, the object being to neutralise the thrust of the arched bow by 


a 
“5 _ 


‘ N 


Fia. 344. Fia. 345. 


_ the tension in the chain. Practically, it is a girder with two curved 
booms. The web bracing is usually of the type shown. The bridge 
floor is carried by suspension rods, as shown. 

Fig. 346 illustrates a type of truss common in America for large 
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Fig. 346. Fig. 347. 


spans. The web bracing is of the lattice type. Fig, 347 shows the 
Linville type of truss applied to a large span. 
A type of girder common in English railway practice is illustrated i in 
the worked example, Art. 227, pp. 248-258. 
207. Counterbracing. —The function of the ties and struts which 
_ form the bracing of an open web girder being to take the shear stress, it 
_ follows that if this shear stress be reversed in direction at any part of the 
’ girder, the ties become struts and the struts become ties at that part. 
Now, it was shown in Art. 107, p. 100, that a travelling load added to 
~ the dead load will have the effect of reversing the direction of the shear 
stress over a portion of the girder. In a plate web this reversal of 
_ stress is of little or no consequence, but in an open web it is obvious that 
But eithe must be made for it., The struts will as a rule act well as ties, 
ut either the ties must be designed to carry the compressive stress, that 
__ is, to act as struts, or else special members must be introduced to carry 
_ the reversed stress. These special members, which are diagonal ties 
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sloping the other way to the ordinary-diagonal ties, are called counter- 
braces. The dotted lines in Fig. 344 represent counterbraces. 

In duplicate systems of web bracing a member of the second system 
will carry the reversed stress. In Linville trusses the bracing near the 
centre takes the form shown in Fig. 347. 

208. Booms of Open Web Girders.—The booms or flanges of open 
web girders are usually somewhat similar in form to those of plate web 
girders, being made up of a number of horizontal plates. They differ, 
however, in having one or more vertical plates, called stringer or cwrtaim 
plates, which are connected to the flange plates by angles, and which 
form convenient attachments for the web bracing. The boom, in fact, is 
usually of a T or LJ section, as shown in Figs. 348 and 349. In the 
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compression boom the lower edges of the stringer plates are often stiffened 
by angles, as shown in Fig. 351, to prevent it from buckling. Occasion- 
ally channels are used instead of these plates and angles, as shown in 
Fig. 350. To prevent distortion LJ sections may be fitted with diaphragm 
plates, as shown in Fig. 352. —— 


A type of boom sometimes ies? aa 


adopted is shown in Figs vir Plates 

353, 354, and 365. Instead Flange lés. 

of placing the flange plates ee 7 

horizontally they are placed a Stringer Plates 

vertically. Combinations with Stiffening Angles 

angles and channels are also Bre, a6 seer: 


used. In American practice 
these vertical plates become eye-bars in the tension flange, as shown 


in Fig. 375, p. 245. This type possesses the advantage that it is a 


ie 
Plate. 


| Plan 


Fig. 353. Fig. 354. 


most convenient form to get a really good connection with the web 
bracing and for the attachment of the cross girders. Also, it does not 
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hold the rain, as does the LJ form, unless specially drained. The two 
halves of this form of boom are usually connected together by light 
- secondary bracing, as shown in Figs. 353 and 365. 

Fig. 355 shows a convenient form of boom for a light girder. It 
consists of four angles held apart by short plates at intervals. 


he cross section of the boom is proportioned 
to the stress which it has to carry, exactly asin a == Ee 


_ plate web girder. The graphical method shown 
Fig. 331, p. 227; may be used to obtain the TE: 
length of the flange plates, angles, etc. 7g: rn phy 

If the lateral dimensions of the compression - 
boom are small compared with its length, it should be examined as a 
strut hinged at the panel points. Generally, this is unnecessary. 

209. Joints in Boom Plates.—The joints in the horizontal flange 
plates are formed exactly as in the case of plate web girders, and similar 
calculations are necessary. The flange angle joints are also similar, being ’ 
constructed with round back covers. The joints in the stringer plates are 
usually butt joints with double covers, as shown in Fig. 349, sufficient 
rivet section being used to develop the full net strength of the plate. A 
grouped joint for a boom with vertical flange plates is shown in Fig. 353. 

210. Riveting in the Booms.—The riveting in the booms should be 
of a regular uniform pitch. As far as possible the rivets should be 
arranged to break pitch across the width, particularly in the tension boom, 
so as not to weaken the boom more than is unavoidable. A 4 inch pitch 
is the most common, but the pitch should not exceed 6 inches where 
there is a likelihood of water getting between the plates, nor in any case 
should the pitch be more than sixteen times the thickness of. the outside 
plate in the compression boom. 

Since the stress in the boom is transferred from the web bracing on to 
the stringer plate, and thence through the flange angles to the flange 
plates, sufficient rivets must be placed through the flange angles to 
transfer this stress on to the flange plates within a reasonable distance 
along the length of the flange. | 

211. Web Bracing.—The web bracing is constructed of the ordinary 
rolled sections, used singly or in combination. For ties, flats are most 
commonly used. If, however, lateral stiffness is desired, or if the stress 
is likely to be reversed, a channel or other suitable section may be 
employed. If the reversed stress is small in amount, two flat bars con- 
nected by secondary bracing, as shown in Fig. 357, may be used. Each 
of the flat bars must, however, be capable = 
of carrying one-half of the load when con- 2% * * 
iron distance pieces. 

For a light tie a single flat bar is best, \ * 
359, 360, 362, 364, and 365. A strong and light strut is formed by 
connecting together two or more simple struts by secondary bracing, as 


sidered as a column bending between the yj 
points of secondary support. This condition j; 
e 
and for a light strut a single angle or tee 
bar is most suitable (Fig, 356). ct cit 


usually determines the spacing of the cast- 
The usual sections suitable for heavier struts are shown in Figs. 358, 


235 APPLIED MECHANICS 


shown in Figs. 358 and 359. Two channels braced together make a 
favourite form of strut. ; 

If a strut is equally free to bend in two directions at right angles to 
one another, its component parts should be chosen and arranged so that 
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Fig. 357. Fig. 358. Fig. 359. 


the radii of gyration” of the section about axes perpendicular to these 
directions are as nearly as possible equal. 


The parts of a built up strut between the points of attachment of the 
secondary bracing should be examined as separate short columns hinged 
at their ends. ; 

Secondary bracing usually consists of light flat bars, 2 inches to 2$ 
inches in width, and + inch to 3 inch in thickness. Light angles about 
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24 inches x 23 inches are also used. Various forms of secondary bracing 
are shown in the illustrations of this section. 

; The stresses in the web members are found from the stress diagrams 
(see Chapter XII.), and their cross sections determined by the rules for ties 
and struts, 

Where the connections between a strut and the booms are’ stiff 
riveted joints, and the boom sections are also stiff and capable of with- 


Fie. 365. 


standing considerable bending and distorting moments, the strut may be 
considered as fixed at its ends, or nearly so. It is safer, however, in 
order to allow for any imperfection in the manner of fixing to take the 
effective length of the strut as, say, 1} times its real length. 

212. Connection of Web Bracing to Booms.—In English practice 
riveted joints are almost invariably used for connecting the web braces to 
the booms. Examples are shown in preceding illustrations. In America, 
pin joints, such as shown in Fig. 375, are common. ; 

If the number of rivets required in the ends of the web members is 
not too large, these members may be attached directly to the stringer 
plates, as shown in Figs. 356, 360, and 362. Often this is not possible, 
and gussets are introduced, as shown in Figs. 363, 364, and 365. In 
Figs. 364 and 365 the rivets in the ties- are placed in double shear by 
the use of cover plates. 

The following conditions should be observed when designing joint 
connections :— 

(a) Sufficient rivet section should be provided in each member to 
take the load on it. If gussets are used, sufficient rivets must pass 
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‘through the gusset and stringer plate to take the load from the gusset 
and transfer it to the boom. 
one The axes of each member (boom included) should meet at a 


4 ©) The rivets in each member should be symmetrically grouped 
Si eut its centre line. 
(d) A tension member should not be weakened to a greater extent than 
one rivet hoie. 
7 (e) The rivets should be spaced at a convenient and uniform pitch. 
_ Those in the web members should not be permitted to upset the 
uniformity of pitch of the boom riveting. 
. (f) The centres of the rivets should not be less than three diameters 
_ apart, or closer to the edge of the plate than 14 diameters. 
_ Too often in actual practice the above conditions are not all com- 
with. Sometimes a compromise has to be made, but with a little 
oa and ingenuity much i! be done towards satisfying all the con- 
itions. 
213. End Posts.—The end struts of bridge trusses are termed end 
_ posts. They have to carry the whole reaction due to the load on the 
girder, and are therefore of more massive construction than the ordinary 


Fia. 366. 


struts ; in fact, they are frequently of similar cross section to the com- 
pression boom, 

Details of two inclined posts.are shown in Figs. 366, 367, and 368. 
A vertical end post is shown in Fig. 384, p. 254. In some inverted 
_ trusses, however, the end member is a tie, which may be of the usual 


214. Bearings.—Beneath the feet of the end posts are placed the 
bearings. An example of a roller bearing is shown in Fig. 369, which 
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res ents the standard practice of Mr. George A. Morrison, the cele- 
rated American bridge engineer. This bearing is fully illustrated and 
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described in the Transactions of the American Society of Mechanical 
Engineers for 1893. The following particulars and table of dimensions 
_ are taken from Mr. Morrison’s paper :— 


tainber Number ar di srt Total Safe Leads at 
of of | Rollers (a). | Plate (3). | Being: | Linear Inch. 
| Rollers. | Rails. Inches, | Inches, | !=ches- Lbs. 

3 6 175 4 45 135,000 

4 8 23:5 5 80 240,000 

5 10 29°5 6 195 375,000 

6 12 355 8 180 540,000 

7 14 4145 9 245 735,000 

8 16 47-5 10 320 960,000 

9 18 BBS rs 405 1,215,000 

10 20 59°5 12 500 1,500,000 

rs 22 65°5 13 605 1'815,000 

12 24 715 14 720 2'160,000 
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Above the rollers is the top bearing, which is a steel casting 


chord, is placed on the top plate, to which it is bolted rigidly. The 
rocker plate is square in plan, its bearing surfaces being cylindrical, of 
radii equal to the side of the plate. A rocking motion is possible in 
any direction, and the bearing may be depended on to distribute the 


weight not only uniformly over the several rollers, but uniformly over 


the length of each roller. 


_a—(64+1'5) pat —(o+15) Span 
ei Sent ( B0OOR 

The roller bearing provides for the longitudinal expansion and con- 
traction of the structure due to variations of temperature. Such 
provision is, however, only necessary at one end of the truss. At the 
other end a fixed bearing, or one which provides for rocking motion only, 
is provided. A form similar to that shown in Fig. 369, but without the 
rollers, may be used for the fixed end. Another form is shown in 
Fig. 368. 

215. Bridge Floors.—The floor of a bridge may be carried on the 
top of the main girders, or it may be attached to the bottom flanges of 
these girders. In the former case the traffic passes over the main girders, 
and the bridge is called a “deck” bridge; in the latter case the traffic 
passes between the main girders, and the bridge is then called a 
“through” bridge. 

216. Railway Bridge Floors—Cross Girders.—The weight of the 
bridge platform and the rolling train load is transmitted to the main 


girders by cross girders, which are usually shallow, plate web girders — 


spaced at intervals along the main girders, and placed transversely to 
them. Figs. 327, 328, and 329, p. 223, show the common means of 
attachment if the main girders are of the plate web type. 


Common methods of attaching cross girders to main girders of the - 


open web type are shown in Figs. 370, 371, and 372. Figs. 370 and 
371 apply to through bridges, and Fig. 372 to deck bridges. In Fig. 
370 the cross girder rests on the flange of the main girder directly, while 
in Fig. 371 it is slung below. The latter method has the advantage 
that the load is transmitted directly to the centre of the main truss, and 
does not tend to twist the flange. 

The minimum spacing of the cross girders should be from 7 to 8 feet, 
that is, not less than the distance apart of the driving axles of the 
heaviest locomotive crossing the bridge. This spacing, however, may be 
much increased in large spans. In any case, cross girders may only be 
attached to the main girders at panel points. 

Each cross girder must be capable of carrying its share of the dead 
load of the bridge platform, together with the heaviest live axle load 
which may come upon it. Cross girders are usually assumed to be freely 
supported at the ends. 


217. Rail Bearers.—Spanning between the cross girders, and placed 
directly beneath the rails, are longitudinal girders called rai bearers or — 


stringers. For a 4 feet 8} inches gauge these rail bearers would be spaced 
about 5 feet, centre to centre. The rail bearers carry the weight of the 


platform and the axle loads on to the cross girders, to which they are 


the rocker plate, which carries the top plate. The bolster, or the bottom — 
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attached. Fig. 373 shows the method of connecting the rail bearers to 
the cross girders. For a further illustration of rail bearers, see Fig. 386, 
p. 256. Rail bearers are designed in a similar manner to the cross girders. 

218. Floor Plating.—Upon the double system of girders, made up 
of the cross girders and rail bearers, is placed the deck proper, which 
consists either of flat or buckled floor plates, and upon which the ballast 
rests, The thickness of these plates varies with their area and the weight 
supported, but is usually about 2 inch. 

219. Ballast and Sleepers.— Ballast consisting of broken stone 
asphalt is spread over the floor plating to a depth of 3 inches. Above 
this and under the sleepers at least 4 inches of hard ballast is placed. 

The sleepers are of pine, 9 feet long, 10 inches wide, and 5 inches _ 
thick, spaced at about 3 feet centre to centre. If head room is limited, 
the sleepers may be placed longitudinally and bolted down directly to the 
floor plating above the rai! bearers. This method has the disadvantage 
that it breaks the continuity of the permanent way system. 

To prevent the ballast spreading, vertical plates, called ballast guards, 
are fitted (see Fig. 386, p. 256). Provision must also be made to confine 
the ballast at the end of the bridge. Suitable drainage arrangements to 
carry off water from the bridge floor are also necessary. 

220. Trough Floors.—Instead of flat or buckled plates, trough sec- 
tions of various forms may be employed. 

Fig. 374 shows a common form. In this $ \ 

case rail bearers are unnecessary, the troughs 

running longitudinally, and resting upon the e « 0 «© « « @ 
cross girders, to which they transmit the load. Fic. 374 

With plate web girders, the cross girders them- a 

selves may also be dispensed with, and the troughs are then laid trans- 
versely and attached directly to the main girders. 

The troughs are designed as beams, the total moment of resistance of 
those which actually bear the load being equated to the bending moment 
upon them. Dimensions and moments of resistance of trough flooring 
are given in the various makers’ catalogues. 

221. Widths of Railway Bridges.— With a single line of rails, the 
clear width between the parapets should be 15 feet. A double line 
running between two main girders requires 26 feet, the distance between 
the roads being 6 feet. 

222. Road Bridges.—The flooring takes much the same form as that 
of railway bridges. It must, however, be capable of carrying a live load, 
consisting of heavy traction engines and other vehicles, anywhere upon 
the surface of the road. The various forms of trough flooring are very 
suitable. Very small bridges may even be made without main girders, 
longitudinal troughs carrying the load from abutment to abutment. 

The widths of road bridges correspond to those of the roads which 
they serve. 

223. Example of American Practice.—Fig. 375 illustrates the details _ 
of a type of bridge common in America. The line diagram near the top — 
of the figure shows a portion of the truss, and details of the joints at 
A, C, D, and E are shown to a larger scale. It will be observed that the 
tension members are eye-bars, which are connected to the other members 
by pin joints. 
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It may be noted here that in American practice the ratio of depth to 
span commonly adopted is larger than is usual in British practice. 

224. Wind Pressure.—In what follows, the direction of the wind is 
supposed to be horizontal. In estimating the effect of wind pressure on 
a bridge, two alternative cases should be considered. (a) When the 
bridge is unloaded, and a wind pressure of 56 Ibs. per square foot is 
acting on it. (+) When a train is crossing, and a wind pressure of 30 Ibs. 
per square foot is acting on both the bridge and train, The wind 
pressure on the moving train forms a travelling load acting laterally on 
the structure. 

The area upon which the wind acts may be estimated as follows. For 
a single flat bar or a solid body like the floor system, the face area pre- 
sented to the wind may be taken. When two bars lie, the one directly 
behind the other, but from two to three diameters apart, the combined 
area may be taken as one and a half times that of a single bar. If, how- 
ever, the distance between them is relatively great, the combined area 
presented is twice that of one. For example, the area presented by two 
ties, one behind the other, in the same panel of a lattice truss, would be 
one and a half times the face area of one, but the total wind pressure on 
the two girders of the bridge would be twice that on one. In a plate 
girder bridge, however, the windward girder may be assumed to shield 
the leeward girder to an extent depending on their distance apart. The 
train surface may be taken as 10 square feet per foot-run, and the 
travelling wind load is then 300 Ibs. per foot-run. 

225. Wind Girder.—The lateral wind load is supported by a girder 
formed by bracing together two of A 
the main booms in a _ horizontal 
plane, usually that of the bridge 
floor. Sometimes the other two 
booms are also similarly braced 
together, then the two girders so 
formed share the load. 3 lib th 

If the bridge floor consists of continuous plating, this may be looked 
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upon as forming the web of the wind girder. Frequently, however, a 
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larate and distinct braced web is provided. Fig. 376 is a skeleton 
gram of such a web, this being of lattice pattern, since the wind may 
‘in either direction. Fig. 377 shows in detail the connection of the 


‘and Fig. 378 shows two 

methods of connecting the 
braces at their in- 
rsection B. 


; er under both 
conditions (a) and (db) 
7 (Art. 224) are determined ; Fig. 378. 
in the usual manner, 
and the web members designed to carry them. The stresses in 
- the booms due to the wind are suitably combined with those due to 
other causes, and the booms are designed to carry the resultant 
_ stresses. All the wind pressure stresses should be treated as live load 
226. Overhead and Sway Bracing.—In “through” bridges the top 
booms are often connected together by overhead bracing. If head room 
is limited, this overhead bracing takes the form of a curved girder, such 


Fig. 379. 


as is shown in Fig. 379. Should height permit, sway bracing of the form 
shown in Fig. 380 may be used. 
This overhead bracing may be looked upon as tending to equalisé 
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between the two main girders the wind pressure acting on the bridge. It 
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also has the effect of resisting the distortion. of the bridge due to the 
deflection of the cross girders as the 
travelling load passes. 

When the trusses are too low 
to admit of any overhead bracing, 
gussets may be introduced instead, 
connecting the vertical’ members 
with the cross girders, as shown in 
Fig. 370, p. 243. 

To resist lateral distortion, 
deck bridges are invariably braced, 
as shown in Fig, 381. See also Fig. 372, p. 243. 

227. Open Web Girder Bridge—Worked Example.—To indicate 
the method of procedure, the design of an open web girder bridge to 
fulfil the following conditions will be considered. T'ype—single track, 
through bridge. Span—150 feet. Travelling load—a train of “ eight- 
wheeled” coaches, headed by three locomotives of the type shown in 
Fig. 382. 


Fig. 381. 
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Type of Main Girders.—As typical of normal British practice for 
spans of the length given and carrying such a load, an N girder with 
curved top flange will be adopted. 

Actual Span.—Fix as accurately as possible the actual span of the 
girder, Where rocking bearings are employed it is the distance from 
centre to centre of the pins, in this case 150 feet exactly. This span 
will be used for all calculations. 

Depth of Girder and Number of Panels. _‘The depth at the vit of 
the span should be from one-twelfth to one-eighth of the span, the number 
of panels being chosen to correspond, due consideration having been given 
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tl » spacing of the cross girders. Fig. 383 shows an outline of the 


truss as decided upon. The depth at the centre is 12 feet 6 inches, at 
the ends 7 feet 6 inches, and there are twenty panels, each 7 feet 6 inches 
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Outline of Main Girders and Cross Section.—Draw an outline of the 
_ bridge, showing the centre lines of the various members. Draw also an 
‘approximate cross section at the centre, showing the cross girders, rail 
bearers, flooring, etc. See Fig. 386, p. 256. Reference to an existing 
bridge is here desirable. 

Lengths of Members.—Calculate the lengths of the centre lines of all 
' the — of the main girders and tabulate them. See stress sheet, 
: Travelling Load Ejffects—Determine the maximum bending moment 
and shearing force diagrams, and also the equivalent uniform load due to 
the specified travelling load. The tracing paper method described in 
_ Art. 106, p. 98, may be used. 

' When the travelling load crosses the bridge the bending moment 
_ rises to a maximum of 4800 foot-tons, the equivalent uniform load being 
256 tons. The maximum shear force occurs at the ends of the span, and 
_ is 133 tons. 

_-~Weight of Bridge.-—The dead load due to the weight of the bridge 
and its floor must be estimated as closely as possible, basing the calcula- 
tion if possible on an existing design. The following will indicate the 
_ method. 

_ The area of bridge floor covered with ballast will be taken as 
150 feet x 114 feet (see cross section, p. 256). The weight of the bridge 
floor, exclusive of cross girders, is therefore— 

Tons. 


150 feet of permanent way, including rails, chairs,and sleepers 11°0 
3 inches of broken stone asphalt @ 140 lbs. per cubic foot 27:0 


4 inches of ballast under sleepers @ 120 __,, 36 . 380°8 
5 inches of ballast around sleepers @ 120 __,, - . 801 
8 inch flooring plates, ballast guards, and fixings ; CER (ip | 
Timber foot paths * ‘ : 3 ; : : . 38 
Rail bearers (rolled steel joists @ 57 lbs. per foot-run) .° of 

Total . : . 128°2 


___ There are 20 panels and 21 cross girders. The dead load per cross 
_ girder is therefore 6°4 tons. Taking the maximum live load on a cross 
girder to be the heaviest axle load 17°4 tons, and the equivalent uniform 
load as 1} times this, and doubling this latter figure to reduce it to a 
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dead load, the total equivalent uniform dead load upon a cross girder is 
6°4 + 52°2 = 58°6 tons. 

Using Unwin’s formula (p. 223), assuming a ratio of depth to span 

of =4;, and a constant of 1500 for steel plate web girders; the span 

being about 16 feet, and the stress limited to 7 tons per square inch ; the 


weight of each cross girder is 1:1 tons. Add 10 per cent. for gussets and 


fastenings at the ends. Hence the dead weight carried by the main 
girders, exclusive of their own weight, is— 


Tons. 

Bridge floor . ‘ ‘ . : . ; : : - 128-2 
21 cross girders. : : 4 : . 254 
Overhead wind bracing, ‘etc. fn ‘say . ; - : : i 5:0 
Total . f . 158°6 


The total equivalent uniform load on the two main girders is therefore _ 
159 + 256 =415 tons, exclusive of their own weight. Applying Unwin’s — 
formula, the span being 150 feet, depth at centre 12} feet, and takin 
the safe working stress in compression at 54 tons per square inch, <a 
the constant at 1900 for steel open web girders of the type under con- — 
sideration, the weight of the -two main girders is 87 tons. 

Hence the total dead load on the main girders is 159 + 87 = 246 tons. 

Unit Load Stresses.—Find the stress in each member of the main 
girders with unit load at each panel point, preferably both graphically — 
and analytically. Tabulate on the stress sheet. 

Dead Load Stresses.—Tabulate also the stress in each member due — 
to the actual dead loads at the panel points. ‘This stress is 6-2 times the — 
unit load stress, since the total dead load is 246 tons, and there are 2 x 20 
panels, 

Maximum Live Load Stresses in the Booms.—Find the maximum 
stresses in the boom members due to the live load. These will occur 
when the bridge is fully covered, and are obtained from the equivalent 
uniform load, which is 256 tons. The corresponding load at each panel 
point is 6°4 tons, and the stresses in the boom members are therefore 6-4 
times the unit load stresses ; they can therefore now be tabulated. 

Maximum Live Load Stresses in the Web Members.—The maximum 
live load stresses in the web members must be obtained from the maxi- 
mum shear force diagram (not 6°4 times the unit load stresses). Tabulate 
these stresses both for the front and back of the travelling load, giving to 
each its correct sign. 

Wind Load Stresses.—Calculate and tabulate the wind load stresses 
under both conditions (a) and (b), Art. 224, p. 246. 

Under condition (a) the exposed area is— 


Sq. Ft. 
Twice the face area of the upper flange . , 4 . 450 
The face area of the lower flange and floor system . ; . 420 
Three times the face area of the verticals : : : . 480 
Three times the face area of the diagonals. , P - 530 
Total . : . 1880 


The distributed wind load at 56 lbs. per square foot is therefore — 
47 tons. 
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Under condition (b) ‘the exposed area is— 


pe a Sq. Ft 
The face area of the upper flange . F : ; : + 226 

The face area of the lower flange and floor system . . . 420 

One and a half times the area of the verticals . ; ‘ . 240 

One and a half times the area ofthe diagonals . . . 265 

Total . : . 1150 


The distributed wind load at 30 lbs. per square foot is therefore 
16 tons. The rolling wind load at 300 lbs. per foot-run is 20 tons. 
_ Hence the total wind load under these conditions is 36 tons. 
In estimating the above areas reference may be made to an existing 
bridge, or since, in this case, the wind stresses will only affect the lower 
booms, the scantlings of the other members of the main girders may be 
calculated and their actual areas used. 
3 The two bottom flanges of the main girders which constitute the 
- booms of the wind girder are 18 feet centre to centre. Having found 
the total wind load, the stresses due to it under both conditions (a) and 
(b) can be calculated. 

Maximum and Minimum Stresses.—All the stresses under each con- 
dition of loading are now tabulated. The maximum and minimum stress 
in each bar and the ratio MUM stress i. next determined. The 

maximum stress 
maximum stress in a bar is the greatest stress whatsoever in one direc- 
tion which can come on it. The minimum stress is the least stress in 
the same direction, or should the stress reverse, the greatest stress 
in the opposite direction. In the latter case the minimum stress is 
tive. 
In finding the maximum and minimum stresses, however, care must 
be taken that they are the values between which the stresses actually 
alternate. Two examples taken from the stress sheet will be here 
considered. ; 
Bar 10, tension boom. The maximum stress will occur when 
the bridge is fully covered by a train and is made up of dead 
load stress = +184°9, live load stress= +190°9, and wind load stress 
= +37°5, total 413°3 tons. The minimum stress occurs when the, 
bridge is quite empty and no wind blowing, and is +184°9 tons. The 
oe, will evidently alternate between these values, and their ratio 
is +044. 

Bar 40, web member. When the bridge is empty, the stress in this 
bar is +6°6 tons. As a train rolls on the stress steadily decreases 
until the front of the train reaches the panel, when it has become 
+ 6°6 — 161 = —9°5 tons. It now begins to increase until, the rear of 
the train having just passed the panel, it reaches a positive maximum of 
+6°6 + 22°7 = + 29°3 tons, decreasing again to +6°6 tons as the train 
rolls off the bridge. The stress therefore alternates between a maxi- 
Bet gee tons and a minimum of —9°5 tons, and their ratio 
is -0°32. 

Working Stresses.—The safe working stress in a member depends not 
only on the maximum stress in it, but also on the range through which 
the stress alternates. Various methods and formule, based chiefly on 


& 
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Wohler’s éestnaae: have been proposed to take this fact into account, * 
Either of the two following may be used :— 

f=safe working stress in the bar in tons per square inch, 
minimum stress — 


maximum stress. 


r= the ratio 


Claxton Fidler’s Formula (slightly modified in form).—For the flanges — 


of girders up to 100 feet span and for all web members, f == for 


ib “f : 
tension members, and, f= ar for compression members. 
-7 


For the flanges of girders over 100 feet span, f= er 


members, and, f= for compression members. 


ve 
13-3r 
The Launhardt-Weyrauch Formula.— 
f= 5( 1+ r) for tension members, 


f= 43(1 + 5 ) for compression members. 


The gross area of compression members is to be taken, and suitable 
allowance made for the tendency of long struts to buckle. : 

The working stresses found by either, or both, of these formule — 
are tabulated on the stress sheet. 

Cross Sections of Members.—Using the safe working stresses as found — 
above, design the members of the main truss in the following order :— 

Tension Boom.—Find the necessary area at the centre, and determine 
the section there. Set out a diagram similar to the lower part of Fig. 
331, p. 227, showing the variation in the force in the boom throughout 
its length, and show on this diagram the worth of each element in the 
boom section, using the safe working stress in each panel in turn, after 
deducting the area lost through rivet holes. This diagram determines 
the number and length of the boom plates. 

Compression Boom.—Make a similar diagram for the compression 
boom, using, however, the gross area of the section. In the present 
design there is no need to make any allowance for buckling. 

Joints in Booms.—Arrange for suitable grouped joints in the booms. 
The proposed lengths of plates should be shown on the diagrams. They 
must of course be convenient from a practical point of view. Design 
the riveted joints and find their efficiencies. They must equal in strength 
the plates which they connect. The safe working shear stress may be _ 
taken as 0°8 of the safe working stress in the bar. The safe working 
bearing stress may be double that of the shear stress. 3 

Diagonal Ties.—Find a suitable section, distributing the load over 
one, two, or four bars as may appear necessary. Design the riveted joint — 
in the end of the tie. If the stress reverses in a tie it becomes a strut, 
and it must also be considered as such. 


* For a full discussion of this subject the student is referred to Professor 
Claxton Fidler’s treatise on ‘‘ Bridge Construction,” 


for tension 
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_ Example. Bar 32. Maximum load, 151°7 tons. Safe working 
stress, 5°9 tons (Claxton vegatd or 6°2 tons (Launhardt-Weyrauch). 
Try four bars 11 inches wide by } inch thick. 

Net area (less one rivet hole) = 25°3 square inches. 
Actual stress in tension = 151°7 + 25°3=6 tons per square inch. 
Number of rivets required, 15 of 3 inch diameter. 
Minimum efficiency, 90°4 per cont. (tearing at second row, and shear- 

ing at first). Equivalent stress, 6°1 tons per square inch. 
Compression Members.—Allowance may be made for the lengths of 
_ the struts by the following modification of the Rankine-Gordon formula. 


Using the notation of Art. 160, p. 166, f= aA! + a(z) } 


Secondary flexure in a strut braced as that shown in Fig. 384, p. 254, 
need not be considered. 

To find the number of rivets in the end of the strut, the safe working 
stress for shear may be taken as 0°8 of the safe working stress in the 
bar, and the safe bearing pressure as double the safe shear stress, 

Example. Bar 22. Maximum load, 95°3 tons. Calculated length, 
8°45 feet. Equivalent length, 8°45 x 1:6=13°5 feet. Assume a section 
consisting of two B.S. channels, No. 19, 23°55 Ibs. per foot-run, to each 
of which is riveted a plate 10 inches x } inch (see Fig. 384, p. 254). 
Area of section =23°8 square inches. Minimum I= 286, and k&?=12, 
both in inch units. 

Safe stress, 4°5 tons per square inch (Claxton Fidler). 


» » 5D 5 »» (Launhardt-Weyrauch). 
95:3 (195 < 12)" _ 
Actual stress = 55 ant + 36000 x 12 = 4-3 tons per square inch. 


Safe stress in single shear on rivets =0°8 x 4°5=3°6 tons per square 
inch. Number of rivets required = 43. 

Gussets.—These should be thicker than the members which they 
unite, and of suitable shape to allow of good connections. The number 
of rivets through the ties and struts has already been determined. The 
number of rivets through the gussets into the boom is found as follows. 
The dead load which a gusset adds to the boom is determined from the 
dead load stress diagram, and the live load which it adds is found from 
the maximum shear force diagram. From these the minimum and 
maximum stresses and their ratio can be obtained. The safe working 
shear stress may be taken as eight-tenths of the safe working com 
pressive stress, as found by the formule on p. 252. 

‘Where a cross girder is attached to a gusset the additional load which 
it adds, including dead, live, and wind loads, must be compounded with 
that from the struts and ties, allowing for the fact that part of it will be 
in a direction perpendicular to the flange. The safe working stress can 
thus be determined, and then the number of rivets required. There will 
be local bending moments on the gussets and the rivets in them in 
almost every case, and it is well to err on the side of liberality when 
designing them. 

. Outline Drawing of Main Girders.—This can now be made. The 
centre lines are first set out, and the sections of the members shown upon 
them. Next the riveting is arranged, care being taken to get uniform 
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pitches, suitable joints, and provision for the attachment of the cross 
girders, ete. Some details may need revision. From this drawing the 
working drawings may be made. . 
To complete the bridge the following calculations are ne eit % 
Cross Girders and Rail Bearers.—These carry a definite portion of 
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the bridge floor and a live load, consisting of one or more of the heaviest 
wheel loads. Design them as plate web girders (p. 216), doubling the 
live load to reduce it to an equivalent dead load. The working stress 
may be taken at 74 tons per square inch in tension. 

Floor Plating.—This may be considered as carrying a certain dead 
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loads must also be examined. Practically, the thickness would be about 
% inch, As few sizes of plates as possible should be used (two only in 
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the example). Suitable connections to the cross girders and rail bearers 
should be arranged. 


4 Plate: FI 


i TRANSVERSE SECTION AT VERTICAL N®* 22.— A | 


WS T 
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* ni e 
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| 7-44 x14"x 6'x 46 lbs x 3 | 
i BSB. 23. S : 
| - = a7" rn! ” | 4 
1 Plates 12 * % Plate N 2 | 
CONNECTION OF RAIL BEARER Cn | ‘iy Xx | 
— —  82'xi0 : 
TO CROSS GIRDER. “10% fy 7 ar 
WA x | 
<7 | ‘ 2 ‘in 
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The Overhead Wind Bracing may be designed to carry one-half of 
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the wind load on the windward girder to the leeward girder. The form: 
shown in Fig. 379, p. 247, would be suitable in this example. ‘ 
The Roller and Fixed Bearin, ys and any other details will cond pial Ap’ 
the design for the superstructure. 
The probable deflection, necessary camber, quantities and weights will 4 
complete the calculations. 7 
Should the finished weight come out much in excess of that estimated, — 
it will be necessary to re-design the structure to allow for this. 4 


Exercises XV. 


1. A road bridge is 80 feet long and 15 feet clear width between the main § 
girders. Each main girder is of the Warren type, and is divided into eight e . 
bays of 10 feet each. The weight per foot-run of each main girder may be n u 
as 4 cwt., and the total weight of cross girders, flooring, etc., per foot-run as — 
i ton. The girder has to be icons ie to support a crowd of people weighing 1 cwt. — 
per square foot of roadwa also to be strong enough to sustain a traction 
engine. The wheel base o the traction engine may be taken as 14 feet, and the ~ 
loads on the axles are 7 and 15 tons respectively. Estimate the greatest force to 
which each member is subjected. Also sketch a section of the booms and, — 
starting from a point of support, proceed to determine the scantling of the | 
members and to design the joints, Choose your own material, working ne 
and scales. Your calculations must be handed in with your drawings. (U.L.] — 

2. Design for a single track railway bridge. Span, 120 feet. Ratio of d 
to span, y'5. The girders to be of uniform depth, divided into ten equal oa 
Web bracing to be of N type. The bridge is to carry a uniform travelling load — 
of 2 tons per foot-run, the maximum axle load being 18 tons. 5 

3. Fig. 387 shows a hinged lifting bridge, The span is 40 feet, and it is a 
divided into five equal 


bays, each of 8 feet length. z Hine of pull of lifting chains. % ; = 
K- - - -7 in q 


The bridge -load is 
equivalent to a uniformly §& 
distributed dead load of § 
of a ton per foot-run, and to s 0 
auniformly distributedlive & 
load of } ton per foot-run. 
Determine, (a) the stresses 
in the various bars of the Fig. 387. 3 
bridge when it is closed and fully loaded ; (b) when it is being lifted and is just — 
clear of the free support, carrying then, of course, only the dead load. 

Choose your own working stresses, and design the top and bottom booms. 
All drawings to be neatly finished in pencil and fully dimensioned. All calcula- — 
tions must be handed in with the drawings. (U.L.] 

4. Fig. 388 shows a bowstring girder for a proposed road bridge, which has 
also to carry a tram line; the span of the bridge is 140 feet, the or at ae 
centre 26 feet 6 ; 


inches; width of _ 

bridge from centre “o, 

to centre of main gir- 

ders, 18 feet. The _ = 

dead load is to be +  - 
1300 Ibs. per lineal |} — — —— — ——- 4+ — +274. See 

foot, the live load Fic. 388. ‘ 


3000 lbs. per lineal 

foot. Determine in any way you please the stresses in each member of the — 

girder due to dead and live loads. Design the top and bottom booms. You — 

are not required to draw the section of the booms, but to determine the necessary 

cross sectional area, and to sketch the sections. (U-Ls 
5. Design for a single track railway bridge of the American type (see p. 245). 
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To be of 160 feet span divided into eight equal panels, Ratio of depth to span, }. 
To carry a train consisting of locomotives of the type shown in Fig. 389. 


6. Design for a single track railway bridge of the type shown in the worked 


_ example (pp. 248-258). To be of 160 feet span. Ratio of depth to span about jy. 
_ To carry a train of locomotives of the type shown in Fig. 390. 


Fia. 390. 


7. Design fora double track railway bridge of the Whipple-Murphy type. 


_ Span, 200 feet. It is required to carry trains of locomotives of the type shown 


in Fig. 390. 


CHAPTER XVI 
FRICTION AND LUBRICATION 


2298, Sliding Friction—Coefficient of Friction.—Friction is the _ 


resistance which comes into action when one body is made to slide over _ 
another. The force of friction (F) is the least force, acting parallel to — 


the sliding surfaces of the bodies in contact, which will cause the one 
body to slide over the other. If Q is the mutual normal pressure — 
between the bodies in contact, the ratio F/Q is called the coefficient of — 
friction, and is denoted by ». The following table gives some values of — 
p. for moderate pressures and low speeds :— = 


Wood on wood, dry . 0:25 to 05 | Leather on wood, dry 0:3 to05 | 
mF »  soaped. O-1 ,, 0-2 | Leather on metal, dry . 03 . Ota 
me greased 0:02,, O-1 a 3 EROS 0°36 
Metal on wood, dry . 02° 5; 06 ¥5 2 greased 0°23 
Metal on metal, dry . 0715 ,, 03 a 53. ole 0°15 
Ss oiled inter- a 
mittently . ‘ 0:07 ,, 0°08 | Hemp ropes on metal, dry 0°2 to 0°34 | 
Metal on metal, oiled con- 
tinuously. . . . 0:04,, 0:06 me SR greased 0°15 


The foregoing values of » must be taken as approximate only. The — 
results of experiments on friction are very discordant. It has been found — 
that the coefficient of friction depends on the maierial of the sliding . 
bodies, the state of their surfaces as regards smoothness, the intensity of 
the pressure between the surfaces, the velocity of sliding, the nature and 
quantity of the lubricant and the manner in which it is applied, and — 
also on the temperature. . 

The friction at starting from rest or statical friction is greater than 
the friction of motion, and depends on the hardness of the bodies and — 
the length of time during which they have been in contact. 4 

The so-called laws of friction are—(1) The force of friction is directly ~ 
proportional to the pressure between the surfaces in contact. (2) The — 
force of friction is independent of the extent of the surfaces in contact. 
(3) The force of friction is independent of the velocity of sliding. These 


“laws” are approximately true when the intensity of the pressure between 


the surfaces is moderate, and when the speed of sliding is low. 

229. Relations between the Forces on a Sliding Body. _Conaidalal i 
first the case of a body A of weight W resting on a fixed horizontal plane. 
(Fig. 391). A is at rest under the action of two forces: (1) W, the — 
pressure of A on the plane; (2) R, the pressure of the planeon A. In 
this case R is obviously equal and ag to W. Suppose next that a — 


a” 
: 


‘ge 
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horizontal force P is applied to A, as shown in Fig. 392, and suppose 


that, on account of the friction between A and the plane, A remains at 
rest. P and W have a resultant S which makes 


an angle 8 with the normal to the plane and &® RV 
tan B=P/W, also S= ,/P?+W*=W/cos B. To B 
balance the force S there must be an equal and 
_ opposite force R exerted by the plane on A. Ifthe W Ww 


force P be increased and A still remains at rest, R 
will increase, and so will the angle 8. When P is Fic. 391. Fia. 892. 


increased until A begins to move, then P/W =p, by the definition of p, 
and the angle f will have its maximum value ¢, where tan¢=p. The 
angle ¢ is the angle which R makes with the normal to the plane when 
sliding begins, and is called the friction angle, the limiting angle of 
resistance or the limiting angle of reaction. 

If the plane be tilted up through an angle # and A remains at rest 
on the plane (Fig. 393), R, the reaction of the plane on A, must balance 
W, and must therefore make an angle with the normal to the 
plane equal to 8. The normal pressure of A on the plane 
is W cos f, and P, the component of W parallel to the 
‘el is W sin f. If the angle B be increased until A 

gins to slide down the plane, P will then be equal to 
pW cos B = W sin Pf, hence » = tan B=tan 4, and 4, 
which has been called the friction angle, is also the maximum =, gg 
inclination which the plane can have consistent with the O43) 
body A remaining at rest, or it is the minimum inclination which the 
plane can have consistent with the body sliding down the plane by the 
force of gravity. This inclination of the plane is called : 
the angle of repose, and it is the same as the friction 


e. 

Next let A be beginning to slide on a horizontal 
plane, the force P being inclined at an angle 6 to 
the horizontal (Fig. 394). The forces P, W, and R 
are in equilibrium, and R must be inclined to the 
normal to the plane at an angle ¢. From the triangle of forces, 


a sin } _ sing 

W sin (90+0-¢) cos (0-¢) 
’ 
Hence for given values of W and 4, P will be least when cos (@— ¢) is 
greatest, that is, when 9=¢; the direction of P will then be perpen- 
dicular to that of R. . : 

Consider next the case where a body of weight W is pulled up 

a plane which is inclined at an angle « 
to the horizontal by a force P acting 
parallel to the plane (Fig. 395), the motion 
being uniform. The forces which balance 
one another are P, W, and R, the latter 
force making an angle ¢ with the nor- 
mal to the plane. From the triangle of forces 


P_ sin (a+) _ sin (2+) _ sin acos $+cos asin ¢ 
W (sin90-¢) cosp cos p 


Fia. 394. 


=sin a+p cos a, 
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If b, h, and 7 be the base AC, height BC, and length AB of the plane — 


respectively, then sina=h/J and cosa=b/I, therefore woe b and 
- Pl=Wh+pWoe, which shows that the work done in drawing a body up 
an inclined plane is equal to the work done in lifting tt against gravity 
through a height equal to the height of the plane, plus the work done in 
drawing tt along the base of the plane against friction. This is a useful 
rule to remember. 

Here it may be pointed out that when a is comparatively small, as 
it generally is for most roads and railways, it is 
sufficiently accurate to assume that the base and 
length of the plane are equal. 

A case of the inclined plane which is import- 
ant in connection with the theory of the screw, 
is that in which the force, P is parallel to the 
base of the plane (Fig. 396). The triangle of forces shows that 
P=W tan (4+ ¢). 


230. Efficiency of the Inclined Plane.—The efficiency of any machine 
being the ratio of the useful work done to the total work, this must be 
- the same as the ratio of the effort when friction is neglected to the effort 
when friction is considered. Taking the case of the inclined plane shown 
in Fig. 395, where the effort P acts parallel to the plane, it has been 


shown that p. wen cr®) when friction is considered. If =0, 


P=W sin a, which is the value of the effort when friction is neglected. 
sin a cos 
sin (a+) : 
For the case shown in Fig. 396, where the effort is horizontal, the 
tan o. i 
tan (a+) 

231. Friction of Screws.—The connection between the inclined 
plane and the screw is shown clearly by 
Figs. 397 to 401. In Fig. 397 is shown 
a cylinder with one turn of a_ helix 
traced on its surface ; the dotted right 
angled triangle is the development of 
the portion of the surface of the 
cylinder which is below the helix. p 
being the pitch of the helix, a its in- Fic. 397. 
clination, and d the diameter of the cylinder, tan a= p/7d. . 

In Fig. 398 the inclined plane and the body sliding on it are two 
similar wedges which, when bent round a cylinder, as shown in Fig. 399, 
produce a form of screw and nut. 

The connection between the inclined plane and a square double 
threaded screw and nut is shown in Figs. 400 and 401. 

The force P in Figs. 398 to 401 is shown acting parallel to the base 
of the inclined plane\or perpendicular to the axis of the screw, and in the 
case of the screw, P acts at a distance from the axis equal to the mean — 


Fig. 396. 


Hence the efficiency in this case is —————* 


efficiency is 
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s of the screw. In each case, W being the load carried by the nut, 


- Pr tana+tangd p+yprd 

By wan et >) = Tea tan & md—pp 

_. Im practice the screw is usually rotated in the nut or the nut on the 
_ serew by a force Q acting on a wheel or lever of radius 7 attached to the 
- serew or nut, and Pd = 2Qr. 

To reverse the motion of the screw or nut 


and lower the load W the 


= a ee ee oe ee oe eee = Ar 
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Fra. 400. Fia. 401. 


greater than a, P has a positive value, but when ¢ is less than a, P is 
negative, that is, it must act in the same direction for lowering as for 
raising, and if left to itself the load W will reverse the motion. 
_____In the case of a screw thread of triangular section (Fig. 402), if R, 
the normal pressure on the thread, be resolved into two 

ponents, W parallel to the axis and § perpendicular to 
__ the axis of the screw, then R=W/cos f, where £ is the 
; complement of the inclination cf the side of the section 
of the thread to the axis. Now the friction is propor- 
tional to R; hence for a triangular thread tan must be 
___ increased to » tan ¢, where n=1/cos £, and 


3 P_ tanat+ntangd _p+nprd 
| . W i-ntanatangd rd—npp Fia. 402. 


Also, since ¢ is generally a small angle, and n is less than 1} in ordinary 


cases, n tan ¢=tan n¢ nearly, then es tan (a+nq) approximately. In 


| the Whitworth thread 28=55°, and n=1'13. In the Sellers thread 
2B =60°, and n=1°15. 
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232. Efficiency of Screws.—Square Thread.—Since the efficiency 
is the ratio of the effort without friction to the effort with friction, 
ff tan a 
e@ ciency = Pee aes p: 
maximum efficiency is 


n (45 — ae 1- tan’ sin $. 


n (45+£) 14tan® ~ L+sin 6 


Putting tan @=p and tan a=p/rd, where p is the pitch and d the 


this is a maximum when a= 45° -¢ and the 


2 


7 ‘ _ p(rd — pp) 
mean diameter of the screw, then efficiency = xdig ae 1)’ 
The reversed efficiency, that is, the efficiency when W becomes the 
effort and P the resistance, is =e) $) ; this is a maximum when 
r tan ( 45 — ‘) 
a= 45° +4 9? and the maximum efficiency is —--——__, which is the — 
tan (45 +5) 


same as the maximum direct efficiency. 
Triangular Thread.—Without friction P = W tan a OP : 


wad 
W(tana+n tan ¢) W(p+nprd) 
l-ntanatand wd—npp 
tana(l—ntanatan¢) p(rd—npp) 
tana+n tan d ~ dp + nprd) 
tana—ntand —7d(p—nprd)_ 
tana(l+ntanatand) p(rd+npp) 


The efficiencies of square and triangular threaded screws have been 
calculated for various 


With friction P= 


Hence, efficiency = 


The reversed efficiency is 


values of a and three ve 

different values of p, =1 

and the results have 2% ee ee ee 

been plotted in Fig. 70 ar 

403. The full curves z a | as ae 
LJ 7 = 

relate to the square go Ae Brass Ee 

threads, and the dotted Vi, Sai 

curves to the triangular i ie ral 2 ile Aare haa te = 

threads. It will be > Pes 4-7 

seen that for the same 340+—/—4 we = 

values of a and p the § | fi’ ne 

efficiency of the tri- &30)7 777% 

angular thread is not ™ | [yi 

much less than that 20777 

of the square thread ; iif 

the difference is greater 107 ‘ 

the greater the value 

of p, but where p»=0°3, . 9 5 10 15 20 25 30 35 40 45 


the greatest difference — ANGLE. GIN. DEGREES. 
is only about 4 per cent. Fria. 403. 
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233. Friction of Pivots and Collars.—A thrust along the axis of a 


‘shaft is taken up by a pivot or collar bearing. A pivot must be on the 
_ end of a shaft, but a collar may be at any part of the length of the shaft. 
_ The rubbing surface of a pivot or collar may be any surface of revolution, 
the axis being the axis Of the shaft. In the case of a pivot, the rubbing 


surface is generally either flat or conical. In a collar, the rubbing surface 


_ is generally flat. 


In the present state of knowledge on the subject of friction, it is 
at to determine a correct expression for the friction of a pivot or 
. There is first of all the question of the distribution of the pressure 
on the rubbing surface to consider. When the bearing is new and there 
is perfect contact over the whole of the bearing surface, it is probable that 
the pressure is uniformly distributed, but since parts of the surface are at 
different distances from the axis, they must be moving with different 
velocities, and there is therefore, very probably, unequal wear, which will 
at once cause a redistribution of the pressure, and unequal distribution 
of pressure accompanied by different velocities will almost certainly 
result in variation in the coefficient of friction at different distances 
from the axis. ‘ 

In what follows expressions will be found for the friction of pivots 
and collars on the assumption that the coefficient of friction is constant, 
and that either the pressure is uniformly distributed, or that the wear is 
uniform over the rubbing surfaces, and is directly proportional to the 
pressure and to the velocity. To say that the wear is uniform and 
directly proportional to the pressure and to the velocity is equivalent to 
stating that the product of the pressure and velocity is constant, or that 
the product of the pressure and radius is constant, because the velocity is 
proportional to the distance from the axis. 

P= total axial load carried by pivot or collar. 

p=intensity of normal pressure on rubbing surfaces when uniform, 
or at radius 7 when variable. 

r=radius of an indefinitely narrow ring of the surface, and dr 
its width. 

M=moment of friction on pivot or collar. 


Case I. Flat Pivot (Fig. 404)—(a) Uniform 
pressure p= ——7- Load on ring of radius 7 and width 
2 ; 
dr=2prrdr. Moment of friction on ring = 2pprrdr, 
M= aoe rdr= Spats - seer’ = aePr; ; 
0 


(6) Uniform wear. Let pr=c. Load on 
ring = 2rprdr = 2redr. 


Total load = P = 27re ‘ dr = 2rer,, therefore ¢ = Ser, 


Fia. 404. 


QprPrdr_ pPrdr 
en 


Moment of friction on ring = 2reprdr = 
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Case II. Flat Collar or Re- 


cessed Footstep (Fig. 405).—(a)z 
SMA vy 
Y ——— 


Uniform pressure. Proceeding as 
. for a flat pivot. 
Moment of friction on ring 


= 2pprr-dr, 
M=2upe | mdr = duane rae. ’ 


oe Pt ee 


2pP(ri - 72) 
therefore M = “307 — 7)” Fia. 405. 


(>) Uniform wear. Let pr=c. Load on ring=2arprdr=2redr. 
1 P 
Total load = P= 2 dr = 2re(r, — 1), therefore ¢ = Saito : 


—19) 
Moment of friction on ring = 2meprdr =" ~~ ; 
| ee 
Ya ide! p iit, tha 
‘ Mone [rir te 9 1 5 2 = duP(r, +1). 


To increase the amount of rubbing surface, and so diminish the 
intensity of the pressure, it is better to use two or more collars, as shown 
at (c), Fig. 405, rather than have one large collar. 

Case IIL. Conical Pivot (Fig. 406).—(a) Uniform 


pressure. Area of surface of cone = - 6: 
sin 


P=p sin gan =prrj, therefore p= noe as for a 
sin 0 wre 


flat pivot. The normal pressure on the surface of the cone 

is therefore independent of the angle at the vertex of the 
cone. 

Load on ring = esd a2 
sin 6 
2 
Moment of friction on ring = oh Bh 
sin 0 


_ 2ppt | "L 2dp = 2hP™ i _ 2pPry 
0 


: Fie. 406. 


sin sin 0° 3 3 sin 0” 
(>) Uniform wear. From the above and Case I. it follows that 
pPr, 
2 sin 0° 
Case IV. Clea Collar (Fig. 

407).—It is obvious from the pre- 
ceding cases that in this case 

— 2hP(r = 13) 

=sa00 a for uniform 
pressure, and 


M=" Syaet +r) for uniform wear. 
sin 


Fig. 407. 
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_ Comparing the different cases for uniform pressure and uniform wear, 
it will be seen that the moment of friction for uniform pressure is 


? 4 1- Gti \ of the moment for uniform wear, and when r, = 0, this 


q “ratio becomes 

Footstep or Pivot bearings are frequently fitted with loose discs, as 
shown in Fig. 408. Under normal conditions these 
dises will all rotate in the same direction, but with 
different velocities, consequently the relative velocity 
between the pivot and the disc next it, or between two 


UN 
YE: 


dises, will be less than between the pivot and a fixed Wi Li 

bearing. The total moment of friction is, however. XSAN 

med not altered by the presence of the discs. If, VES 
wever, one of the discs should heat up and seize, the Ve 


next will act and give the first a better chance of cooling. 
A similar arrangement may be applied to collar bearings. ——- FIG. 408. 


234. Schiele’s Pivot.—The form of pivot known as Schiele’s pivot 
was designed to give uniform wear in the direction of the axis with 
uniform pressure, the coefficient of friction being assumed to be constant. 
Let A (Fig. 409) be a point on the surface of the pivot, 7 the radius, and 
AB the tangent at A, YY being the axis. Let AC be the amount of 
vertical wear taking place.at A ; then if CD be drawn parallel to and AD 
perpendicular to AB, AD will be the amount of wear normal to the 
surface of the pivot at A. Let p=the intensity of the pressure normal 
to the surface of the pivot, p being assumed to be constant. The wear 
AD is assumed to be proportional to p and to the velocity of rubbing at 
A, and therefore AD is proportional to pr. Let AD=kpr, where k is a 
constant, By similar triangles 


AC = 2 , therefore AC = a8 AB 


=Kp- AB. 

_ Hence if. AC is to be the same for every point on the pivot surface, AB 
must be constant. The curve which has the 
property that its tangent AB is of constant 
length is known as the tractriz, and also as the 

—anti-friction curve. 

It is evident that if a pivot wears equally in 
the direction of its axis it will preserve its shape, 
and there is a better chance of p, the intensity of 
the pressure, remaining uniform; also if p is 
uniform, the lubricant is more likely to remain 
between the rubbing surfaces. 

The curve EAF will never meet the axis YY, 
consequently this form of pivot cannot be brought Frq. 409. 
to a point and have its proper shape to the end. 

To find the moment of the friction of a Schiele pivot, consider a ring 
of the surface of radius r and width dr measured at right angles to the 
axis, The area of this ring is 277 oe a= 2rldr, where = AB. Moment 


of friction on ring = 24lyprdr. 
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2 gl ‘ 
Hence M= -anipp |" rdr = 2rlpp m1 ; nm =alup(ri — 73). 
Ys 
The portion of the load P carried by the ring of radius 7, already 
referred to, is 


Qrr ee sin 0=2mprdr, therefore P= 2np|" 1 rdr=mp(r? — 13). 
73 
Hence dee See ig and this will be smaller, the smaller 7 is. Taking 


For a flat pivot it was shown that for uniform pressure M=2uPr, 


and for uniform wear M = weer. It would therefore appear that the 


friction of the Schiele pivot is greater than that of the flat pivot, but it 
is claimed for the Schiele pivot that the wear 
and pressure being uniform at every point, the {§ 
surfaces always fit one another, and the lubricant A” 
is not forced out. 

An approximate method of drawing the 
tractrix is shown in Fig. 410. Take points a, 
b, c, etc, on the axis YY. The distances ab, 
be, etc., may be made equal to about one-tenth 
of 7; The constant length of the tangent Y 
is taken=aA=/=r,. With centre 0 and 
radius = 2 describe an are to cut aA at HIG. GE 
B; join DB. With centre ¢ and radius=/ describe an arc to cut bB 
at C; join cC, and soon. A, B, C, etc., may be taken as points on the 
tractrix. 

It may be mentioned that a tractrix is the involute of a catenary, a 
fact which suggests a method of drawing the curve. 

A simple mechanical method of drawing the tractrix accurately is 
shown in Fig. 411. CD is an arm carrying a steel ye E with rounded 
ends, and a pencil F, the lead of which is very 


hard and sharpened to a knife edge, the edge le 
being slightly convex in the direction of its wif li 

length. The distance between the axes of the D Ci! ey 
pin E and pencil F is equal to J, the length of Fi a peaereae 


the tangent of the tractrix to be drawn. The 
edge of the pencil point lies in the plane of the 
axes of the pin and pencil. The arm CD carries 
a weight W as shown; this weight may weigh 
about one pound. A straight-edge HK is placed 
with one edge parallel to the axis YY, and at a 
distance from it equal to the radius of the pin E. 
Holding the straight-edge HK firmly with one 
hand, the pin E, held loosely between the thumb 
and fore-finger of the other hand, is drawn Fie 4 

along the edge of the straight-edge, the pin 

being kept vertical. The pencil F traces out the tractrix AB. It is 
essential that the drawing edge of the pencil shall be so sharp that it - 


EN 


i, Mie of me 
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will only move easily over.the paper in the direction of the edge. 


Instead of a drawing pencil, a piece of steel having a razor edge may 
be used. 

235. Tower’s Experiments on the Friction of Pivot and Collar 
Bearings. — The table below gives the results of the experiments 
on the friction of a pivot bearing carried out a 
by Mr. Beauchamp Tower, and described in the LTT TT 
fourth report of the Research Committee of : 
the Institution of Mechanical Engineers on fric- 
tion.*. The pivot experimented with was of steel Ff 
3 inches in diameter, and flat ended. The bear- §& ST 
ing, which was of manganese bronze, is shown = "= 
in Fig. 412. The oil was introduced, as shown, 
through a single central hole, and distributed over 
the bearing by a single diametrical groove, terminating at each end 
within ,',th of an inch of the circumference of the bearing. It was found 
that the oil circulated automatically, the pivot and bearing acting like 
a centrifugal pump. 

The coefficients of friction in the table below were calculated 
from the observed frictional moments, on the assumption that the mean 
leverage of the friction was two-thirds of the radius of the pivot, which 
would be correct if the pressure on the bearing was uniformly dis- 
tributed, and the friction was independent of the velocity. The circula- 
tion of the oil varied from 20 to 56 drops per minute at the lowest speed 
to a continuous stream at the higher speeds. 


Fia. 412. 


Load in Lbs. per Square Inch. 


per 20 | 40 | co | 8 | 100 | 120 | 140 | 160 


Coefficients of Friction. 


50 | 0°0196 | 00147 00167 | 00181 | 0-0219 | 00221 ee 2 
128 | 0°0080 | 00054 | 0:0053 | 0°0063 | 0°0077 | 0°0083 | 0-:0093 | 0°0113 


194 | 0°0102 070061 | 0-0051 | 0:0045 | 0:0044 | 00052 | 0°0062 | 0-0068 
290 | 0°0178 | 0°0107 | 0°0078 | 0:0064 | 0°:0056 | 0°0048 | 0:0046 | 0:0044 
353 | 00167 | 0°0096 | 0°0073 | 0°0063 | 0°0057 | 0°0053 | 0°0053 | 0°0054 


The results of Mr. Tower’s experiments on the friction of a collar 
bearing { showed that the friction in this type of bearing is practically 
independent of the speed. The adjoining table gives the mean values of 
the coefficient of friction () obtained with different intensities of 
pressure (py) on the ) 
bearing ring, in lbs. | » | 15 | 30 | 45 | 60 | 675 | 75 | 825 
per square inch. The 
mean leverage of the w =|0°054 | 0:046 | 0:037 | 0°036 | 0-035 | 0-035 | 0-034 
friction was taken 
as the mean radius of the ring. It was found in these experiments that 
the greatest load which the bearing would carry was 75 lbs. per square 


* Proceedings of the Institution of Mechanical Engineers, 1891. 
t Ibid., 1888. 
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inch at the highest speed, and 90 Ibs. per square inch at the lowest 
speed. ; 
r 236. Friction of an Axle.—AB (Fig. 413) is a body mounted on 
an axle whose axis is O and radius 7. The body AB is either fixed to 
‘the axle and the axle rotates ina bearing, 
or the axle is fixed and AB rotates on 
the axle. The resultant of, the forces 
which resist the rotation of AB is a force 
Q, acting at a perpendicular distance 
OB=6 from O. An effort P acts at a per- 
pendicular distance OA=a from O, and 
is just able to cause AB to rotate in the 
direction of the arrow e. The lines of 
action of P and Q meet at C, and make 
an angle @ with one another. 

R, the resultant of the pressure of the 
bearing on the axle when the axle rotates 
(lower part of figure), or the resultant of 
the pressure of the axle on the lever when 
the axle is fixed (upper part of figure), must 
be equal and opposite to the resultant of Fic. 413. 

P and Q, and therefore its line of action 

must pass through C, and must make with the normal OD to the 
sliding surfaces an angle equal to ¢; also, the line of action of R will 
evidently lie between O and A. 

Draw OE at right angles to the line of action of R. Then OF is 
evidently equal to r sin ¢. In most cases ¢ is so small an angle that 
sing may be taken equal to tan¢ or » without sensible error. Let 
OE=r sin ¢=s. If a circle be described with centre O and radius s, 
the line of action of R will obviously be tangential to this circle. Hence 
the construction for finding the line of action of R is to draw through 
C a tangent to the circle whose centre is O and radius s. This circle is 
called the friction circle. 

If CF be’made equal to Q, and FH be drawn parallel to CA to meet 
CE at H, the triangle CFH will be the triangle of forces for Q, P, and R, 
and FH will be equal to P and CH equal to R. 

If there were no friction the line of action of R would be CO, and 
then FK would be equal to P and CK equal to R. Hence the efficiency 
of the mechanism is equal to FK/FH. The moment of. the friction is 
R xs or CH x OE. 


Proceeding analytically, R= ,/P?+ Q?+2PQ cos 0. Taking moments 
about O, Pa=Qb+ Rs=Qd+s ,/P? + Q?+2PQ cos 0, a quadratic equa- 
tion which gives 


P= 


ae slab+ 8? cos O48 ,/a?+b?+ 2ab cos 0 —s? sin? 6}. 


The + sign in front of the surd is to be taken when P overcomes Q, and 
the — sign when Q overcomes P. 
When 6=0°, OA and OB are in the same straight line, and P and Q 
b+s 
Fa 


are on opposite sides of O, then P=Q 5 
asxs 


the upper sign to be taken 


VW 
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when P overcomes Q, and the lower sign when Q overcomes P, In this 
case R= P+Q. 
When @= 180°, OA and OB are in the same straight line, and P and 


Q are on the same side of O, then P= Q° a the upper sign to be taken 


when P overcomes Q, and the lower sla aa Q overcomes P. “In this 
case R= P-Q. 

237. Friction Axis of a Link.—The friction of a pin joint, such as 
is common in links or rods in mechanisms, is of the same character as the 
friction of an axle discussed in the preceding Article. It has been seen that 
in the case of an axle when the axle rotates in its bearing, or when the 
piece carried by the axle rotates on it, the resultant force on the axle 
does not intersect the axis, but is a tangent to its friction circle. So in a 
link, like the connecting-rod of a steam-engine, with pin joints at its ends, 
the line of thrust or pull on the rod will not coincide with the axis of the 
rod,* but will be tangential to the friction circles of the pins of its joints. 
This actual line of thrust or pull on the rod is called the friction axis of 
the rod or link, the change of the line of action of the thrust or pull from 
the geometrical axis of the rod to the friction axis being due to the 
friction of its pin joints. 

Since four tangents may in general be drawn to two circles, it follows 
that a rod with pin joints has four different possible friction axes, and the 
one which is to be taken in any particular case will depend on the diree- 
tions of the external forces on the link, ard on the directions of its 
motions relative to the pins of the joints or to the bearings of the pins. 
This point is made clear by Fig. 414, which shows the connecting-rod 
AB and the crank BC of a steam-engine in four different positions (a), 
(4), (c), and (d) during a revolution of the crank. 

The friction circles of the pins at A and B are shown greatly enlarged 
for the sake of clearness. In each position A’B’ is the friction axis of 
the connecting-rod. There is rotary motion of the pins in their bearings 
at A and B, and the point to be remembered is, that since friction always 
opposes motion, the force acting along the friction axis at a joint must 
have a moment about the axis of the pin to overcome the friction which 
tends to prevent the rotation at that joint. 

In the position (a), Fig. 414, where the connecting-rod is exerting a 
thrust on the pins at A and B, the angle BAC is increasing, and will go 


Saal Te ar a 
ae) OS 


Fra. 414. 


on increasing until the crank has turned through 90° from its inner 


* The axis of the rod is here the line joining the centres of the pin joints at 
its ends. 
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dead centre, and the connecting-rod has therefore anti-clockwise motion 
about the pin at A. Hence the friction axis must touch the friction 
circle of the pin at A above the axis of that pin. Still referring to the 
_ position (a), the angle ABC is diminishing, and will go on diminishing 
until the crank is at its outer dead centre, and the connecting-rod has 
therefore. anti-clockwise motion about the pin at B. Hence the friction 
axis must touch the friction circle of the pin at B below the axis of 
that pin. 

The student should now have no difficulty in reasoning out the 
positions of the friction axis for each of the remaining cases (0), (¢), 
and (d). 

238. Tower’s Experiments on the Friction of Journal Bearings. 
—The results of Mr. Beauchamp Tower’s experiments * showed that the 
coefficient of friction is approximately proportional to the square root of 
the velocity, and inversely proportional to the intensity of the pressure 


on °. where p- is the co- 


when the journal runs in an oil bath. Thus p= 


efficient of friction, v the velocity of the surface of the journal in feet 
per second, p the intensity of the pressure in. lbs. per square inch of 
projected area of the bearing, and c a coefficient which has the following 
values for the lubricants mentioned :—Olive oil, 0°289 ; lard oil, 0°281 ; 
mineral grease, 0°431 ; sperm oil, 0°194; rape oil, 0°212; mineral oil, 
0-276. 

For syphon lubrication »=c’/p, where c’ = 2°02 for rape oil. 

For pad lubrication, » is approximately constant, and equal to 0°01 
for rape oil. 

The following results were obtained by Mr. Tower with a steel 
journal 4 inches in diameter and 6 inches long, at a speed of 150 re- 
volutions per minute, or 157 feet per minute. The “brass” was of 
gun-metal, and embraced nearly one-half of the circumference of tlie 
journal, and was placed on the top. The lubricant used was rape oil. 


Method of Lubrication. /? Kb 
Oiltbath = fo! ape tigrBeRe tr oe ARE eam 0-0014 
Syphon lubricator . ; j i : 252 56-0698 
Pad under journal . ; : i 272 0:0090 


With the same journal Mr. Tower obtained the results shown in the 
annexed table at a speed of 20 
revolutions per minute, or 21 
feet per minute in a bath of |? -| 44 2 216 aE 
mineral oil. pw . | 000132 | 0-00168 | 0-00247 | 0 0044 

Mr. Tower’s experiments on 
friction at different temperatures 
indicate a very great diminution in the friction as the temperature rises. 
Thus, in the case of lard oil, taking a speed of 450 revolutions per 


* Proceedings of the Institution of Mechanical Engineers, 1883 and 1885, 
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“minute, the coefficient of friction at a temperature of 120° Fahr. was . 
only one-third of what it was at a temperature of 60° Fahr. 

The following figures show the comparative friction with various 
lubricants tried by Mr. Tower under as nearly as possible the same condi- 
tions :—Temperature, 90° Fahr. Lubrication by oil bath—sperm oil, 
0484; rape oil, 0°512; mineral oil, 0°623; lard oil, 0°652; olive oil, 
0°654; mineral grease, 1048. These figures are the means of the actual 
frictional resistances at the surface of the journal (4 inches diameter) in 
Ibs. per square inch of bearing at a speed of 300 revolutions per minute 
(314 feet per minute), with all nominal loads from 100 to 310 lbs, per 
square inch. They also represent the relative thickness or body of the 
various oils, and also in their order, though perhaps not exactly in their 
numerical proportions, their relative weight-carrying power. Thus sperm 
oil, which has the highest lubricating power, has the least weight- 
carrying power, and though the best oil for light loads, would be inferior 
to the thicker oils if heavy pressures or high temperatures were to be 
encountered. 

239. Work Lost in Priction in Journal Bearings.—Let R = resultant 

load on journal in Ibs., d@=diameter of journal in inches, V = surface 
velocity of journal in feet per minute, N =revolutions of journal per 
minute, ¢ = friction angle, and y= coefficient of friction. 

The moment of R is $Rd sin ¢, which may be written }Rdp, since > 
is a very small angle. The work done per minute on friction is therefore 
Bene RV ft.-lbs. The horse-power lost in friction is te 

240. Methods of Lubricating Bearings.—There are two principal 
methods of lubricating bearings. In one method the oil is allowed to 
flow in at ordinary atmospheric pressure, while in the other the oil is 
forced in under sufficient pressure, generally by a pump employed for 
that purpose. When the oil enters at atmospheric pressure it should be 
delivered to the bearing at the place where the pressure on the bearing is 
least, but with forced lubrication the oil should be delivered to the bearing 
at the place where the pressure is greatest. 

The well-known needle lubricator is shown in Fig. 415. B is an 
inverted glass bottle or reservoir containing oil. §S is a wooden stopper, 
one end of which fits into the neck 
of the bottle, while the other end fits 
into a hole over the bearing of the 
journal J to be lubricated. N is the 
needle, which fits loosely into a hole 
in the stopper 8. The lower end of 
the needle rests on the journal. 
When the shaft is at rest capillary 
action prevents the oil leaving the 
bottle, but when the shaft is rotat- 
ing the vibration set up causes the 
oil to flow slowly on to the journal. _ 415. . 416. 
tee Gatipy sta . oat 22 
piece of wire flattened at its upper end to prevent it falling out when 
the lubricator is removed from the bearing. 

A syphon lubricator is shown in Fig. 416. The oil is stored in the 
s 
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cup or box A, and is delivered slowly to the bearing through the wick B, 
which acts as a sypnon. It is important that the end of the wick which 
delivers the oil should be below the free surface of the oil in the cup, 
otherwise the oil will not flow through the wick. 

_ In pad lubrication a part of the bearing surface upon which there is 
no pressure is dispensed with, and its place is taken by a soft pad, which _ 
is kept saturated with lubricant. In bath lubrication the bearing con- 
tains a space filled with oil, which is in contact with a portion of the 
journal. 

Ring lubrication is illustrated by Fig. 417. In this bearing the 
journal carries two loose rings which rotate, being driven by frictional 
contact with the journal. These rings dip into an oil bath and carry oil 
to the top of the journal. The oil flows over the surface of the journal 
through oil grooves in the bearing, and finally returns to the bath below. 


ZA | 


DI B- ; 
Section at AB. Section at CD. Section at EF, 
Fie. 417. 


An example of forced lubrication is shown in Fig, 418. This illus- 
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Fig. 418. 
trates Tilston’s system as applied to a journal bearing. A is the bearing, 
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and B the shaft. C is an eccentric clamped to the shaft. DD are end 
_ chambers connected by the passage E. F is a pump plunger, made from 
_ steel tubing forged on to a solid end. G are inlet holes in the plunger, 
which allow oil to pass to the inside of the pump when the plunger is at 
and near the top Of its stroke. The eccentric drives the pump plunger, 
the latter being kept up to the former by the spring H. I is a non- 
return ball valve, and J an outlet from the pump to the shaft. K is a 
sight feed plug supported by a cross pin beneath it. L is a screwed 
plug to drain off spent oil and dirt. MM are leather washers to prevent 
oil travelling along the shaft. N is a screwed plug giving access to the 
x oom E for cleaning purposes. As the plunger descends, the inlet 
es G are cut off by the casing, and oil is forced past the non-return 
valve and through the outlet J to the shaft, and thence to the end 

_ chambers DD. | 
Forced lubrication has been used with great success on high-speed 
steam-engines. The various bearings are connected by pipes and 
to an oil pump driven by the engine. The oil after being 
used passes through a filter back to the reservoir which supplies the 


| Pe Splash lubrication is common and simple, but, crude, and is used on 
high-speed vertical engines, especially on petrol engines. The engine is 
enclosed, and the crank case contains oil, into which the cranks splash as 
they rotate, throwing the oil over the various bearings. 
241. Friction of Sliding Keys.—In machines it is frequently neces- 
sary to move a piece longitudinally on a shaft, while there is a torque 
between the piece and the shaft. In such cases a sliding key may be 
fixed to the sliding piece and fit easily into a keyway in the shaft, or the 
key may be fixed to the shaft and fit easily into a keyway in the sliding 
piece, as shown in Fig. 419, where the looseness of fit between the piece 
_ A and the shaft B, and be- 
tween the key C and the 
keyway in A, is exaggerated. 
If the piece A is driven in 
the direction of the arrow 
D by a torque T, the forces 
which transmit this torque 
to the shaft are the equal 
forces P and Q at a distance 
_ from one another, so that 
Pr=T. Iftwo keys be used, 
as shown in Fig. 420, the equal forces P and Q will now be at a 
distance 2r from one another, and 2Pr=T. Hence the force causing 
the sliding friction in the second arrangement is only half what it is in 
the first arrangement. To get the full advantage of the two keys it is 
necessary that they be very accurately fitted, so that they transmit the 
whole of the torque without any pressure between the sliding piece and 
the shaft itself. 

. 242. Rotating Guides for a Sliding Piece.—It is well known that a 
piece mounted loosely on a shaft may be made to slide along the shaft by 
the application of a smaller force when the shaft is rotating than when 
the is at rest, and the greater the speed of the shaft, the smaller is 


‘Fig. 419. Fiq@. 420. 
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the force required to produce the sliding of the piece mounted on it. A 
convenient way of applying this principle to the guiding of a sliding 
piece so as to reduce the force required to slide it is shown in Fig. 421, 


A A? Fl ae a 
MI S. iD 6 a x1 
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Fi. 422, 


where A and B are two parallel shafts or spindles, which are rotated, 
preferably in opposite directions, and which support the piece C, which is 
made to travel along the shafts by a force T, 

The theory of the action of the rotating guides is as follows. Let 
AB (Fig. 422) represent a horizontal flat plate, upon which rests a body 
D. In a given time, let AB travel a distance AA’ in the direction OX 
into the position A’B’.” In the same time, let the body D be made to 
slide on AB a distance CN in the direction OY at right angles to 
OX into the position D’. The motion of D relative to AB will be the 
same as if while it slides the distance CN in the direction OY it be made 
to slide the distance CM equal to A’A in the direction XO. These 
simultaneous motions given to D will result in a motion of D relative to 
AB in the direction CL, and equal to CL where CL is the diagonal of 
the rectangle MN. Now the force P, acting along CL, necessary to slide 
D along CL, is equal to »R where R is the force, normal to AB, and 
pressing D on AB. But the force P, represented to scale by CL, may be 
replaced by the forces Q and § represented to the same scale by CN and 
OM respectively, and the ratio of the force Q to the force § is evidently 
the same as the ratio of the velocity of D in the direction OY to the 
velocity of AB in the direction OX. Applying this to a rotating guide, 

* a force equal and opposite to S is the tangential force at the surface of 
the guide in the direction of its motion necessary to drive it, and Q is the 
force on the sliding piece in the direction of its motion necessary to make 
it slide. : 

To prevent D being carried in the direction OX when AB moves 
under it in that direction a fixed guide EF is necessary, and the force ~ 
pressing D against this guide is evidently equal to 8, which will cause a ‘ 
resistance equal to »S in the direction YO. Hence the resultant force 
necessary on D in the direction OY is Q+pS. By using two rotating 
guides rotating in opposite directions, the tractive force on the sliding 
piece is reduced from Q +S to Q for each guide. 

To prevent AB moving in the direction OY when D moves over itin 
that direction a fixed guide HK is necessary, and the force pressing AB 
against this guide is evidently equal to Q, which will cause a resistance 
equal to »Q in the direction XO. Hence the resultant force necessary 
on AB in the direction OX is equal toS+pQ. Ina rotating guide the 
resistance which would correspond to the resistance »Q would be the 
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- resistance to rotation at the thrust bearing of the shaft, but in that case 
_ the resistance, reduced to the surface of the shaft, may be either greater 
or less than »Q, depending on the effective radius of the collar or pivot 
of the thrust bearing used. 

Consider now the work done in the given time when two guides are 
used, as in Fig. 421, each guide carrying half the load W. Neglecting 
the work done at the thrust bearings of the guides, the work done is 
2P-CL=2x 4uW-CL=pW-CL=U. If V isthe surface velocity of the 
rotating guides, and v the velocity of the sliding piece, 


2 
as RTL of and U =pW- oN. 


C 
The force T is equal to »W - se pW ce Vie e If the guides are at 
rest, V=0, and T=pW. 


From the foregoing, it is seen that the work done with rotating guides 
is greater than the work done with ordinary sliding guides in the ratio of 
,/V? +v? to v, and therefore the rotating guides would not be introduced 
to economise power. It would be absurd, for example, to use rotating 
guides in a planing machine. Rotating guides are useful in certain 
recording instruments, where a pen or pencil has to be guided in a 
straight line and moved by a small force. 

The same principle is also applied when it is required to reduce: 
the sliding friction of a piston or plunger in the direction of the 
axis, by giving the piston or plunger a simultaneous rotary motion. 
Kinematically, the mechanism in this case is the same as that discussed 
above. ; 


243. Friction of a Band on a Pulley.—Let a band ABCD (Fig. 
423) passing over a pulley have a tension T, 


in the part AB and a tension T, in the part 4 T+dT 
CD, and let the band be just on * the point of Tes 5 


slipping on the pulley in the direction from C to 
B. T, will be greater than T, on account of the 
friction between the band and ‘the pulley. Let 0 
be the angle subtended by the are of contact BC 
at the centre of the pulley. Consider an in- 
definitely small portion bc of BC subtending an 
angle do. at the centre of the pulley. Let T be 
the tension in the band at c, and T+dT the 
tension at b. Let S be the resultant of the pres- Fig. 423. 

sure of the pulley on the portion be of the band, and let p be the 
coefficient of friction between the band and the pulley. Then 


iT 
T+dT-T=dT=pS, but S=d6, therefore dP =pTd0, and Fy =pd0. 


Ty 0 
Integrating i =p 0, therefore log, 7 =p0, or rm otf. 
; Ty A 


In the above equations, @ is in circular measure, and the logarithm 
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is the Napierian or hyperbolic logarithm. Using common logarithms, 


log pis 043430, and if m is the measure of the angle 6 in degrees, 
2 


T 
then log m= 0-00758pn. 


If the band lies in a V groove on the pulley, as shown in Fig. 424, 
this has the effect of increasing the resistance to slipping, because slipping 
must now take place on two surfaces (the sides 


of the groove), upon each of which the normal S * 
pressure is greater than half the normal pres- 20 
sure on a flat pulley. Considering the element 

be (Fig. 423), the resistance to slipping in the R 

V groove is 2uR=pS cosec a, where 2a is the \a R 


angle of the groove, but for a flat band the 

resistance to slipping of this element is pS. BIG 42) 

Hence the equations given above for a flat band will-apply to a band in 
a V groove if p be altered to p,, where p, =p cosec a. 


Exercises XVI. 


1. Prove the formule given under Figs. 425, 426, 427, and 428, the motion 
of the body of weight W being uniform and up the plane. 


&, P R gs, 
P 
a “ad a sei 
Fia. 425. Fi4g. 426. Fig. 427. Fig. 428. 
P sin(a+ tg PH gi i 
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2. Referring to Fig. 427 for given values of W, a, and ¢, what is the value of 
6 when P is least ? 

3. Prove the formulx given under Figs. 429, 430, 431, and 432, the motion of 
the body of weight W being uniform and down the plane. 


Fig. 429. Fig. 430. Fia. 4381. Fig. 432. 
P_sin(¢-a) Pp. - re P _sin(¢-a) P_sin(¢-4) _ 
W  cos¢d ~ qo (pa). W cos(¢- 86) W cos(¢+0) 


4. For the key or cotter shown in Fig. 433, prove that the force P required to 
drive the key in is Q{tan(a+¢)+tan¢}, and that the force 
required to drive the key out is Q{tan (¢— a)+tan ¢}. 

5. What is the greatest taper which a key may have con- 
sistent with the friction holding the key in position? Take 
#.=0°07,and express the taper in the form 1 in a, where x isa 
length. 
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6 A piece slides on a bar of square section by the action of a force P, as 


‘shown in Fig. 434. If Q is the force pressing the sliding 
on the bar, show that P=yQ,/2. la 
_ 9. An inclined plane has a base 90 feet long, and is. ae = 
20 feet high; the coeflicient of friction between it and <» === 
a body weighing 800 Ibs. placed on it is 0°3: how many ; 
foot-pounds of work are done in drawing the body up the 
whole length of the plane, and how many in drawing it Fia. 434. 
down the plane, the pulling force being parallel to the plane ? 
_ 8. What must be the effective sgpen) ancl of a locomotive which moves at 
the steady speed of 45 miles per hour on level rails, the resistances being 15 Ibs. 
per ton, and the weight of the engine and train 220 tons? If the rails were laid 
at a gradient of 1 in 130, what additional horse-power would be required ? 

9. If the engine of the preceding exercise exerts the same power on the 
incline as on the horizontal, at what speed, in miles per hour, would it ascend 
an incline of 1 in 180 with the same train, assuming the frictional resistances to 
be unaltered ? 

10. Calculate the horse-power required to drive a motor car weighing 1 ton 
up an incline of 1 in 14 at 24 miles an hour, supposing it to reach the same 
velocity when running freely down the incline. (U.L.] 

11. A window sash (Fig. 435), of height h, is counterbalanced by weights ; 
show that it can be raised by a vertical force, if its point of 
application is not further than 44 cot¢ from the centre, where ¢ 
is the angle of friction. [B.E.] 

12. A square threaded screw, whose mean diameter is 1} 
inches, and pitch } inch, has its axis vertical, and carries at its 
upper end a weight W, which is raised by the application of a 


torque T to the screw. It was found by experiment that the Fia. 435. 


relation between T and W was given by the equation T=) +8, where T is in 
inch-lbs. and W in lbs. Determine the values of » for the screw and nut when, 
(1) W=50 lIbs., (2) W=100 Ibs., (3) W =200 lbs. 

13. Particulars are given in the following table of certain standard Whitworth 


Outside diameter (d), inches 4 1 1} 2 24 3 34 

Diameter at bottom of 
thread, inches ;: - | 0°393 | 0-840 | 1:287 | 1-715 | 2-180 | 2°634 | 3-106 

Number of threads per inch 12 8 6 | 43 4 34 34 


screws in which the angle of the V-thread is 55°. Calculate 
the efficiencies of these screws, taking ~=0°15, and plot 
the results, taking efficiencies for ordinates, and d for 
abscissze. 

14. A simple screw-jack (Fig. 436) has a square threaded 
screw whose mean diameter is 1-8 inches and pitch 0:4 inch, 
If the coefficient of friction between the screw and nut is 0°12, 
what force at the end of a lever 24 inches long, measured 
from the axis of the screw, will raise a load of 2 tons? 
Assume that the load rotates with the screw, thus eliminat- 
ing collar friction. Calculate also the efficiency. What 
force at the end of the lever will be necessary to lower the 
load of 2 tons? 

15. A weight W is carried by a square threaded screw 
and nut, as shown in Fig. 437. Outside diameter of screw, 
15 inches; pitch, 0-4 inch; thickness and depth of thread, 
0-2 inch. Outside diameter of collar on nut, 3 inches; in- 
side ditto, 1-5 inches. The nut is rotated by a force of 80 lbs. 
at the end of a spanner 18 inches long. Find the load W, in 
Ibs., (1) when friction is neglected, (2) when yw for the collar 
and for the screw is 0°2. 

16. A flat pivot has to carry a load of 5000 Ibs., and the 
intensity of the pressure (assamed to be uniform) is to be 
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120 Ibs. per square inch. What horse-power will be absorbed by the friction of 
this pivot when running at 200 revolutions per minute with a coefficient of 
friction equal to 0:005 ? 

17. The thrust shaft of a marine engine indicating 4500 horse-power has 8 
collars 26} inches diameter, the diameter of the shaft between the collars being 
16? inches. Taking the coefficient of friction at 0°04, the intensity of the thrust 
pressure at 50 lbs. per square inch, and the speed of the shaft 80 revolutions 
per minute, what horse-power is absorbed by friction in the thrust bearing, and 
what percentage is it of the horse-power of the engine? 

18. A straight lever mounted on an axle 2 inches in diameter has arms 
5 inches and 10 inches long, measured from the centre of the axle. There is a 
load W of 100 lbs. at the end of the short arm, and a vertical force P at the end 
ofthelong arm, Tak- 
ing the coefficient of 
friction »=0'1, find P, 
(1) to just raise W, 
(2) to just lower W. 

19. A weight W of 


500 lbs. hangs by a W 
rope which is coiled 
phrase: Mache Saag paet Fra. 437. Fig. 438. Fra. 439. 


effective diameter is 
12 inches. The barrel is fixed on an axle whose diameter is 3 inches. W may 
be raised or lowered by a vertical force P acting at the circumference of a wheel 
30 inches in diameter, also fixed to the axle. Find P to raise W with a uniform 
velocity, («) when P acts as shown in Fig. 438, (b) when P acts as shown in 
Fig. 439. Also find P to lower W with a uniform velocity in each case. 
p=O01. 

20. Referring to Fig. 413, p. 270. a=30 inches, b2=10 inches, r=1°5 inches, 
6=60°, angle CBO=angle CAO=90°, sing=0'1, and Q=600 Ibs. Find P (a) to 
just raise Q, (b) to just lower Q. 

21. Fig. 440 shows a bent lever AOB. The fulcrum at O is in a loose cylindric 
bearing 4 inches diameter. AO is 12 inches, : 
BO is 24 inches; the force Q of 1000 lbs. acts 
at A. What force P acting at B will just 
overcome Q, (1) when friction is neglected, 
(2) when the coefficient of friction is 0°3. Find 
also the line of action and magnitude of the Fic. 440 
force R acting on the lever at O. [B.E.] 2 

22. A crank disc (Fig. 441) receives an oscillating motion through an angle 
AOB by a “gab” ended rod CD driven 
by an eccentric. At (a) the crank pin is 
shown below, and at (b) above the centre 
of the disc. Show that in one of these 
arrangements the effect of the friction 
between the pin and the “ gab,” during 
both the forward and return strokes, will 
be to throw the “ gab” off the pin, while 
in the other the effect will be to keep the 
sé gab ” on the pin. Fia. 441, , 

23. An ordinary horizontal direct acting steam-engine mechanism is shown 
in a particular position in Fig. 442, AB being the connecting-rod, and BC the 
crank. The diameters of 
the journals at A, B, and 
C are 5, 8, and 74 inches 
respectively. The force P 
transmitted through the 
piston-rod to the cross- 
head is 6000 lbs. Q, the 
useful resistance to the 
motion of the crank shaft, Fra. -442, 
acts in a vertical direction 
at a perpendicular distance of 12 inches from the axis of the shaft, as shown. 


= 
P 
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Find the magnitude of the force Q, (a) neglecting friction, (+) allowing for 
friction at the journals A, B, and © and also at the guide DE, neglecting the 
ag og of the moving parts. Take «=0°05. 

A horizontal pump, stroke 4 inches, is driven by means of an eccentric, 
11} inches diameter, keyed to a shaft 4 inches diameter. The shaft is driven by 
a vertical belt on a 14 inch diameter pulley. The belt embraces an arc of 180°, 
and the coefficient of friction between belt and pulley is 0°25. If the tension on 
the tight side of the belt is 350 lbs., find the maximum horizontal force that can 
be delivered to the pump when the radius of the eccentric is at 60° to the inner 
dead centre. Assume the eccentric rod to be very long. Coefficient of friction 
between eccentric sheave and strap and between shaft and bearing is 0°1. [U.L.] 

26. A pulley weighing 1000 lbs. is supported on a5 inch shaft midway between 
two bearings. The mass centre of the pulley is }? inch from the axis of the 
shaft. Neglecting the effect of the deflection of the axis of the shaft from the 
axis of revolution, calculate the horse-power required to overcome the friction of 
the bearings in consequence of the error of balance in the pulley when the shaft 
makes 200 revolutions per minute. Assume the coefficient of friction between 
the bearing surfaces to be 0°05. [U.L.] 

26. The journals of a shaft are 6 inches in diameter. The shaft carries a 
load of 8 tons, and makes 75 revolutions per minute, If the coefficient of friction 
between the journals and bearings is 0°05, at what rate, in B.Th.U. per minute, 
is heat being generated at the bearings ? 

27. The radius of gyration of a tly-wheel and crank shaft is 10 feet. The 
shaft journals are 12 inches in diameter. The turning effort on the shaft is with- 
drawn when the speed is 65 revolutions Nad minute. There being no resistance 
except the friction at the journals, find how many revolutions the wheel and 
shaft will make before coming to rest after the effort is withdrawn. Take 
u=0°065. 

28. A shaft 8 inches in diameter carries a vertical load of 6 tons and a 
horizontal load of 8 tons. Taking «=0-05, find the horse-power lost in friction 
at Soe journals when the shaft is driven by a pure torque at 100 revolutions per 
minute. 

29. A wheel under a torque of 2000 inch-lbs. is mounted on a shaft along 
which it has to slide. The rotary motion of the wheel is transmitted to the 
shaft through two accurately fitting sliding keys which are opposite to one 
another, as shown in Fig. 420, p. 275. The resultant force on each key is at a 
distance of 1} inches from the axis of the shaft. If the coefficient of friction is 
0°08, what force acting on the boss of the wheel, parallel to the axis of the shaft, 
will be necessary to slide the wheel along the shaft ? 

30. Referring to Fig. 421, p. 276, the rotating guides are horizontal, and are 
each 0°3 inch in diameter. The weight of the sliding piece is 0°5 lb. Taking 
the coefficient of friction as 0-05, find the tractive force T when the guides rotate 
at 600 revolutions per minute, and the sliding piece travels 5 inches in 20 seconds, 
and express it as a fraction of the tractive force when the guides are at rest. Find 
also the ratio of the work done when the guides are rotating at the above speed 
to the work done when the guides are at rest. Neglect the friction of the thrust 
bearings of the guides. 

$1. A solid cast-iron disc, 40 inches in diameter, and 8 inches thick, is 
rotating at a uniform speed of 240 revolutions per minute. If the air frictional 
resistance is assumed to be equal to KV? lbs. per square foot, where V is the 
linear velocity of any point, obtain an expression for the horse-power required to 
keep the disc in rotation. [B.E. 

32. A flat band laps half round a fixed pulley. From one end of the ban 
there hangs a weight W of 100 lbs., while the other is pulled by a force P. If 
#=0°3, what is the smallest value of P which will raise W, and what is the value 
of P which will lower W with a uniform velocity ? 

33. Find the answers to the preceding question if the band is round and lies 
in a V-groove on the pulley, the angle of the V being 45°. 

34. If a cord hanging in a vertical plane over a fixed horizontal cylinder with 
20 lbs. at one end and 10 lbs. at the other be on the point of slipping, what is the 
coefficient of friction between the cord and the cylinder ? 

35. How many times must a hemp rope 1} inches in diameter be 
round a post if a force of 5 lbs. at the slack end is just to hold it when it is 
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about to break on the tight side? The breaking strength of a 14 inch hemp 


rope may be taken as 18,000 lbs., and 4=0°4. Prove.the 
formula you employ. [U.L.] 

36. A brake strap (Fig. 443) 4 inch thick, embracing 
two-thirds of the circumference of a pulley 16 inches in 
diameter, has one end attached to the end B of a lever 
whose fulcrum is at ©. The other end of the strap is 
attached to the leverat C. AC=15 inches. BC=3 inches. 
A weight W hangs by a rope § inch in diameter, which is 
coiled round a barrel 10 inches in diameter. The pulley 
and barrel are fixed to the same axle. BD is perpendicular 
to AB. The weight W is held up by a force P of 50 lbs. 
acting at A at right angles to AB. Taking 4=0-2, find 
the greatest value of W (a) when the weight hangs as 


Fia. 443. 


shown, (b) when the weight hangs from the other side of the barrel. 


CHAPTER XVII 


EFFORT, ACCELERATION, AND VELOCITY 
DIAGRAMS 


244. Effort.—If a force P, acting on a body A (Fig. 444) which 
moves or may move in a definite direction BC, 
be resolved into two components, one Q 
parallel to BC, and the other R at right angles 
to BC, the component Q is called the effort of 
P on the body A. 

245. Unbalanced Effort.—If the motion of 
the body A (Fig. 444) is opposed by a force 
S, whose components parallel and perpendicular 
to BC are T and U respectively, then Q-—T Fia. 444. 
is the wnbalanced effort on A, and this unbalanced effort will accelerate 
the speed of A, the work done by it appearing as an increase in the 
kinetic energy of A. If Q-T is negative, then the acceleration of the 
speed of A will also be negative, and the kinetic energy of A will de- 
re by an amount equal to that required to overcome the resistance 

246. Effort-Space Diagram.—In the well-known diagram repre- 
senting the work done by a force or an effort acting through a given 
distance, the base represents the distance or space, and the ordinates 
represent the effort. Such a diagram is shown in Fig. 445, where 
lengths on the base OX represent - 
distances or spaces through which a ® Pp 
body A is moved by an effort P, whose 
magnitude for any position N of the 


body is represented by the ordinate F 
Np of the curve BpDE. The same ps, 
figure also shows that the motion of A ®™ N M > 


is opposed by a resistance R, whose Fra. 445 
magnitude for any position N of the pry 

body is represented by the ordinate Nr of the curve FrDH. From O to N 
the work done by Pis represented by the area of the figure OBpN, and the 
work done on R is represented by the area of the figureOFrN. The differ- 
ence between these two areas, namely, the area of the figure F Bpr, represents 
the excess work which goes to increase the kinetic energy, and therefore also 
to increase the speed of A. Let W=weight of A, »=speed of A when 
at O, v=speed of A when at N, and K=work represented by the area 


FBpr, then x v2)=K, and v= are : 
The speed will increase so long as P is greater than R, and the speed 
283 
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will be a maximum when A is at M, where P is equal to R. Beyond 

M the speed will diminish, and if the body comes to rest at J, then 

We 4 work represented by area OBDEJ=work represented by area 
2 

OFDHJ, or tt + work represented by area BDF = work represented by 

area EDH, and if y,=0, area BDF =area EDH. 

It is sometimes convenient to plot the unbalanced effort pr on a 
straight space base, as shown in Fig. 
446. The area of this diagram be- b 
tween the ordinates through O and 
L then represents the increase in the 
kinetic energy of the body when it 9 
has moved through the distance OL, 
areas above OL being reckoned as posi- 
tive, and areas below OL as negative. 
The same result is represented by the 
portion FBDEHDF of the original diagram (Fig. 445), areas above 
FDH being reckoned as positive, and areas below FDH as negative. 


247. Effort - Time Diagram.—Referring to Fig. 445, if OX is a 
time base, that is, if ON represents the time during which the body. A 
has been moving while the effort changes from OB to Ng, then the area 
of the figure OBpN represents the momentum added to A by the effort P 
during the time ON. If the resistance R be also plotted on the time 
base OX, the result being the curve FrDH, then the area of the figure 
OFrN represents the decrease in the momentum of A during the time 
ON, and the area of the figure FBpr represents the net increase in the 
momentum of A, due to the simultaneous action of P and R during the 
time ON. 

If the unbalanced effort be plotted on a straight time base OX 
(Fig. 446), then the area of the diagram between ordinates through O and 
L represents the net increase in the momentum of A during the time OL. 


248. Space Average and Time Average of a Force.—When the 
magnitude of a force, acting on a body in the direction of its motion, is 
plotted on a straight base which represents the space or distance through 
which the force acts, the average value of the magnitude of the force, or 
the mean height of the diagram, is the space average of the force. Again, 
when the magnitude of the force is plotted on a straight base which 
represents the time of the motion, the average value of the magnitude of 
the force, or the mean height of the diagram, is the time average of the 
Sorce. 

When the space average of a force is used, it is a question of work ; 
and when the time average of the force is used, it is a question of 
momentum. 

The space and time averages of a force are obviously equal when the 
magnitude of the force is constant; they are also equal when the body 
upon which the force acts moves with a uniform velocity, however the 
force may vary in magnitude; but if the velocity of the body is not 
uniform, and the magnitude of the force varies, the space and time averages 
of the force may be very different. 


Fiag. 446. 
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An example of some interest is the relation between the space and 


time averages of the pressure on the piston of a steam-engine. The 
ordinary indicator diagram is a force-space diagram, and the mean 


found from it is a space average, and this space average is used 
Tn calculating the work done in the cylinder. In an indicator invented 
by Professor Ripper," the mean pressure is shown directly by a pointer on 
a dial; but this mean pressure is a 
time average, unless the proper cor- 
rection has been made by adjusting 
the instrument to convert the time 
average into the space average. The 
necessary correction to convert the 
time average into a space average will 
depend on the way in which the pres- 
sure varies in the cylinder. 

The following example will show 
the relation between the space and 
time averages of the pressure in a 
particular case. ABCD (Fig. 447) is 
the force-space diagram on a base AB, 
which represents the stroke of the 
piston (20 inches), The steam pressure ! 
is 150 Ibs. per square inch for the A 0 B 
first 4 inches of the stroke, after which Fic, 447. 
the pressure follows the law Pa= 600. 

Dividing the stroke into 10 equal parts of 2 inches each, and calculating 
the pressures at the middle points of these parts, the following table 
is constructed :— 


pie - - -150 --- = 


N------ 


a(space)| 1 3 5 7 9 11 13 15 17 19 
PP. .| 150 | 150 | 120 | 85°71 | 66°67 | 54°55 | 46°15 | 40 | 35°29 | 31°58 


from which the mean value of P is 78-0, and this is the space average 
of P. 

To find the time average of P, construct the semicircle A’9’B’, which 
represents the path of the crank pin for one stroke of the piston, and 
divide this into 10 equal arcs ; then assuming that the crank pin is moving 
with a uniform velocity, each of these arcs will be described by the crank 
pin in equal intervals of time. Bisect these equal arcs at the points 
1’, 3’, 5’, etc. Then, neglecting the effect of the obliquity of the con- 
necting-rod, the position of the piston, measured by its distance from the 
beginning of its stroke when the crank makes an angle @ with A’O, is 
x=10(1 —cos 6), and Piao Ee but is not greater than 150. 

Let the base AB now represent the time taken by the piston to make 
one stroke, and let it be divided into 10 equal parts, representing equal 
intervals of time, and let these be bisected at the points 1, 3, 5, ete. 
The points 1, 3, 5, ete., will be the positions of the pressure ordinates on 


* See the Proceedings of the Institution of Mechanical Engineers, 1899. 
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a time base corresponding to the positions 1’, 3’, 5’, etc., respectively of - q 


the-crank pin. The following table may now ‘be constructed :— ra 
Position of , , , , , ’ t ’ , ; 
crank pint} 2 48 | BE fe Pe) a) 16 eae 
a(time). .|1]3 | 5 7 9 it’ 1°13 |.) 0 ee 
Or aa | Bf BTL ABT | GB? 81° 99° | 117° | 135° | 153° | 179° 
Pinoys) ceyl ey bow = 150 | 109°9 | 71°11 | 51°88 | 41°27 | 35°15 | 31°73 | 30°19 | | 


from which the mean value of P is 82°12, and this is the time average 
of P. 


The time average of the pressure on the piston is therefore, in this 


case, 4°12 lbs. per square inch, or 5°3 per cent. greater than the space 
average. These results are not quite accurate, but they are sufficiently 
approximate for practical purposes. More exact results would of course 
be obtained by making the space and time intervals shorter, and corre- 
spondingly more numerous. 

If the effect of the obliquity of the connecting-rod be considered, and 
the length of the connecting-rod is five times the length of the crank, it 
will be found that in the foregoing example the time average of the 
pressure is only 1°56 per cent. greater than the space average. 

249. Acceleration-Time Diagram.—In Fig. 448, OD is a time 
base, and the curve ABC is such that any ordinate FN represents the 
acceleration f of the motion of a body after the 


lapse of time ¢, represented by the abscissa ON. - 

If f, is mean acceleration during the interval of & 

time ¢, or the mean height of the curve AF above |§ 

ON, then the area of the diagram OAFN repre- 8h t f 

sents f,,t, or v the added velocity. Ifv, and vy, wid 

are the velocities at the beginning and end of the Time D 
interval of time ON =¢, then v=v, —0,=fnt. Wel ad : 


Since acceleration is proportional to the 
force producing it, it is evident that a curve of unbalanced effort will 
also be a curve of acceleration, but to a different scale. 

250. Velocity-Time Diagram.—OABCD (Fig. 449) is a velocity- 
time diagram for the motion of a body. An ordinate BN of the velocity 
curve ABC represents the velocity v after the 


lapse of time ¢, represented by ON. oe cae 
The area of the diagram between the ordi- 3 i 

nates AO and BN represents the distance ‘8 v 

‘travelled by the body in the time 7, for if v,, S t Fret 

is the mean velocity between O and N, the dis “4a “ wily 4 

tance travelled in the time ¢ is v,¢; but vy, is 9 Tage 

the mean height of the curve AB above ON, and fra hld 


the area of OABN is therefore v,, x ON = Of. 

The slope of the curve ABC at any point B is equal to the acceleration 
at the time ON, for if a point b be taken on the curve ABC near to B, 
and if the ordinate bn =v+6v, and the abscissa On =¢+ St, the slope of 


Bod is “f and in the limit when b coincides with B, the slope of Bd 


becomes ot the slope of the tangent to the curve at B, namely, BF 
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EF’ But 
dv 


Pa is the rate of increase of the velocity, and is therefore equal to the 


acceleration 7 In measuring the slope of BE, the height BF must be 
measured with the velocity scale, and the base EF with the time scale. 

251. Space-Time Diagram.—OBCD (Fig. 450) is a space-time 
diagram for the motion of a body. An ordinate BN of the space or 
distance curve OBC represents the distance s 
travelled after the lapse of time ¢, represented 
by the abscissa ON. 

The slope of the curve at any point B 
is equal to the velocity at the time ON, 
for if a point } be taken on the curve near 
to B, and if the ordinate n=s+6s, and the 


abscissa On =¢+ dt, the slope of Bd is = and 


dt 
in the limit when 2 coincides with B, the slope of Bb becomes a the 
slope of the tangent to the curve at B, namely, ae But . is the rate 
t 


of change of position, and is therefore equal to the: velocity v. In 
measuring the slope of BE, the height BN must be measured with the 
distance scale, and the base EN with the time scale. 

252. Acceleration-Space Diagram.—Fig. 451 shows an acceleration- 
space diagram, any ordinate BN of. the curve 
ABC representing the acceleration when the 
distance moved by the body is represented by 
the abscissa ON. Consider an indefinitely 
narrow vertical strip of the diagram. Let ds 
be the width of this strip and f its height, 
dv_ds dv_ dv 


oAcceleration. > 


then its area is fds. But Dog eet as silat: 

therefore fds =vdv. Fig. 451. 

Let v be the velocity of the body when at O, and », its velocity when at 

D, then the area OABCD = fie= do 1% If 7,, is the mean 
a 9 


acceleration between O and D, and OD =s,, then /,,3, = vi > v, or twice the 


area of the diagram represents the difference between the squares of the 
velocities of the body at the ends of the space base. If v,=0, or the 
body is at rest when at O, then /,,s, = a or twice the area of the diagram 


represents the square of the velocity of the body at the other end of the 
space base. 

253. Velocity-Space Diagram.—ABC (Fig. 452) is a curve such 
that any ordinate BN represents the velocity v of a body when it has 
moved a distance s, represented by the abscissa ON. 
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It was shown in the preceding Article that f= of, therefore 


f_w But . is the slope — BF of the tangent BE to the curve ABC 
v 


EF 


ds 
LN _ BF  s 
at B. If BL is the normal to the curve ABC at B, then —— BN EFT ) 
but BN=v, therefore LN=/; or the sub-normal of a velocity-space 
curve represents the acceleration. 
The scale with which to measure LN must 


now be determined. Let the velocity scale be = 3 

1 inch to m feet per second, the distance “8 \v 

scale 1 inch to m feet, and the acceleration S$ 7 ¥ a 

scale 1 inch to.x feet per second per second, AN n INE 
Let BF, EF, BN, and LN denote the lengths 4g Tistemes D 
of these lines in inches. Then, f=LN xa Fig. 452 : 


feet per second per second, and v=BN xm 
feet per second; BF represents a velocity BF x m feet per second, and EF 
represents a distance EF x m feet. Hence 2 = es <i = et: 


2 sm m2 3 
—s =, ANd aaa. 
n 


, therefore 


254. Conversion of Space-, Velocity-, and Acceleration-Time 
Diagrams.—It was shown in Art. 250 that the slope of the velocity-time 
curve represented the acceleration, and in Art. 251 that the slope of the 
space-time curve represented the velocity. These properties may be 
made use of in constructing any two of the three curves, space-time, 
velocity-time, or acceleration- time, from the third. 

The curve OABC (Fig 453) isa space-time curve plotted from the 
data in the following table :— 


0 2 4 6 8 10 12 14 16 18 
| Psat tag teh Sy 7 22 4] 64 90 122 | 160 | 197 | 228 


where ¢ is the time in seconds, and s the distance moved from rest in 
feet. Let A and-B be two points on the curve OA BC, the points being 
sufficiently near to one another to warrant the assumption that the part 
AB of the curve is straight. Drawing AD perpendicular to the ordinate 
through B, BD is the space covered during the interval of time AD, and 
the mean velocity during that interval is BD+AD,. In Fig. 453 AD 
is 2 seconds and BD is 26 feet, therefore the velocity at the time 
9 seconds, the middle of the interval AD, is 13 feet per second, and if 
the ordinate NP be made equal to 13 on the velocity scale, a point P on 
the velocity curve is determined. If equal intervals of time be taken, it 
is only necessary to take the distance BD in the dividers and step it out 
a fixed number of times on the mid ordinate to obtain a point on the 
velocity curve. 

The velocity curve in Fig. 453 has been found by taking intervals of 
one second, and making the mid ordinate ten times the increase in space 
for each second. 
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~ The acceleration curve is determined in like manner from the velocity 
‘eurve, NQ being made a fixed number of times FH, or, as has been done 
in Fig n Pig. 453, the mid 


ordinate has been g24 C § 
made four times the 29 ay g 
in velocity x, Aa 
for each second! e 6 Dames 4§ 
Conversely, the <8 j2 al: eet ni)) 38 
velocity curve may (8 Velo A be 
_ be determined from ® a Ao NE se 
the acceleration 4 Ri La 
curve, and the space Ss +474 0% 
curve from the = ° 24 6 EN iz whi 
_ velocity curve, be- Time in seconds. ; ay 
_ ginning in each case 4 


at the zero point. _ 453. 
The student agli 
should work out the foregoing example carefully to, say,-the following 
scales :—Time, 1 inch to 2 seconds; space, 1 inch to 50 feet; velocity, 
1 inch to 5 feet per second ; and acceleration, 1 inch to 1 foot per second 
per second. 
The properties of the curves on a time base which have been made 
use of in the foregoing example are applied in a slightly different manner 
in Fig. 454. Suppose the velocity curve to be given. Divide the diagram 
into vertical strips 
A, B, ©, ete., and ; P 
draw the mid ordi- 
nates shown by 
dotted lines. Pro- 
ject the mid ordi- 
nate points of the 
velocity curve on to 
the vertical through 
©, thus obtaining 
the points a, b, ¢, 


ete. Choose a pole Ok Ak Bk Ce D 
P on the time base, é a ie pear EMAC: = 
and join P to a, b, Fig. 454. 


¢, etc. Starting at 

O, draw across the strips A, B, C, ete., continuous lines parallel to Pa, 
Pb, Pe, ete., respectively ; a fair curve through the junctions of these 
lines will be the space-time curve. 

Choose a pole P, on the time base, and draw P,a,, Pidy, P,¢,, ete., 
parallel to the portions of the velocity curve across the strips A, B, C, etc., 
respectively, to meet the vertical line through O at a,, 0,, ¢,, etc. Hori- 
zontal lines from a, 4,, ¢,, etc., to cut the mid ordinates of the strips 
A, B, C, ete., respectively, determines points on the acceleration curve. 

The relations between the different scales are found as follows. Let 
the intervai of time A be d¢ seconds, and at the end of that interval let 
the increase in space be 5s feet, and the increase in velocity dv feet per 
second, At the middle of the interval A let the velocity be v feet per 

T 
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second, and the acceleration / feet per second per second. Let the scales 
be—space, 1 inch to 7 feet; velocity, 1 inch to m feet per second ; accel- 
eration, 1 inch to m feet per second per second; and time, 1 inch to 
q seconds. Also let OP=p inches, and OP, =p, inches. 

Then from the simple geometry cf the figure 


ds ot v is qv 
ong moe? Or eT mp : (1) 
bv bt of. yig ¥ 

also mye eee Maia oD 


but a= (approximately)... (3), and =f (approximately)... (4). 


Therefore from (1) and (3) ae as and from (2) and (4) £ a... Hence | 
1 


if q, P; Py and, say, m are eae 4 and » can be found, or if 7, m, n, and g 
are given, p and p, can be found. 

255. Angular Motion Diagrams.—In the preceding Articles of this 
chapter only linear distance or displacement, linear velocity, and linear 
acceleration have been referred to, but all that has been said about the 
relations between these also applies to the relations between angular dis- 
placement, angular velocity, and angular acceleration, Angular displace- 
ment, measured in radians, angular velocity in radians per second, and 
angular acceleration in radians per second per second, may be plotted on 
a straight time base, and angular velocity, angular acceleration, and time 
may be plotted on a straight base representing angular displacements, 
exactly as for linear motion. 

256. Examples.—(1) The tractive force on a car weighing 10 tons i is 
P lbs., and there is a uniform resistance R Ibs., so that the unbalanced 
effort F i is P—R lbs. Values of F at intervals of 2 seconds are given in 
the second column of the table below. The car is at rest when the time 
tis 0. It is required to determine the acceleration / of the speed of the — 
car in feet per second per second, the velocity v of the car in feet per — 
second, and the distance s travelled from the starting point in feet at 
each of the given times ¢. 


Accelera-| Mean | Increase Velocity Mean _ | Distance | Distance 

tion (/). } Accelera- in 

halanied Velocity | moved 

() Effort Highs | F os ae tion Velocity Feet r | during during . 
during | during | “Qed pe Interval. | Intervat. | Start (s).! 

| _ ice | Interval. | Interval. / Feet. — 


| 4 
oh ean 0-877 0-348 | 1-696 | °. 0-348 | 1:70 | P29 
2 | 570 | o-si9 | 2% 1-696 | 9. 
0-775 | 1-550 | 1696 | 9-471 ~ 
4 508 0°730 3 " 3°246 4 7:82 4 
; 0-664 | 1-328 | 3 3-910 rie 
6 | 416 | 0-598 | 0-664 | 1° 4-574 | 3. be: 
0-522 | 1-044 | * 5-096 | 1019 | dager 
s | 310 | 0-446 | % Ro hag eee bees 7 
0-433 | 0-366 | 5 6-051 | 12 
10 | 292 | 0-499 | 0°33 | 0° 6-434 | 8 re. 
0-393 | o-786 | & 6877 | 13°75 | go. 
12° | 255 | 0-367 | 2 7-270 | 8 
0-370 | o-740 | o 7640 | 15:28 | pric 
14 | 260 | 0-374 | 2 s-o10 | 2 ; 3 
‘B74 | 0-402 | 0-904 | S010 | gaia | 16-82 | 20. 
16 | 300 | o-431 | % es) SBT ; 
0-438 | 0-876 | 8 9-252 | 18°50 | B60 
18 | 309 | Ot | 0-459 | 0-918 | 42.09 | 10-149 | 20°30 | 70r 4p | 
20 | 330 | 0-474 12140 © 
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_ The acceleration / is calculated from the formula f= sare 

__ The mean acceleration during any interval is half the sum of the 
accelerations at the beginning and end of the interval. 

__ The increase in the velocity during any interval is the mean accelera- 
tion during the interval multiplied by 2, the length of the interval in 


The velocity v at the end of any interval is the sum of all the interval 
_ increases of velocity up to and including that interval. 

The mean velocity during any interval is half the sum of the velocities 
at the beginning and end of the interval. 

__ The distance moved during any interval is the mean velocity during 
_ the interval multiplied by 2, the length of the interval in seconds. 

, The distance moved from the start at the end of any interval is the 
_ sum of all the distances ‘moved during the intervals up to and including 
that interval. 


0712-7207 “sy 
' 
- 7 7 7 by : s 
004 10-4 600 br L928 
y a $ 2 Qa I --8 
| “Seo § 84.4480 SX, ‘ 7° 
e | de: NX elas A $ 
. 5 iS. 1. r BE 6 
i 4 3 6+) "360 > y Lists 
: ‘i zi “a 4:8 
a 4244 , v- 
q 48 ~ ee: Ha § 
j 20- S 2- 120 L Spr rs 2 3 
{ Pi as 
- i. 8 
ia ee me og 
oe Fe eG OOS 12 14716... 18). -20 
4 Time in seconds 
Fig, 455. 
4 
; Se Hog 
| oS —+.9 
$10] 600 7 Be oe a 
Ro g480 BN Veloce 78 
~ \ \ a 5 
» oe: 6 
& LN Q 
& 6 Ned eal ele . Let 5S 
Te prce | a 4 § 
> $240 7 reg 
S24 120 is 5 
hoop 0 2 
0 12 24 36 48 60 72 64 96 108 120 
Space in feet. 
Fia. 456. 


The results are shown plotted on a time base in Fig. 455, and F, 7, 
and v are shown plotted on a space base in Fig. 456. 
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(2) A body weighing 1 ton is-lifted vertically by a rope, there being 
a damped spring balance to indicate the pulling force F of the rope. 


There is a constant frictional resistance of 1000 lbs. to the motion of the 


body. When the body has been lifted « feet from its position of rest, 


the pulling force in Ibs. is automatically recorded, and is given in the — 


second column of the table below. It is required to find the velocity » of 
the body in feet per second for the given values of «, also the time ¢ in 
seconds to rise the distance «. 


. u < Increase | 
% ae bg ap ou Total | Velocity Tim ‘ime 
Pal ea bro ch phen eta Kinetic (). # | pices ae 
(xe the: (P). during during Energy, | Feet per , Interval. | Start (¢). 
Feet, Lbs. | Interval. | Interval. K. Sec. Sec. Sec. 
Ft.-lbs. 

0 5580 2340 p 0 0 ; 0 | 
10 | 5450 | 2210 | 2275 | 58,75) | 99,750| 2557 | 0782 | ong 
20 5260 2020 1900 19.000 48,900 | 35°53 0-256 Ti 
30 5020 1780 1675 16.750 62,900 | 42°52 0-221 137 
40 4810 1570 1465 14.650 79,650 | 47°85 0:200 1°59 
50 4600 1360 1278 12.750 94,300 | 52-07 0'186 179 
60 4430 1190 1110 11100 107,050 | 55°48 0176 1:97 
70 4270 1030 ? 118,150 | 58:28 2°15 


Unbalanced effort, P = F — (2240 + 1000) = F — 3240, 

The mean value of P during any interval is half the sum of the values 
of P at the beginning and end of that interval. 

The increase in the kinetic energy of the body during any interval is 
the work done by P 


during that interval, _%°° wm? es fe: 
namely, the mean 3 alae $ ‘ 
value of P during the s”°°° 1% meat Pog 
interval multiplied by x at See ehne-——t40 N.. os 
10. ae VN phe 3 8 
K, the total kinetic S j599 VA a 30 J Lee 
energy in the body at 5 s — 
the end of anyinterval, "y 1000 < 208110 & 
is the sum of all the in- /: fo 2 & 
terval increases of kin- KR s00-t/, 10 §}.0'5 
etic energy up to and “8 = 
including thatinterval. > ° ie So ad se 0 o—to 
9x 3F-2K Doshece (2c) in Feet. 
v= 'Y = oa10 7. Fia. 457, 


The time taken over any interval is 10, the distance moved, divided — 


by the mean velocity during the interval. The mean velocity during an 
interval is taken as half the sum of the velocities at the beginning and 
end of that interval. 
The time taken from the start to the end of any interval is the sum 
of all the interval times up to and including that interval. 
The results are shown plotted on a distance base in Fig, 457. 
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957. The Bull Engine.—Towards the end of the eighteenth century 
“William Bull invented a simple form of pumping-engine, which was 
developed and improved by his son Edward Bull and Richard Trevithick. 
“This engine is now antiquated, but in its working it presents an exceed- 
‘ingly interesting problem in mechanics, which will now be considered. 
The engine has an inverted cylinder ab (Fig. 458) placed directly over 
the pump well, and this piston-rod is attached directly to the pump rods 
or “pitwork.” The up stroke is performed by the steam acting on the 
- under side of the piston, but during this stroke no water is pumped, the 
_ work done by the steam, over and above that required to overcome the 
friction appearing’ in the energy of the raised heavy pitwork. During 
the down stroke the steam is led from the lower to the upper end of the 
cylinder, thus produc- Hs SEES 
ing equilibrium on the 
piston, and the descent 
of the heavy pitwork 
raises the water. 
During the up 
stroke the steam is 
used expansively, and 
the end of the stroke 


is reached when the r 
work done by the 
steam is equal to 

Ky 


_ «the work done on the K, 1” 
resistance. The dia- 
gram ACDEFB to the 
right in Fig. 458 shows 
the effective pressure 

per square inch on the piston during the up stroke, AB being the 

4 fength of the stroke. AH represents the total resistance, per square 
inch of piston, due to the weight of the piston, piston-rod, and pitwork, 
and the resistance of friction. HEK, the resistance line, is parallel 
to AB, and cuts the expansion curve at E. When the piston has 
moved to N, the effective pressure on the piston exactly balances the 
resistance, and from A to N the work done by the steam is represented 
by the area ACDEN, while the work done on the resistance is repre- 
sented by the area AHEN. The excess work, represented by the area 
HCDE, is stored in the rising masses as kinetic energy, and the 
speed of the piston increases as it moves from A to N. Above N the 
effective pressure on the piston will continue to diminish as the piston 
rises, until the position B is reached, when it comes to rest. 
* The velocity curve ALB may be constructed as in the second example 
of the preceding Article, and the point B where this curve cuts the line 
of stroke AB determines the end of the up stroke. 

A similar problem is presented during the down stroke of the piston. 
Referring to the diagram to the left of Fig. 458, the effort A,C, is the 
weight of the pitwork, etc. (per square inch of piston), and the effort line 
C,E,F, is parallel to A,B,, the line of stroke. The resistance A,H,, at 
the beginning of the stroke, is due to the head of water, the size of the 
pump, and the resistance of the valves. As the speed increases the 


] 


2 


Down stroke 
<== 


Fig. 458. 


a 
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friction of the water in the pipes will increase the resistance, and the line 


H,J will not be parallel to A,B,. To stop the downward motion, the — 


steam under the piston is shut in when the piston reaches the point M, 
and the resistance then increases, as shown by the line JE,K,, due to the 
compression of the steam on the lower side of the piston. In constructing 
the curve JE, K,, it must be remembered that while the steam below the 
piston is being compressed the steam above is expanding, and this must 
be allowed for, so that JE,K, may show the effective increase in the 
resistance. The velocity curve A,L,B, is determined as before. 

During the up stroke the steam above the piston is exhausted into 
the condenser. To prevent damage to the cylinder in the event of the 
prearranged stroke being exceeded, there are buffer beams against which 
the cross-head strikes. i 


Exercises XVIIa. 


1. An effort-space diagram is drawn to the scales, 1 inch to 60 Ibs. and 1 
inches to 1 foot. The length of the diagram is 2°3 inches, and its area is 2°4 
square inches. How many ft.-lbs. of work does the area of the diagram repre- 
sent, and what is the space average of the effort ? F 

2. A body weighing 80 Ibs. is moved from rest in a horizontal direction b 
an effort which varies uniformly from 112 lbs. at the beginning to 40 lbs. when 
the body has moved 8 feet. There is a uniform horizontal resistance of 60 Ibs. 
Represent this by a diagram to the scales, 1 inch to 50 lbs., and 1 inch to 2 feet. 
Calculate the kinetic energy and the velocity of the body when it has moved 
8 feet. Find also the maximum velocity. 

3. In an effort-time diagram, the effort being the unbalanced effort, the 
length of the diagram is 5 inches, and represents 30 seconds. The scale for the * 
effort is 1 inch to 100 lbs., and the area of the diagram is 12 square inches. If 
the weight of the body upon which the effort acts is 5 tons, what is the increase 
in its velocity, in miles per hour, in the time represented by the length of the 
diagram ? 

4. The pressure on the piston of a direct acting steam-engine is 150 lbs. per 
square inch for the first three-tenths of the stroke, and for the remainder of the 
stroke the pressure varies inversely as the distance of the piston from the be- 
ginning of the stroke. Draw on the same base, (a) the pressure-space diagram, 
(6) the pressure-time diagram, assuming an infinite connecting-rod,(c) the pressure- 
time diagram, taking the length of the connecting-rod twice the stroke of the 
piston. Find the mean pressure in lbs. per square inch of piston from each 
diagram. Assume that the crank is rotating at a uniform speed. ee 

5. A certain acceleration diagram on a time base has an area of 2-1 square 
inches. The base is 3°5 inches long, and represents 17°5 seconds. The accelera- 
tion scale is 1 inch to 5 feet per second per second. If the velocity is 8 feet per 
second at the beginning, what is the velocity at the end of the 17-5 seconds? ~~ 

6. In a diagram representing the unbalanced effort on a body weighing 800 
Ibs., the effort scale is 1 inch to 100 lbs, If the effort curve is also the accelera- 
tion curve, and the acceleration scale is x inches to 10 feet per second per second, 
find x. : ; 

7. The tangent at a certain point of a certain velocity curve on a time base is 
inclined at 35° to the base (tan. 35°=0°7). If the time scale is 1 inch to 5 
seconds, and the velocity scale is 1 inch to 20 feet per second, what is the 
acceleration in feet per second per second at the point considered. 

8. The area of an acceleration diagram on a space base was measured with a 
planimeter and found to be 7°85 square inches. The base ON of the diagram was 
4 inches long, and represented 20 feet. The acceleration scale was 1 inch to 10 
feet per second per second, and the velocity at O was 2 feet per second. 
Calculate the velocity at N. 

9. At a particular point on the curve of a velocity-space diagram the inclina- 
tion of the tangent is 30°. The ordinate of the point represents a velocity of 
feet per second, and the sub-normal measures 1°35 inches, If the distance scale 
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is 1 inch to 10 feet, what is the acceleration, in feet per second per second, at the 

position considered ? 

40. An electric street car was found to have moved from rest 66, 245, 490, 

and 750 feet in 5, 10, 15, and 20 seconds respectively from the start. Construct 

- On a time base the displacement, velocity, and acceleration curves, and state the 
velocities in miles per hour, and the accelerations in miles per hour per second 

the times 5, 10, 15, and 20 seconds from the start. [Engineering News, Oct. 

_ 14, 1897, and Durley’s * Kinematics of Machinery,” p. 47.] 

_ ‘41. The angular position @ (in radians) of a rocking shaft at any time ¢ (in 

_ seconds) is measured from a fixed position. Successive positions at intervals of 

_ gy second have been determined as follows :— 


t 00 (002 |0°04 | 006 | 0°08 |0:10 | O12 (014 | 016 | 018 
6 0°106 | 0-208 | 0°337 | 0-487 | 0-651 | 0819 | 0-978 | 1-111 | 1-201 1-222 


Find the change of angular position during the first interval from t=0°0 
to t=0°02. Calculate the mean angular velocity during this interval in radians 
_ per second, and, on a time base, set this up as an ordinate at the middle of 
the interval. Repeat this for the other intervals, tabulating the results, and 
drawing the curve showing approximately angular velocity and time. In the 
same way find a curve showing angular acceleration and time. 

Read off angular velocity in radians per second, and angular acceleration in 
radians per second per second, when t=0°075 second. 

A wheel keyed to the shaft weighs 720 lbs., and has a radius of gyration of 
1°5 feet. What is the torque tending to fracture the shaft when t=0°16 
second? [B.E.] 

12. A weight W of 1000 lbs. is made to move along a horizontal plane. The 
frictional resistance R is uniform and equal to 100 lbs. The driving force P in 
lbs. varies uniformly, and is given by the formula P=Q(10-«), where x is the 
distance moved in feet from the starting point. Determine in each of the 

_ following cases (a) the distance moved in feet by W before coming to rest, (0) 
the um velocity of W in feet per second, (c) the distance in feet of W 
from the starting point when its velocity is a maximum, (d) the acceleration in 
feet on second per second when W is 2 feet from the starting point. Case I. 
Q=15; Case II. Q=20; Case ITI. Q=30. 
13. A body A weighing 1000 lbs. is moved horizontally by a force P Ibs. 
which is equal to 200 Ibs. for the first 2 feet, and afterwards varies according 
to the law Px=400, where « is the distance moved from the starting point. The 
frictional resistance R is constant, and equal to 100 lbs. Determine (a) the 
distance moved by A, in feet, before coming to rest ; (6) the maximum velocity 
of A, in feet per second; (c) the distance of A from the starting point, in feet, 
when its velocity is a maximum; (d) the acceleration, in feet per second per 
second, when A is 3 feet from the starting point. Plot P—R, and the velocity, 
on a space base. 
14. A body weighing 1610 lbs. is lifted vertically by a rope, there being a 
spring balance to indicate the pulling force F lb, of the rope. There is 
a constant frictional resistance of 740 lbs. to the motion of the body. When the 
body has been lifted x feet from its position of rest, the pulling force is automati- 
cally recorded as follows :— 


x 0 11 20 34 45 55 66 76 


F 4010 3915 3763 3532-3366 3208 3100 3007 


Using squared paper, find the velocity v feet per second for values of x of 10, 
30, 50, 70, and draw a curve showing the probable values of v for all values of x 
up to 80. In what time does the body get from z=45 tox=55? In what time 
does it get from «=0 to ~=75? [B.E.] 
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15. A body weighing 322 lb. is lifted by a force F lb. which alters. When 
the body has risen through the distance x feet, the force in Ib. for the several 
values of x is as follows (or would be if the body rose as far) :— 


x 0 1 2 3 4 55 7 9 11 |12°5| 14 | 17 | 20 
F | 540 | 540 | 540 | 530 | 500 | 460 | 310 | 220 | 190 | 190 | 190 | 190 | 190 


’ 


Using squared paper, find the velocity in each position and the time taken 
by the body to get to each position counting from x=0, the velocity then being _ 
5 feet per second. |. 7 (By 

16. A tram-car, weighing 15 tons, suddenly has the electric current cut off. 
At that instant the speed of the car was !6 miles per hour. Reckoning time 
from that instant, the following velocities, V (miles per hour),and times, ¢ (seconds), 
were noted. V=16, f=0. V=14, ¢=9:3. V=12, ¢=21.) V=10) ¢=386, 
Calculate the average value of the retarding force, and find the average velocity 
from t=0 tot=35. Also find the distance travelled between these times. . — ~ 

If the law of resistance be F (lb.)=a+6V+cV%, where V is in miles per hour 
as before, indicate the method by which values of a, b, and ¢ could’ be found 
from the above observations. Also calculate the relation between V and T (the ~ 
time taken to come to rest from velocity V) for such tests. What is T when V 
is very large? [B.E.] 

17. During the up stroke of the piston of a Bull engine the effective pressure 
p of the steam on the piston, in lbs. per square inch, varies, as shown in the 
following table, where « is the distance of the piston from the bottom of its 
stroke in feet; the piston will however not rise so high as 10 feet. The weight 


2} 00/05 }1:0} 15] 2:0] 2:5|3-0| 3°5 | 4-0| 4:5] 5:0/ 6-0 7-01 8:0 | 9:0 10:0 


p| 55 | 54 mg he 41 | 34 | 28 | 24 21 | 18 | 16 |12°5 |10°5| 8°5 | 7 | 6 
: 


of the piston, piston-rod, and ‘‘ pitwork” amounts to 22 lbs. per square inch of 
piston, and the frictional resistances are equivalent to 2 lbs. per square inch 
of piston. Draw the velocity curve for the piston on a stroke base, and find the 
Jength of the stroke. Find the time taken to make one up stroke, and draw the 
velocity curve on a time base. 


258. Simple Harmonic Motion.—A (Fig. 459) is a point which is 
moving with a uniform velocity V along the circumference of the circle 
BACD. | a@ is another point which is 
moving backward and forward along the . 
diameter BOC of the same circle in such 
a manner that Aa is always perpendicular 
to BC; in other words, a is the projection 
of Aon BC. Under these circumstances, 
the point a has simple harmonic motion. 

Let A and A, be two positions, near 
to one another, of the point which is moving 
round the circle, and a and a, correspond- 
ing positions of the point which has simple 
harmonic motion. Let v be the velocity of a 
at a, and v, the velocity of a at a, along BOC. Let Oa=2, Oa, =«,, and 
angle BOA= 6. Resolving V, the velocity of A, parallel and perpendicular 
to BOG, it is evident that the component parallel to BOC is equal to », 


the velocity of a, and v=Vsin d= : Vr—a. Also v,= rd 7? — gn 


Fig. 459... 
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The mean velocity of a between a and a, is }(v,+v), and the time taken 


to travel from a to a is iw ae °) =" =), If f is the mean accelera- 


_ 9) 2e—%) _ vi -v 
tion of a between aand a,, f=(v,—v) + sae Ha —n me Ve +2). 


Now if AA, is made indefinitely small, x, mere equal to #, and i 
becomes the acceleration of a ata, Hence f vad i 

If f be plotted on the space base BOC, the straight line bOc is the 
result, the maximum values of f being at B and C wherex=r. At the 
centre O, where x=0, f=0. At B and C, v=0, and at O, v has its 


maximum value, and is there equal to V. 
When A is at B or C, A and a coincide, and f for a becomes the 


radial acceleration of A, namely, — Ly =a result which has been proved in 


another way in Art. 21, p. 17. 

Since the acceleration of the point a is directly proportional to its 
displacement from its middle position, this property may be used as a 
test of simple harmonic motion. In fact, the 

definition of simple harmonic motion is better > aaa st 
given as the motion which a point has when its B 
acceleration is proportional to its displacement ares 40 
| from its middle position, because this includes Sead si 

| the case of a point oscillating in a curved path (Fig. 460), where the are 
OB or the are OC =7, and the are Oa=z. 

A complete oscillation or vibration is a movement from one end of 
| the path to the other and back again. The time of a complete oscillation 
| is called the periodic time. If V is in feet per second, f in feet per 
second per second, 7 in feet, and ¢, the periodic time, in seconds, then 


_ Referring again to Fig. 459, Aa=rsin 6, but v= V sin 0, therefore if 
the velocity scale be chosen so that 7 represents V, then Aa will represent 


Fig. 461. 


v on that scale, and the circle BACD will be the velocity diagram on 
the space mn BOC for the point which has simple harmonic motion. 


Again, f Be; = ; therefore if the acceleration scale be so chosen that r 
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represents NS Oa or x will represent fon that scale. This also follows 
r 


from Art. 253, p. 287, because x is the sub-normal of the velocity curve 
“on a space base. ' 
Fig. 461 shows the velocity v and acceleration f/ plotted on a time 
base. The constructions are obvious, and clearly shown in the figure. 
259. Forces giving a Body Simple Harmonic Motion.—If a body 
weighing W lbs. has simple harmonic motion along the line BOC (Fig. 
462) under the action of a force P, then since acceleration is proportional 


ft , and using the notation and results of the 


’ WwW 9g 
2 S P 
preceding Article, = ie ; and when “= Tr; a = x = ne 


The force P must always act towards the centre O, so that while the 
body is moving towards O, P is an effort, rf 
but when the body is moving away from O, 

P becomes a resistance. 

The force diagram on a space base is 
evidently a straight line one, like the ac- B 
celeration diagram. In moving from B to 
O the work done by the effort is represented 
by the area of the triangle B&O, and is stored 
up in the body as kinetic energy, to be given 
out again in overcoming the resistance in 
moving from O to C, the work done on the resistance from O to C being 
represented. by the area of the triangle OcC. 

The foregoing results may be applied to the case of a body which has 
angular harmonic motion, Let O,A (Fig. 463) a 


to the force producing it 


Fia@. 462. 


be a bar upon which is mounted a mass M, ee 
the weight of the rod O,A and the mass M Nae 
being W, and let the whole body oscillate with Ps Se ae 
harmonic motion about an axis O, perpen- og@—m— 

dicular to the plane of the paper. Let O,A be ‘arse 

the central position, and O,B, making an angle o7-4s re 
@.with O,A, any other position. Let & be the Nae wer, 
radius of gyration of the whole body about aA Fie 


the axis O,, and let P be a force acting on the 
body at a distance from O, equal to & and 
in the direction of motion, which will give the harmonic motion. 


Fic. 463. 


2 

Applying the formula z = a to this case, r=are OB=k6, Hence 

P = ala and Pk = An? Wi0 = 4n710 , where I is the moment of inertia 
Ww gf ge? gt 


of the body about the axis O,. The product Pé is the turning moment 
of the force P about the axis O,. If T denotes this turning moment, 


2 
then T = vee: . If the force which gives harmonic motion to the body 
g 


be a force Q acting as shown, R being the perpendicular distance of its 


2 
line of action from O,, then T=QR= ae : : 
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For example, take the case of the simple pendulum (Fig. 464), where 
a small body of weight w swings in a vertical plane in a Nr 


small arc of a circle of radius/, T=w-O,N=wlsin@. ; | 
Since @ is a small angle, sin @ may be taken equal to 6, ae] 
also I = wi?, hence ear? ' 
gS a6 
T = 10 4°00 > ' ‘a \ 
gt an A 
therefore ‘i it 
Ar] 1 “" yi! 
?—=—— ort=2r ~ Pi ‘ i, 
il J g’ £ So 
a well-known result, which may be proved in other 
ways. Fic. 464. 


Exercises XVIIb. 


1. A body of 60 lb. has a simple vibration, the total length of a swing being 
3 feet ; there are 200 complete vibrations (or double swings) per minute; calculate 
the forces which act on the body at the ends of a swing, and show on a diagram 
to scale what force acts upon the body in every position. [B.E.] 

2. A weight of 5 lbs, is supported by a spring. ‘The stiffness of the spring is 
such that putting on or taking off a weight of 1 lb. produces a downward or 
upward motion of 0°04 foot. What is the time of a complete oscillation, neglect- 
ing the mass of the spring ? [B.E.] 

8. A weight of 10 lbs. suspended by a spiral spring makes 107 complete 
vertical oscillations in 1 minute. What weight applied gradually will lengthen 
the spring 1 inch? 

4. A U tube (Fig. 465) of uniform bore contains a liquid which fills a length 
of 2 feet of the tube. Find the time of a complete 
oscillation of the liquid in the tube. 

5. A steel wire 0°16 inch diameter fixed at its upper 
end and guided at the lower end has a wheel weighing 
12°3 lbs. fixed to it near its free end and 40 inches 
from its fixed end, as shown in Fig. 466. The wheel is 
turned through a small angle and then liberated, and it 
is then found to make 4 complete oscillations in 6 
seconds, Taking the modulus of rigidity of the wire as 
13,000,000 Ibs, per square inch, calculate the radius of 
gyration of the wheel about its axis. 

6. A fly-wheel weighs 5 tons, and its radius of gyra- Fra. 465. Fia. 466. 
tion is 6°30 feet. It is at the end of a shaft 40 feet 
long, 5 inches diameter, modulus of rigidity of material 12,000,000 lbs. per square 
inch, what is the natural time of torsional vibration of the system, neglecting the 
inertia of the shaft itself ? . [B.E.] 

7. A fly-wheel weighs 5 tons, and has a radius of gyration of 6 feet. It is at 
one end of a shaft, the other end of which is fixed. It is found that a torque of 
200,000 1b.-feet is sufficient to turn the wheel through 1°. If the wheel is twisted 
slightly and then released, how many vibrations per minute will it make? [B.E.] 

8. A uniform circular plate, 1 foot in diameter, and weighing 4 lbs., is hung 
in a horizontal plane by three fine parallel cords from the ceiling, and when set 
into small torsional vibrations about a vertical axis is found to have a period of 
8 seconds. A body, whose moment of inertia is required, is laid horizontally 
across it, and the period is then found to be 5 seconds, the weight of the body 
being 6 lbs. Find the moment of inertia of the body about the axis of oscilla- 
tion, [Inst.C.E.] 


CHAPTER XVIII 


PISTON OR SLIDER AND CONNECTING - ROD 
VELOCITY AND ACCELERATION DIAGRAMS 


260. Piston or Slider Velocity Diagrams.—In the direct-acting 
engine the reciprocating motion of the piston is converted into the rotary 
motion of the crank shaft by means of the crank and connecting-rod. In 
what follows it is really the motion of the cross-head which is studied, 
but the piston and cross-head have exactly the same motion. Referring 
to Fig. 467, A is the axis of the cross-head pin, AB the axis of the con- 
necting-rod, B the axis of the crank pin, BC the crank, and C the axis of 
the crank shaft. The line of stroke of the piston when produced is 
assumed to pass through C. Let O, be the instantaneous centre for the 


* Fig. 467. 
connecting-rod when in the position shown. Let V be the linear velocity 
of the crank pin, and v the velocity of the cross-head, then — 3 
OB" 


Through C draw CD’ perpendicular to AC. Make CB’=V to ‘any 
convenient velocity scale, and draw B’D’ parallel to AB to meet CD’ at D’, 
then, since the triangles O,AB and CD’B’ are similar, red -OE-y" 
therefore CD’=v. Since V, the velocity of the crank pin, is usually 
uniform, it is generally convenient to select the velocity scale such that 
CB=V, then if AB be produced to meet CD’ at D, CD=v. Drawing 
DE parallel to the line of stréké to meet’ AE perpendicular to the line of 
stroke at E determines a point on the piston velocity-space curve. If Cd 
(on the crank) be made equal to CD, then d is a point on the polar 
velocity curve for the piston. A point on another form of the polar 
velocity curve is obtained by making Be (on the crank produced) =CD, 
300 


- quently found in steam 


ad 
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The diagram to the right in Fig. 467 shows the velocity of the 
piston, during one stroke, plotted on a crank angle, or time base. 

If the connecting-rod is of infinite length, AB becomes parallel to the 
line of stroke, BD is perpendicular to CD, and v is equal to V sin @. If V 
is constant the piston has simple harmonic motion, and the velocity-space 
and the velocity-time diagrams for the piston are the same as those shown 
in Fig. 461, p. 297. The polar velocity diagram becomes a circle 
described on the crank as diameter when the latter is perpendicular to the 
line of stroke. 

The arrangement shown in Fig. 468 is the equivalent of an infinite 
connecting-rod. This 
arrangement is _ fre- 


pumps, one rod M being ; 
the steam piston-rod, .@Y) ir 
and the other N the —- 
pump plunger. The : 
crank in this case must 

be an overhung one, or 

the crank shaft must Fia. 468. Fre, 469. 

be divided to allow the slotted piece KL to pass. If the slotted piece 
have two slots at right angles, as shown in Fig. 469, the crank may be 
placed anywhere on the shaft without altering the shaft in any way. 

261. Piston or Slider Acceleration.—Since CD (Figs. 467 and 
470) represents the piston velocity if CB represents the crank pin 
velocity, it follows that since acceleration is rate of increase of velocity, 
the velocity of the point D along CD will be the rate of increase of CD, 
and will therefore be the piston acceleration. 

Consider the point D as a point in the connecting-rod produced, then 
D must be moving at the 
instant in a direction per- © er E 
pendicular to OD with a 
OD 
OB 7 ' 

This velocity may be found z oy 

by construction as follows. “Ss wag 
On OD make OB’=OB. a 

Draw B’C’ perpendicular to Z 
OD and equalto BC. Join A | C 
OC’ and produce it to meet SY 

DE, a perpendicular to OD, N 

at E, then DE=V «OD. 

If DE be resolved into components DF along AB, and DH along 
CD, then DH is the velocity of D along CD, and therefore represents 
the piston acceleration. Draw CK parallel to OD to meet AB at K, and 
draw KL perpendicular to AB to meet AC at L, then it will be shown 
that CL=DH. The triangles CKB and OBD are similar, and 


CK_OD_OD _ DE _DE 
BC OB OB’ BC BC’ 


velocity equal to’ V - 


Fia. 470. 
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therefore OK=DE, The triangles CKL and DEH are:similar, because 
the sides of CKL are respectively perpendicular to the sides of DEH, and 


but CK = DE, therefore CL=DH. If, therefore, the point O 


‘is accessible, CL, the piston acceleration, is found by drawing CK parallel 
to OD, and KL perpendicular to AB. But for a considerable portion of 


CL_DH 
CK DE’ 


the motion of the piston the point O is 
either at an inconvenient distance or 
is quite inaccessible, and some other 
construction for finding the point K is 
desirable. 

What is generally known as Klein’s 
construction is the most convenient 
for finding KL. Klein’s construction 
is as follows. On AB as a diameter 
describe a circle. With centre B and 
radius BD describe another circle, 


cutting the former at M and N. Join MN. The line MN coincides 
with the line KL of the former construction. For, referring to K as 


, because the triangles CBK and 


found by the first construction, o 


OB AB’ 


are similar, therefore BK _ = BD. or BK-AB=BD?. 


BD AB’ 
K as found by Klein’s construction, 


BK _BK_BM_BD or BK - AB= BD? as before. 


BD BM AB AB 


For the sake of clearness, the essential lines of Klein’s construction 


are shown separately in Fig. 471. 


262. Piston Acceleration at Ends of Stroke.—When the piston is 
at either end of its stroke the crank and connecting-rod are in a straight 


Fig. 472. 


line, and Klein’s construction gives the result shown in Fig. 472 for the 
outer end of the stroke, and the result shown in Fig. 473 for the inner 
end. Referring to Fig. 472, the angular velocity of the connecting-rod 
in this position is V//, and A has an acceleration in the direction AC due _ 
to this and equal to V?/7. Also the angular velocity of the crank is V/r, 
and in the position shown A has an acceleration in the direction AC due 


a 


BC 
OB’ 


OBD are similar. Also, —~ BU BD , because the triangles CBD and OBA 


Fig. 471. 


Fig. 473. 


Referring now to 
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to this and equal to V*/r. Hence the total acceleration of A in the 
direction AC is equal to V?/r+V?/l. Referring to Fig. 473, it follows 
in the same way that the acceleration of A in the direction CA is equal 
2 2 
to V?/r—V?/l. Hence f= va(- + 7) = Ya + *) = “(a +) where 7 is 
the ratio of the length of the connecting-rod to the length of the crank ; 
the plus sign applies to the outer and the minus sign to the inner end 
of the stroke. For example, if V = 10 feet per second, r= 10 inches, and 


2 
1=50 inches, f= W a (1 + > = 144 feet per second per second at the 


~ 50. 
outer end, and 96 feet per second per second at the inner end of the stroke. 
263. Piston Acceleration Diagrams.—Having shown how the piston 
acceleration may be determined at any point of the stroke, the results for 
a number of points may be plotted, and acceleration curves obtained 
corresponding to the piston velocity curves described in Art. 260. Fig. 
474 shows the various piston acceleration curves for the case where the 
length of the connecting-rod is 2} times the length of the crank. 


Fig. 474. 


264. Piston Acceleration Scale.—It was shown in Art. 261 that 
BK - AB= BD? (Fig. 471), and when the piston is at the outer end 


of its stroke (Fig. 472) this becomes BL- AB = BC? or B =a Now 
2 
OL BOE, therstors OL = BC+ PC = Bo(1 + a) is Bo(1 + +}. 
AB A n 


But it was shown in Art. 262 that the piston acceleration at the outer 
end of the stroke is equal to 
2 . 2 2 
¥ 1++)=s. Hence #'CL=y, po(1+?)="(1+4) or no=". 
r n n) or n r 
Therefore the scale on which CL ‘will measure the acceleration of 


2 
the piston is one on which a length equal to BC represents ha , the 


radial acceleration of the crank pin. For example, if BC on the drawing 

measures 2} inches (on a full size scale), and if V =10°5 feet per second, 
72 “52 

and r= 9 inches = 0°75 foot, then =aa5 147 feet per second per 

second, and the acceleration scale is such that 1 inch represents 

147 + 2°5=58°8 feet per second per second, or 100 feet per second per 

second is represented by 100+58*3=1°7 inches. ~ 
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265. Position of Piston for Maximum Velocity and Zero Ac- 
celeration.—Still assuming that the velocity of the crank pin is uniform, 
it is evident that when CD (Figs. 467 : 
and 470) ceases to increase, the position 0 
- for maximum velocity and zero accelera- 
tion of piston has been reached, and 
this will obviously happen when the ‘ 
angle ODA is a right angle (Fig. 475). - . 
No direct geometrical construction has - 
yet been found for drawing the figure 
so that the-angle ODA may be a right 
angle, but by analysis it may be shown 
that when ODA is a right angle, 0, the 
angle ACB, is given by the equation 


sin® 0 —n? sint 0 — n* sin? 0+ n*=0, ar p\ 22 
which is a cubic equation in sin? 6. Mr. Kee 
G. A. Burls * has solved this equation ie cal 9 xr 
for a considerable number of values of , *— x t C 1 
and placed the results in a table, of 
which the following is an abstract :— Fig. 475. 
n sr 0 n | s>r 0 n s+r 0 


fe} “ Oo “ re) “ 
1:0 |2-0000| 90 6 6 || 2-0) 0-8474| 67 48 6|| 6-0) 0-9218| 80 47-40 
1'1 |1-0530| 64 57 50 || 2-5 | 0'8550 |} 70 43-46 || 7-0| 0-9321| 82 38 3 
1:144|1:0000| 64 5 11 || 3-0| 0°8674} 73 10 31|| 8-0| 0:9389| 82 56 30 
1:2 4:0 9°0 
15 5-0 0°0 


0°9564 | 63 35 5 0:8906 | 76 43 24 0°9468 | 83 47 12 
0°8681 | 64 20 38 0°9085 | 79 6 34]|| 10°0 | 0°9524 | 84 24 59 


s is the distance of the piston from the outer end of its stroke when 
its velocity is a maximum or its acceleration zero. 


<=n+l — /1—sin? 6-— ,/n?—sin? 6. 


’ 


Students are referred to Mr. Burls’ paper for the complete discussion 
of this problem. 

For practical purposes, when m has values common in direct-acting 
engines, it is usually sufficient to assume that. the position of the piston 
for maximum velocity and zero acceleration is that for which the crank 
and connecting-rod are at right angles to one another, 

n? 2n? + 1 
n2+1 (n?+1)(n*+4n?)’ 
for values of m usual in practice, an extremely close approximation to 
the true value of 0. ; ‘ 

266. Analytical Determination of Piston Velocity and Accelera- 
tion.—Piston velocity and acceleration diagrams are most readily drawn 
by the accurate constructions which have been given in preceding Articles, 


Professor Unwin’s formula,f sin? 0= gives, 


* Proceedings Inst. C.H., vol. cxxxi. p. 338, 
+ Ibid., vol. exxv. p. 366. 


‘9 


PISTON VELOCITY AND ACCELERATION DIAGRAMS 305 


~ but the velocity or acceleration of the piston for any position of the crank 
_ may be calculated by means of the formule now to be proved. 
Referring to Fig. 467, p. 300, it is readily seen that 
v _sin (9+) _ sin 6 cos } + cos @ sin $4. 04 cos # sin 
vV cos cos p cos 


. er, in : l 
But sin ¢=7 sin d=, andcos P= ,/1 sin’ p == ./n* — sin? 6. 


Therefore ~ * =sin 0+ sin 4 cata 6 =sin 0+ sin 20 % 
' 3 V Jn? — sin? 0 2 ,/n? — sin? 0 
For values of usual in direct-acting engines it will be sufficiently 


a ae in 2 
accurate to take ,/n®—sin? 0=n, then v=V(sin A+ a) approxi- 


mately. 
From this approximate expression for v the acceleration f is found 


as follows :— 
_dv_ (dd d0 2 cos 20 : 
1-4-WG cos O+ e ae V being constant, 
= v(" cos 64”. cos 20 =V"(cos 6+ on 
?. r n r n 


267. Angular Velocity of Connecting-rod.—The connecting-rod has 

a motion of translation along with the piston, and also an angular motion, 

_ the angle ¢ which it makes with the line of stroke changing from zero 
to a maximum, and back again to zero during one. stroke of the piston. 
¢ is evidently a maximum when the crank is perpendicular to the line of 
stroke, and it is zero when the crank is on the line of stroke. 

Referring to Fig 476, O is the instantaneous centre of the connect- 
ing-rod when in the position shown, and if BC represents V, the velocity 
of the crank pin, CD represents 
v, the velocity of the piston. 0! 
Imagine a velocity equal to v bane ' 
to be impressed on the connect- 
ing-rod in the direction~ CA. 


The point A will now be at A 
rest, and the connecting-rod will 

only have angular motion. The 

point B has now a velocity o ems 
which is the resultant of the 4% \ c 


velocities BC’ perpendicular to Fia. 476. 

BC, and=V=BC, and C’D’ 

parallel to CA, and=v=CD. This resultant will evidently be per- 
pendicular to AB and=BD. The angular velocity of AB in the 
given position is therefore equal to BD’/AB=BD/AB, and as AB is 
constant, the angular velocity is represented by BD. 

The foregoing result is also obvious when it is remembered that, at 
the instant considered, the connecting-rod is rotating about O, and its 
angular velocity about O is equal to BC’/OB=BC/OB=BD/AB, and 
this will also be the rate of change of the angle ¢. 

The angular velocity of AB may be plotted on the crank CB from 
the pole C, or on the piston or cross-head stroke as a base, but preferably 

U 
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on the connecting-rod, as shown to the right in Fig. 477. The cross-head 
end of the connecting-rod is placed at C, and assumed to be at rest. The 


fe hy Ao ate 3 
Angular Velocity — = Seg = -S 5 Zz 
Time Curve. ry 
atta el es 
4.24% o 610’ 
AER pao iC \6__ Polar Curves. 
Time— \ BD=Cd=Ce =FE=BE 
is ate BD =Angular — 
=b----- == | of Gnnecting- rod. 
Fig. 477. 


different values of 4 corresponding to different values of @ are readily 
obtained by the construction shown, and which may be briefly described 
as follows. With C as centre, and radius equal to the length of the 
connecting-rod, measured on the linear scale, describe the are 03’. Let 
CB be one position of the crank. Draw BB’ parallel to C0’ to meet 
0'3’ at B’. Join CB’, then angle B’CO’=¢. Draw BD parallel to B’C 
to meet the perpendicular to C0’ from C at D, Then BD represents 
the angular velocity of the connecting-rod when the crank is at CB. 
Make, on B’C, B’-E=BD. Then Eis a point on a polar curve of angular 
velocity of connecting-rod. If Cd=BD be marked off on B/C from C 
as a pole, then d is a point on another polar curve of angular velocity of 
connecting-rod, Observe that when BD is positive B’E is measured from 
the arc 0'3’ on the side opposite to C, and when negative it is measured 
from the are 0’3’ towards C. Also for the other polar diagram, when BD 
is positive Cd is measured from C towards the are 0’3’, and when negative 
it is measured from C in the opposite direction. 

The construction for the angular velocity curve on a time base is 
obvious, and clearly shown in the figure. 

The scale on which BD will measure the angular velocity of the 
connecting-rod is found as follows. Let BC, BD, and AB denote the 
lengths of these lines on the drawing, measured in inches on the full size 
scale. Let the scale for angular velocity be 1 inch to a radians per 
second, and let the linear scale of the drawing be 1 inch to y feet. Also 
let 7 be the true radius of the crank in feet, and let V be in feet per 
second. Then 


Angular velocity of connecting-rod BD+AB_ BD 


_ Angular velocity of crank ~BC+BC AB’ 
But angular velocity of crank= Ly therefore angular® velocity of 
; BD V 
connecting-rod = w = Sere: | 
But AB=n-BC=nr/y, therefore w= = 3 i= BD -«, and there- 
fore x= yV ; 


ny? 
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BD sin (90-6) cos 0 . * 
ST ” BC © sin (90-4) cos ~ but sin PM 
and cos p= 1 — S00. Therefore 


BD_ mee eet ga SOL BD) __ cos 9 V 
BC »/n® — sin® 0 r 


268. Angular Acceleration of Connecting-rod.—Referring to Fig. 
470, p. 301, just as DH or CL represents the rate of increase of CD, so 
DF or KL represents the rate of increase of BD, or the rate of increase 
of BD’ (Fig. 476), and therefore KL/AB represents the angular accelera- 
tion of the connecting-rod. The figure CBKL (Fig. 470) is a linear 

_ acceleration diagram, the scale of which was shown (Art. 264) to be such 
that BC represents V*/r, the linear acceleration of B in the direction BC, 
Hence if KL and BC be measured in inches, and r and mr are the true 
lengths in feet of the crank and connecting-rod respectively, angular 
acceleration of connecting-rod = a = KL Vener = kL." and since KL 

BC r- BC nr?’ 

is the only variable in the expression for a, KL will represent a4 on a 

certain scale. Let this scale be 1 inch to z radians per second per second, 
and let the linear scale of the drawing be 1 inch to y feet, then 


: 2 2 
o=KL-2=———~ ._,-KL-y-—., ande= Sn, 


Referring to Fig. 467 


SE ee a 
. ‘ re 
: 


The angular acceleration of the connecting-rod may be plotted in a 
— similar to that described for the angular velocity in the preceding 

ticle. 

269. Case where Line of Stroke does not Intersect Axis of 
Crank Shaft.—The illustrations of the direct-acting engine mechanism 
which have been given in preceding Articles have shown the line of stroke 
passing through the axis of the crank shaft, and this is the usual arrange- 
ment, but in a single-acting engine, that is, an engine in which all the 
work is done on one side of the piston, there are advantages in arranging 
the mechanism as shown in Fig. 478, where pq, the line of stroke, when 
produced, does not pass 
through C, the axis of 
the crank shaft. 

One result of alter- 
ing the position of the 

ine of stroke, as shown Mie, 
in Fig. 478, is that ree 8 rD 
during the forward or Pp 
working stroke the ob- Stroh 
liquity of the connect- 
nad is diminished, Q 
and in consequence of . 

this the ae e on ds i 

the cross-head guide is diminished, and the turning moment on the 
crank is slightly more uniform. The diminished pressure on the guide 
means of course less work lost in friction at that part. During the 
return stroke the obliquity of the connecting-rod is increased by this 
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new arrangement, but as the engine is single acting, the forces to be dealt 
with during the return stroke are much smaller. It is easy to show that 


the stroke of the piston is now greater than twice the radius of the crank. 


. The “dead centres” still occur when the piston is at the ends of its 
stroke, but the two dead centres are no longer on the same diameter of the 
crank pin circle, and, as will be seen by reference to Fig. 478, the time 
taken for the return stroke is less than that taken for the forward stroke 
if the crank is turning uniformly. 

The construction for determining the piston velocity and piston 
acceleration are unaltered, except that CL, the acceleration, is now shown 
on a line through C parallel to the line of stroke, instead of on the line 
of stroke. . . 

270. Inversions of the Direct-Acting Engine Mechanism.—W hat, 
in preceding Articles, has been called the direct-acting engine mechanism 
is also known as one form of the s/¢der-crank chain, namely, the turning 
slider-crank chain. The slider-crank chain consists of four parts, three 
links and a block or slider. In the direct-acting engine mechanism 
(Fig. 479) the links are; the crank a, the connecting-rod ¢, and the 


‘a Cc 


~ dat bt += 
b 


Fig. 479. Fig. 480. 


frame b of the engine. ‘The cross-head d is the block or slider, but the 
slider may include the piston-rod and piston, and, as in most internal 
combustion engines, the slider may consist of the piston only. 

Various mechanisms may be obtained from the slider-crank chain by 
the process of inversion, which pial Re 
involves the exchange of one at . 
fixed part or link for another. 

The oscillating engine mech- 
anism (Fig. 480) is obtained from 7 
the direct-acting engine mech- Zine of. “Stroke of Ram 
anism by making ¢ the fixed link iE 
instead of b. The crank is still 
a, but the crank shaft is now at 
B instead of at C. The block d ¥ 
is now the cylinder which oscil- \ 
lates on trunnions at A. The aoa 
link 4 oscillates with the cylinder, Me ; 

\ 


but the relative motion between 
dand 6 is still that of sliding ; in 
fact, the motion of any one link 
relative to that of any other link 
of the chain is unaltered by the process of inversion. The oscillating engine 
mechanism is known as the swinging-block slider-crank chain. 

The mechanism shown in Fig. 481 is known as the Whitworth quick 


Fia. 481. 
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return motion or turning-block slider-crank chain, and is obtained by 
_ making a the fixed link. ¢ becomes a crank, the rotary motion of which 
_ is communicated to }, but the angular velocities of b and ¢ are unequal, 
4 oo a two points during a revolution, This mechanism is used for 

driving the ram of a shaping machine or the ram of a slotting machine. 
The link or crank ¢ is really a spur-wheel rotating about an axis at B, 
_ and carrying a pin A projecting from one side, on which fits the block d, 
which in turn fits in a slot formed in 6. The link 4 rotates about an axis 
at C, and carries a pin P, the position of which may be varied to suit the 
required stroke of the ram, which carries the cutting tool at one end. 
The reciprocating motion of the ram is obtained from 
the pin P through a connecting-rod. The line of 
stroke of the ram is shown passing through C, and 
cutting the circle described by the pin A at E and F. 
The pin A has uniform velocity, and the times of the 


Steam 
~~ = om 
St 
yy 
SS 
Ne 


pe, i Rabo oe 
° 


forward or cutting stroke, and the return or idle : 

stroke of the ram, are to one another as the arc Cc . 
EHF is to the are FKE. iar ’ 
: The only other possible inversion of the slider- a 

__ erank chain is that obtained by fixing the block d. 

This inversion, called the swinging slider-crank, is ry 

| not very important, but one interesting application of aa If ii ° 
it is found in the pendulum pump, shown in Fig. 482. a 
The block d has become the steam cylinder, pump SA 2 d. 
barrel, and frame. The link } has become the piston, s § gis 

___ piston-rod, and plunger. The connecting-rod ¢ swings t- 
___pabout a pin A fixed on the side of the steam cylinder. Fic. 489 


The crank a has become a fly-wheel, which rotates 
: about a pin B attached to the lower end of the swinging link ¢, and it 
also rotates about a pin C, which is attached to the sliding link 4. The 
| stroke of the piston and plunger is evidently twice the radius of the 
4 crank a. 


Exercises XVIII. 


1. Construct the piston velocity diagrams, as shown in Fig. 467, p. 300, for 
the following cases :—(1) l/r=«, (2) l/r=4°5, (3) l/r=2, where /=length of con- 
necting-rod, and r=radius of crank. The three sets of diagrams to be drawn 
on the same corresponding bases, or, in the case of the polar diagrams, from the 
same pole, in order to show the differences due to variations in the value 
of //r. Take r=10 inches, yelocity of crank pin 10 feet per second, and linear 
scale . Construct on the diagrams the velocity scale, showing feet per second. 
Take from the diagrams the values of vin feet per second when @=45°, and 
state the results, 

2. In a direct-acting engine mechanism the radius of the crank is 10 inches, 
and the velocity of the crank pin 10 feet per second, find, by calculation, the 
answers to the queries in the following table :— 


Z (inches) ri ok) co 45 | 45 | 45 | 45 20 | 20 | 20 | 20 
@ (degrees). ./| 30/ ... | 30 | 150]... | ... | 30 | 150 Pe 
i, a (inches) . a) ae: 18 ? 2 2 |] 18 ? ? 2 18 
v (feet per second) ? | 2 2 ? 2 2 2 ? ? 2 


where / is the length of the connecting-rod, @ the angle between the crank and 
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the inner dead centre radius, « the distance of the piston from the outer end of 
its ae and v the velocity of the piston. 

When the length of the connecting-rod is equal to that of the crank, show 
that ‘the stroke of the piston is four times the length of the crank. Also, if the 
crank has uniform velocity, show that the piston has simple harmonic motion, 
aud that the maximum velocity of the piston is twice the velocity, of the 
crank pin, 

4. In a direct-acting engine the connecting-rod is 50 inches, and the crank 
10 inches long. If the crank makes 120 revolutions per minute, calculate the 
mean velocity of the piston, in feet per minute, also the velocity of the piston, 
in feet per minute, when the crank and connecting-rod are at right angles to 
one another. 

5. Estimate the greatest and least forward velocity of the piston of a loco- 
motive engine, relative to the rails, when the train is running at 50 miles per 
hour, the diameter of the driving wheels being 66 inches, the length of stroke 
27 inches, and the length of the engine connecting-rod 54 inches. [Inst.C.E.] 

6. Construct the piston acceleration diagrams, as shown in Fig. 474, p. 303, 
for the following cases :—(1) l/r=~, (2) d/r=4°5, (3) l/r=2, where /=length of 
connecting-rod, and »=radius of crank. The three sets of diagrams to be 
drawn on the same corresponding bases, or, in the case of the polar diagrams, 
from the same pole, in order to show the differences due to variations in the 
value of Z/r. Take r=10 inches, V=10 feet per second, and linear scale 4. 
- Construct on the diagrams the acceleration scale, showing feet per second per 
second. ‘Take from the diagrams the values of f, the piston acceleration, in feet 
per second per second, when @=30°, and state the results. 

7. Same as preceding exercise, “but for the following cases:—(1) J/r=1- 1, 
(2) Ye 1°144, (3) U/r=1°2. 

. If tke acceleration of a piston is 350 feet per second per second when it 
has haven 4 inches from one end of its stroke, which is 24 inches, at what 
speed is the crank shaft running, in revolutions per minute? Assume an 
infinite connecting-rod. 

9. In a direct-acting engine, 7=length of connecting-rod, r=radius of Coes 
n=l/r, x=distance of piston from outer end of stroke, V= velocity of crank pin, 
v=velocity of piston, and f=acceleration of piston. Show that— 

(1) when the crank is perpendicular to the line of stroke, 


ss v3 1 
=n+1-,/n?-1, v=V, and f= F = West 
n _— 


(2) when the crank is at right angles to the a 


ee ee 24 . nt+] 
~=nt1— jn +l, gesett , and f= * NOE 
v_nv/4n?-1 —V?_ n(4n*— 6n? + 1) 

(3) when z=7, ‘ve, and f= poet (Qt 
The upper sign in the value of f in each case applying to the ‘‘ in” stroke, and 
the lower sign to the ‘‘ out »” stroke. 

10. If w is the angular velocity, and a the angular acceleration of the con- 
necting-rod, then, using the notation of Exercise 9, show that (1) when the 
crank and connecting-rod are in a straight line w= V/nr,anda=0; (2) when the 

2 


crank is perpendicular to the line of stroke, w=0, and a= Vata . 2 and 
n? — 

(3) when the crank is perpendicular to the connecting-rod, 

~1,V?, 


n> 2 


11. Construct the connecting-rod angular velocity diagrams, as shown in 
Fig. 477, p. 306, for the following cases :—(1) l/r=4'5, (2) l/r=2, (3) Z/r=1, 
where /=length of connecting-rod, and r=radius of crank, Take r=10 inches, 
velocity of crank pin 10 feet per second, and linear scale 3. Construct the 
angular velocity scale, showing radians per second, Take from the diagrams the 
‘values of w in radians per second when @=30°, and state the results. 

12. In an ordinary steam-engine the stroke is 18 inches, the length of the 
connecting-rod is 36 inches, and the revolutions are 400 per minute. The 


diameters of the crank shaft journal, the crank pin, and the cross-head pin are 
F a it: and 54 inches respectively. Find the velocity of the piston and the 


: ity of rubbing of each journal in feet per minute in the position of the 


| mechanism, for which the crank arm has turned through an angle of 30° from 


the inner dead centre. {U.L.] 

13. Taking the same cases and the same particulars as in Exercise 11, con- 
struct the connecting-rod acceleration diagrams, and construct the acceleration 
scale, showing radians per second per second. Take from the diagrams the values 
of a in radians per second per second when @=75", and state the results, 

14. In a direct-acting engine the line of stroke is at a perpendicular 
distance of 4 inches from the axis of the crank shaft If the radius of the 
crank is 8 inches, and the length of the connecting-rod is 30 inches, find the 
length of the piston stroke, On the stroke of the piston as base, construct the 
piston velocity and piston acceleration curves for both the forward and return 
strokes. The speed of the engine being 200 revolutions per minute, construct 
the velocity and acceleration scales. 

15. The table of a small planing machine is driven from a crank through a 
connecting-rod, which is 9 inches long. The axis of the crank shaft is 3 inches 
below the line of stroke. If the stroke of the table is 
6 inches, find the radius of the crank. Construct the 
velo curves for both the cutting and return strokes 
of the table, on a stroke base, the crank rotating uniformly 
at 20 revolutions per minute. What are the velocities of 
the table, in feet per minute, at mid-stroke (a) when cut- 
ting, (b) when returning? Also, what is the time ratio of 
the cutting and return strokes, a 

S 


16. In an oscillating engine the piston has a stroke of 
6 feet, and the distance between the axis of the trunnions 
and the axis of the shaft is 10 feet 6 inches. The shaft 
makes 35 revolutions per minute. Find (a) the maximum 
velocity of the cylinder in radians per second, 
(5) the piston speed in feet per minute at mid-stroke, and ~ 
(c) the mean piston speed in feet per minute. ‘\5 
17. Fig. 483 shows the swinging-block slider-crank chain : 
as applied to a shaping machine. The pinion E drives the \ 
wheel F', which rotates on the fixed pin B, and carries the -Z C 


m 
5 
. a 


a \ 42:5 +e - -8= > 


pin ©. The pin C carries the block b, which works in the F° a 
slot of the lever dd, which oscillates about the fixed pin be 

A. The upper end of the lever dd carries a pin H, from 

which a connecting-rod transmits motion to the ram carry- Fiq. 483. 


ing the cutting tool. The stroke of the ram is varied by 

altering the distance of the pin C from B. For the given dimensions find the 
length of the stroke of the ram. Construct on a stroke base the velocity curves 
for the cutting and return strokes, The wheel F makes 20 revolutions per minute. 
What is the time ratio of the cutting and return strokes ? 

18. Referring to the Whitworth quick return motion, shown in Fig. 481, 
p. 308, BC=1} inches, AB=5 inches, CP=5 inches, and the connecting-rod to the 
ram is16 inches long. The line of stroke passes through C, and is perpendicular 
to BC. The driving wheel makes 15 revolutions per minute. Construct ona 
stroke base the tool velocity curves for the cutting and return strokes. What 
is the time ratio of the cutting and return strokes ? 

19. A and B (Fig. 484) are fixed centres. The crank BC revolves uniformly 
with an angular velocity of 10 radians per second about the centre B. The end 
© is pivoted to a block, which can slide along AD. AD revolves about the 
centre A. The point E moves along EA. Determine the velocity of sliding at 
both C and E when BC is at right angles to AB, and find also the maximum 
velocity of E. Show how the mechanism can be applied as a quick return 
motion for a shaping machine, and determine the ratio between the times of 
cutting and return. fU.L.] 

20. The crank AB (Fig. 485) rotates uniformly at 150 revolutions per minute. 
The end D of the rod BD is constrained to move in the straight line GH. The 
end E of the rod CE moves on the straight line EK. Determine the velocity of 
the point E for the given position of the mechanism. Indicate how you would 
determine the acceleration of the point E. [U.L.] 
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Fig. 484. Fiaq. 485. 


21. In a horizontal steam-engine the indicator reducing gear consists of a 
radial arm AB suspended from a fixed centre A above the line of stroke; the 
end B of the radial arm is connected to the cross-head by a link BO, and the 
cord passes off from a sector fixed to the arm AB, its centre being A and the 
radius AD, If, for any position of the gear, a vertical line drawn through A 


cuts the link BC in N, show that oo gives the ratio of the piston speed to the 


cord speed. [U.L.] 

22. In the four-bar mechanism shown in the sketch (Fig. 486), the bar A is a 
fixed bar; the bars B and D rotate about the fixed centres OAB and OAD, and 
they are coupled together at their outer ends by the bar C; the bar B revolves 
in a clockwise direction, with uniform velocity round its fixed axis OAB at 50 
revolutions per minute. Find in any way you please the positions of the bar 
D for twelve equidistant positions of the bar B during one complete revolution, 
and draw up a table showing (1) angle turned through by the bar B, in degrees ; 


OAB 
Fig. 486. Fig. 487. 


(2) angle turned through by the bar D, in degrees ; (3) mean angular velocity of 
the bar D, in radians per second, during each interval ; (4) mean angular accelera- 
tion of the bar D, in radians per second per second. Draw curves showing 
angular velocity and angular acceleration at any time. The lengths of the bars 
.are 15, 30, 25. and 35 inches respectively. [B. E.] 

23. The diagram (Fig. 487) shows a radial valve gear. The crank CP turns 
uniformly at 12 radians per second, and is pinned at P to the rod PR, the point 
Q in this rod being guided in the circular path SS, centre T. For the position 
of the mechanism shown in the diagram, determine and measure the velocities 
-and accelerations of the points R and V, [B.E.] 
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~ two indicator diagrams are required, 


| _the pressures on the front and back 


CHAPTER XIX 
PISTON AND CRANK EFFORT DIAGRAMS 


271. Piston Effort Diagrams.—An engine or machine worked by 
fluid pressure has usually a piston or ram which receives reciprocating 
motion in a cylinder. When the piston or ram is single-acting, the 
pressure of the fluid introduced into the cylinder causes the piston or ram 
to move outwards, and the return stroke is usually performed either by 
the energy stored up in a fly-wheel, or by the pressure of the fluid in 
another cylinder, through intermediate mechanism. In this case the 
effort on the piston or ram at any instant is simply the force exerted on 
it by the fluid in the cylinder at that instant. When the piston is 
double-acting, the fluid is admitted into the cylinder on opposite sides of 
‘the piston alternately, and after doing its work it is allowed to escape. 
In this case the effort on the piston at any instant is the difference 
between the forces exerted by the fluid on the opposite sides of the 
piston at that instant. 

When the fluid used is water, the pressure which it exerts is practi- 
cally constant throughout the stroke, and the effort is therefore constant, 
and the effort diagram is a rectangle whose length represents the length 
of the stroke of the piston or ram. 

In heat engines and in machines worked by compressed air the 
pressure of the fluid is generally variable throughout the stroke. In 
such cases the actual effort on the piston is obtained from indicator 
diagrams, which are simply the records 
of self-registering _ pressure - gauges, 
which show the pressure of the fluid 
at every point of the stroke of the 

n. If the engine is double-acting ty 


one for each side of the piston. The 
indicator diagram shows the intensity 
of the pressure of the fluid, generally 
in Ibs. per square inch. 

Let p, and p, be the intensities of 


of the piston respectively at any in- 
stant, and let a, and a, be the effective 
areas of the front and back of the 
piston respectively, then the effort on 

the piston at the instant considered 

iS P,4,—Pyt, If a,=a,=a, then the effort is a(p, — P2). In double- 
acting engines a, is not generally equal to a, on account of the presence 
of the piston-rod on one side. 


Fig. 488. 
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The upper part of Fig. 488 shows a pair of indicator diagrams from 
the cylinder of a vertical steam-engine. The full line diagram is from 
the top end, while the dotted line diagram is from the bottom end of the 

cylinder. 
The effective pressure on the piston at any point of the sixoks is 
shown by the vertical distance between the top of one diagram and the 
bottom of the other at that point. If this vertical distance be plotted on 
a straight base for a sufficient number of points in the stroke, a diagram is 
obtained which shows more clearly the effort on the piston during the 
stroke. In Fig. 488 the full line diagram on the base XX is the effort 


diagram for the down stroke, while the dotted line diagram is the effort 


diagram for the up stroke. Where the effort is negative, the diagram is 
below the base XX. 

272. Reduction of Indicator Diagrams to same Effort Scale —It 
was stated in the preceding Article, in referring to the indicator diagrams 
given in Fig. 488, that the effective pressure on the piston at any point of 
the stroke is shown by the vertical distance between the top of one 
diagram and the bottom of the other at that point. This, however, is 


only true when the effective areas of the top and bottom of the piston- 


are equal, and when the pressure scales of the two diagrams are the 
same, If the pressure scales are the same, but the areas are unequal, 
then either the ordinates of the diagram for the smaller area of piston 
must be reduced in the ratio of the smaller to the larger area, or the 
ordinates of the diagram for the larger area of piston must be enlarged 
in the ratio of the larger to the smaller area. 


The diagrams of Fig. 488 are repeated in Fig. 489, and the diagram 


for the bottom of the piston is shown cor- 
rected to the thicker dotted line diagram 
to allow for the area of the piston-rod on 
the under side. The effective force on the 
piston at any point of the down stroke is 
now represented by the vertical distance 
between the top of the full line diagram 
and the bottom of the thicker dotted line 
diagram at that point, and the effective 
force at any point of the up stroke is represented by the vertical distance 
between the top of the thicker dotted line diagram and the bottom of the 
full line diagram at that point. If the original indicator diagrams are not 
to the same pressure scale, it will of course be necessary to bring them to 
the same scale, in addition to correcting one of them for the difference 
between the areas of the top and bottom of the piston. 

The indicator diagrams from the different cylinders of a compound 
or triple expansion engine are generally to different pressure scales ; also 


Fig. 489. 


when the strokes of the different pistons are the same, which is generally 


the case, their areas are different. Hence it is evident that in order that 
the effort diagram for one piston may be comparable with the effort 
diagram for another piston, the pressure scales must be the same, and 
their ordinates ‘must be such as to give equivalent pressures on pistons of 
the same area, 

Let A be an indicator diagram for one side of a piston, the effective 
area of that side being a,, and let », be the pressure scale of this diagram 


CO EE ———<— 


oe ae Er * 
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inte per square inch per inch. Also let B be an indicator diagram for 
} other side of the same piston, or for one side of another piston, the 
. effective area of that side being a,, and let p, be the pressure scale of this 
_ diagram in Ibs. per square inch per inch. Then in constructing piston 
effort diagrams which shall be comparable, either the ordinates of B 


_ must be multiplied by a or the ordinates of A must be multiplied by 
pb 1 
Py 


273. Correction of Piston Effort Diagrams for Weight of Recip- 
rocating Parts in Vertical Engines.—In a vertical engine the weight of 
the piston, piston-rod, cross-head, and a part of the connecting-rod 
increases the effort during the down stroke, and diminishes it during the 
up stroke by an amount equal to that weight. Let w equal the weight 
of the reciprocating parts in lbs. per square inch of piston, then the 
effort due to the fluid pressure per square inch of piston must be in- 


Fia. 490. Fig. 491. 


; creased by an amount w for the down stroke, and the effort diagram 
is altered, as shown in Fig. 490, by lowering the base line from XX a 
distance equal to w on the force scale, and the effort diagram for the up 
stroke is corrected, as shown in Fig. 491, by raising the base line from 
q XX an equal amount. 
‘ Frequently half the weight of the connecting-rod is reckoned as 
belonging to the reciprocating parts. 
—- 274. Forces due to Inertia of Reciprocating Parts.—The deter- 
mination of the acceleration of the piston was fully discussed in Arts. 
. 261 to 265. Let f-denote the acceleration of the piston in feet per 
) second per second, W the total weight of the reciprocating parts, in lbs., 
and P the force, in lbs., required to produce the acceleration f, then 


wre and pan. It was shown in Art. 262 that, at the ends of 


2 
the stroke, r( +*), where V is the velocity of the crank pin in 


feet per second, and v is the ratio of the length of the connecting-rod to 
v, the radius of the crank, the plus sign applying to the outer, and the 
minus sign to the inner, end of the stroke. Hence, at the ends of the 


wv: 
stroke, P = — (1 + =). If wis the weight of the reciprocating parts, in 
Tbs. per square inch of piston, and p is the accelerating force, in Ibs. per 
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square inch of piston, then p=, and at the. ends of the stroke 


2 
pa (1 £2), After’ the point of zero acceleration is passed, the 
acceleration is of course negative, or the accelerating force reverses. 

275. Correction of Piston Effort Diagrams for Inertia Forces.— 
From the beginning of the stroke of the piston up to the point of maxi- 
mum velocity, or zero acceleration, part of the effort on the piston, as 
determined in preceding Articles, is required to accelerate the piston and 
the other reciprocating parts, and that part is therefore not available at 
the cross-head for transmission to the crank pin. The work done by that 
part of the steam pressure which is not transmitted to the cross-head is 
stored up in the reciprocating parts as kinetic energy. After the piston 
has reached its point of maximum velocity its velocity diminishes, and 
the kinetic energy in the reciprocating parts is given out, appearing as 
work done at the cross-head. During the latter part of the stroke, there- 
fore, the effort due to the steam pressure is supplemented by the effort 
due to the retarding or negative accelerating force. 

The necessary correction of the piston effort diagram due to the inertia 
forces is made as shown in Figs. 492 and 493, where the full line diagram 


Se } 
‘ | 
TOP 4 
— a aif BOTTOM. 


Fig. 492. Fig. 493. 


on the straight base AB is the piston effort diagram due to the steam 
pressure, and AaOdB is the accelerating force diagram on the same base 
AB. The curve a’Cd’ is the curve got, say, by Klein’s construction (Art- 
261), and the curve aCé is obtained by altering the ordinates in the ratio 


of Aa’ to Aa. The length Aa is measured with the pressure or effort 
2 


rv: 1 : 
scale to represent p = “(i + a the accelerating force per square inch of 


piston at the beginning of the forward or “in” stroke. The curve aCd 
is the new base of the effort diagram. The corrected diagrams are shown 
constructed on straight bases below the others. 

It is evident that the forces due to the inertia of the reciprocating 
parts do not affect either the work done or the mean effort during a complete 
stroke. 

276. Crank Effort.—Referring to Fig. 494, if P is the effort on the 
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eros head, Q, the thrust or pull on the connecting-rod, is equal to P/cos¢. 
At the crank pin the force Q produces a thrust or pull on the crank and 
a force T tangential to the path of the crank pin equal to Q sin (6 + ¢). 


. 3 Hence, T= ca = P(sin 6 + cos 6 tan ¢). 
Tf n is the ratio of the length of the connecting-rod to the radius of 
sin 0 


the crank, then tan d= Rr and therefore 


sin ™ cos 0 ‘ sin 20 
T =P {sin 6+ ag} -P sin 0+ 5 Jara Op. 

T is called the crank pin effort. The moment of T about C, namely, 
Tr, where r is the radius of 
the crank, is called the crank 
effort, but as r is constant, 
it follows that the crank 
effort is proportional to T. 
If Cd be made equal to P, 
and bd be drawn parallel 
to AB to meet Cd at d, Fig. 494, 
where Cd is perpendicular to the line of stroke, then 


Cd_ sin(O+¢) _ sin(0+¢) 
Cb sin(90°-¢) cosh” 


_sin(0+¢) © 
bu - =e 
must a equal to T. The construction for determining the crank effort 
from the piston or cross-head effort is therefore extremely simple, and if 
it be compared with the construction proved in Art. 260 for finding the 
piston velocity from the crank pin velocity, it will be seen that the con- 
structions are identical. In fact, the construction and formula for the 
- erank effort may be deduced at once from the construction and formula 
for piston velocity by the principle of work. 

277. Crank Effort Diagrams.—The construction of diagrams which 
____ Shall show the crank effort for any position of the crank will be readily 
. - understood by reference to Fig. 495. In the polar curves of crank effort, 
the effort found by the construction or by the formula of the preceding 
; 
3 
5 


Gd T 
» therefore A> Gh P: Hence, since Cd is equal to P, Cd 


Article is marked off, either on the crank from the centre of the crank shaft, 
or on the crank produced from the path of the crank pin. The most 
useful crank effort diagram is the ‘rectangular diagram,” in which the 
base is a straight line representing the circumference of the circle described 
by the crank pin, and the ordinates, perpendicular to that base, represent 
the crank effort. 

If the base of the rectangular diagram of crank effort be made equal 
to the circumference of the circle described by the crank pin, then, friction 
being neglected, the area of the crank effort diagram for one revolution 
will be equal to the sum of the areas of the piston effort diagrams, but 
practically all that is to be learned from the rectangular crank effort 
diagram can be learned from it, whatever be the length taken for the base, 

The principal use of the rectangular crank effort diagram is to show 
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the fluctuation of energy, which is discussed in the.next Article, and for 
this the length of the base is immaterial. 


Piston Effort Down Stroke 
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Fie. 495. 


The maximum crank effort can evidently be found from either the 
polar or rectangular curves. The maximum crank effort is also the 
maximum torque on the crank shaft, and this is of great importance ip 
designing the shaft. 

If T,, is the mean effort on the crank pin and P,, is the mean effort on 
the piston, during one revolution, then, since the work done at the crank 
pin is equal to the work done on the piston in the same time, friction 
being neglected, 

2P in 
fart = 2P kor orth rs: 

When there are two or more cranks on a shaft, the total turning 
effort on the shaft at any instant is the sum of the turning efforts on the 
separate cranks at that instant, and the total effort may be considered as 
acting on any one of the cranks. Hence a diagram of total turning effort 
may be constructed by adding to the ordinates of the effort diagram for 
one crank the corresponding ordinates of the 
effort diagrams for the other cranks, corre- 
sponding ordinates being those which show 
the efforts on the separate cranks at the same 
instant. 

Fig. 496 shows the relative positions of 
three cranks on the same shaft, and Fig. 497 
shows how the rectangular crank effort diagrams 
for these three cranks may be combined to give 
a total turning effort diagram. It will be 
observed in Fig. 497, that in order to bring 
the corresponding ordinates together the effort Fig. 496. 
diagrams for cranks No. 2 and No. 3 have been moved forward distances 
corresponding to the respective angles which these cranks would have to 
move through to overtake No. 1 crank. It is obvious that the crank 
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effort diagrams for the separate cranks must be to the same effort scale 
_ before they can be combined into one effort diagram in the manner 


AP =AB+AC +AD 


Hele 


hp pe = 
2 12 22 | N2}. 
Ie | 18 | 20 | 22 | ¢ 4 14 | N22. 
oe Sa a ee N23. 
Fia. 497. 


shown in Fig. 497. The mean total effort is of course equal to the 
sum of the mean efforts for the separate cranks. 

278. Fluctuation of Energy.—When the direct-acting engine mecha- 
nism is used to transmit the work done on a piston to a shaft, the turning 
effort on the shaft is very variable when only one crank is used, and when 
two or more cranks, inclined to one another, and connected to different 
pistons are used, the turning effort on the shaft, although much more 
nearly uniform, is still variable. This want of uniformity in the turning 
effort on the crank shaft is a characteristic of all heat engines having 
reciprocating pistons, and the result of this is that, except in the very 
improbable case in which the moment of the resistance to the turning of 
the shaft varies so that at every instant it is equal to the turning moment, 
the supply of energy to the shaft over certain intervals must be greater, 
while over other intervals the supply must be less than that required by 
the resistance. 

In most cases in practice the resistance to the rotation of the crank 
shaft of an engine may be considered to be uniform during a complete 
iod or cycle, and the resistance reduced to the crank pin may therefore 
considered as equal to the mean effort on the crank pin during a 


period or cycle. 
Fig. 498 shows a rectangular diagram of crank effort on a base OX, 
L a, a3 M a 5 e N 


Fig. 498. 
representing the path of the crank pin, and the ordinates of the line LMN 
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represent the resistance reduced to the crank pin. In the upper part of 
Fig. 498, LMN is a straight line parallel to OX, while in the lower part 
LMN is-a curved line. In each case the work done by the effort is 
- represented by the area between the effort curve and the base, and the 
work done on the resistance is represented by the area between the 
resistance line and the base. It will be noticed that the points 
A, B, C, D, E, and F are the points where the effort is equal to the 
resistance. 

Let K denote the kinetic energy in the moving parts when the crank 
pin is at A, then while the crank pin moves from A to B the work done 
by the effort is greater than that required by the resistance by the 
amount represented by the area a,, and therefore the kinetic energy in 
the moving parts when the crank pin reaches B is K+a,. Again, while 
the crank pin moves from B to C the work done by the effort is less than 
that required by the resistance by the amount represented by the area a,, 
and therefore the kinetic energy in the moving parts when the crank pin 
reaches C is K+a,—a,. Similarly, the values of the kinetic energy in the 
moving parts when the crank pin reaches D, E, and F are, K + a, — a) + dg, 
K +a, — @,+4, —a,, and K +a, —- a,+4@,—4@,+4; respectively. Between 
O and X the velocity of the crank pin will be a maximum at that point 
where the kinetic energy of the moving parts is greatest, and the velocity 
will be a minimum at that point where the kinetic energy is least. 

The difference between the kinetic energy of the moving parts at the 
points of maximum and minimum speed is called the fluctuation of energy. 

The ratio which the fluctuation of energy bears to the work done per 
cycle is called the coefficient of fluctuation of energy. In an ordinary steam- | 
engine the cycle takes place in one revolution, while in an internal com- 
bustion engine working on the Otto cycle, the cycle covers two revolutions 
of the crank shaft. 

Referring to Fig. 498, suppose that OX represents the distance 
travelled by the crank pin during one cycle, and suppose that F is the 
point of maximum speed, and C the point of minimum speed, Let the 
area between the effort curve and the base equal a, then the fluctuation 
of energy is represented by a,—a,+4;, and the coefficient of fluctuation 
of energy is equal to “3— “47s “12 wa 

279. Fluctuation of Energy in Gas-Engines.—In a single-cylinder, 
single-acting gas-engine working on the ‘‘ Otto cycle,” the operations 
performed during a cycle are as follows :— 

First Stroke.—The piston moves outwards, and draws in the charge of 
air and gas. This is the charging or suction stroke. 

Second Stroke.—The piston moves inwards and compresses the charge. 
This is the compression stroke. 

Third Stroke.—The compressed charge is ignited, an explosion takes 
place, and the piston is driven outwards by the expansive force of the 
products of combustion. This is the working stroke. 

Fourth Stroke.—The piston moves inwards and expels the products 
of combustion. This is the exhaust stroke. 

The indicator diagram is shown in Fig. 499, but the suction and 
exhaust pressures are shown exaggerated for the sake of clearness. 
Fig. 500 shows the diagram as continuous on a four-stroke base. 
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____All the work delivered to the crank shaft during a cycle is delivered 
_ during the working stroke, and the work done in the cylinder during the 
other strokes comes from the fly-wheel. 

_ The fluctuation of energy is obtained from the’ rectangular crank 


x Fia. 499. F1a. 500. 
d effort diagram as in a steam-engine, but the diagram must be constructed 
7 for a complete cycle. The net work done on the useful resistance at the 


crank shaft and on the friction of the engine is represented by the shaded 
area in the working stroke in Fig. 500, minus the shaded areas in the 
other strokes. The maximum speed of the crank shaft is approximately 
at the end of the working stroke, and the minimum speed is approxi- 
mately at the beginning of that stroke. Hence the fluctuation of energy 
is approximately equal to the work done during the working stroke, 
‘ minus l-nth of the net work done during a cycle, where m is the number 
of strokes during a cycle. _ 

If the engine is governed on the “ hit or miss” principle, the governor 
acts by cutting off the gas, and there is no explosion and no effective work 
done for at least two revolutions after the completion of an effective cycle. 

The complete cycle then takes a number of revolutions, which is a simple 
multiple of two. 

” 280. Fly-wheels.—The function of a fly-wheel is to reduce the flue- 
; tuation of speed due to the fluctuation of energy during the period or 
cycle of the working of a machine. If over an interval the supply of 
energy toa machine is greater than the resistance requires, the moving 
parts increase in speed, and their kinetic energy therefore increases by 
an amount equal to the surplus energy ; and if over another interval the 
supply of energy is less than the resistance requires, the moving parts 
decrease in speed, and their kinetic energy therefore decreases by an 
amount equal to the deficiency in the supply of energy. In most cases 
where a fly-wheel is used it is usual to neglect the kinetic energy of all 
the moving parts other than the fly-wheel, so that over any interval the 
difference between the energy supplied and the energy required is equal 
to the change in the kinetic energy of the fly-wheel. 

If R is the radius of gyration of the fly-wheel, in feet ; v the velocity, 
in feet per second, of a point at a distance R from the axis; » the 
angular velocity in radians per second; N the speed in revolutions per 
minute ; W the weight of the wheel in lbs.; and K, its kinetic energy 
in ft.-lbs., then 

— We? _ yy 2 WR*w?_ yp 9 Wx 4a?R?N? _ yee 

K ee 39 M,w? = 2x 60% = MN?, 
where M,, M,, and M are constants for a given wheel. The kinetic 
x 
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energy of a given wheel is therefore equal to the square of the speed, in 
whatever way that speed may be stated, multiplied by a constant, and 
for certain problems this simple rule is useful. 

If I is the moment of inertia of the wheel, in Ib. and foot units, then 
I= WR?, and from this and the foregoing formule the following formule 
are readily deduced, namely, K = Wet ae 

: : 2gR? 29g 6029 © 

If during a period or cycle of the working of a machine the minimum 

and maximum speeds of the fly-wheel are N, and N, revolutions per 
2 
minute respectively, then the fluctuation of energy is 30%) (x: - Ni). 

The difference between the maximum and minimum speeds is called 
the fluctuation of speed, and the ratio of the fluctuation of speed to the 
mean speed is called the coeffictent of fluctuation of speed. If N is the 
mean speed in revolutions per minute, and ¢ is the coefficient of fluctua- 


tion of speed, then ona oN, It is usual to assume that the mean 


speed is the arithmetical mean of the maximum and minimum speeds, so. 
that 2N=N,+N,. Hence NZ -Nj=(N,+N,)(N,-—N,)=2cN?. 

If U denotes the work done per period or cycle in ft -lbs., and & 
denotes the coefficient of fluctuation of energy, then the fluctuation of 
energy is kU, and kU = i he cd 

een he 6029 6029 

If H is the horse-power of an engine, then the work per revolution- 
is segs where N is the speed in revolutions per minute. 

The following are some values of ¢, the coefficient of fluctuation of 


speed, found in practice :— 


Pumps, and shearing and punching machines . . 3 - 0:05 to 0°03 
Flour-mills - : : . : ; ; : ‘ - 0°04 to 0:03 
Looms, paper-making machines, and ordinary machine tools. 0:03 to 0°025 
Spinning machinery . A . : . ‘ : r . 0°02 to 0°01 
Dynamos . = ‘ : ‘ 5 : ‘ . é : - 0°007 


Exercises XIX. 


1. The piston of a steam-engine is 30 inches in diameter, and the stroke is 
40 inches. Instead of a piston-rod there is a trunk 12 inches in diameter which 
works through the front end of 


the cylinder. The indicator dia- 70 

grams for this engine are given in ig 

Fig. 501. The full line diagram 6° 1 BF g 

is from the back end, and the sol Ne b. 
dotted line diagram from the \ Be, rie. : 
front end of the cylinder. The 49 Bee een s 
pressures marked are in Ibs. per N--T - 
square inch. Reproduce these 30 

diagrams, making the length 5 $ 
inches, and the pressure scale 20 ot 

1 inch to 20 Ibs. per square inch. 10 = fo ine 


Reconstruct the diagrams on a 
straight base to show effective pres- 
sure on the piston, in lbs. per square Fre. 501, 

inch of the larger face of the piston. 

What is the effective pressure in lbs, per square inch of the larger face of the 
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_ piston at the middle of the forward stroke? Compute the horse-power of this 
_ engine when the speed is 80 revolutions per minute. 

__ &, Indicator d ms from the cylinders of a horizontal tandem compound 
_ steam-engine are given in Fig. 502. Diameter of H.P. cylinder, 24 inches, 
Diameter of L.P. cylinder, 46 inches. Stroke of pistons, 6 feet. Diameter of 


LIN [Hel YI | 
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-rod AB, 5jinches. Diameter of piston-rod CD, 4? inches. Construct 
on a straight base 4 inches long the combined piston effort diagrams for the 
forward and return strokes, showing the combined effort on the two pistons per 
square inch of the back of the low-pressure piston. Effort scale, 1 inch to 
30 Ibs. Compute the horse-power of this engine when the speed is 50 revolu- 
tions per minute. 

3. The piston of an engine, and all the parts rigidly connected to it, weigh 
400 Ibs., and the stroke is 20 inches. The crank shaft makes 150 revolutions 
r minute. Assuming an infinite connecting-rod, determine the difference 
ween the total effective pressure on the piston and the thrust on the cross- 
head pin, (a) at the beginning of the stroke, (b) at 5 inches from the beginning 
of the stroke. 
"4 In a steam-engine the piston at the beginning of its stroke is exposed to 
a total pressure of 2000 lbs., but the inertia is such that the thrust of the piston- 
rod at the cross-head is only 1600 lbs. The speed of the engine is now raised 
until it becomes half as great again as before, while the pressure is unchanged: 
what is the thrust of the piston-rod ? [{Inst.C.E.] 
‘ 5. In the engine referred to in Exercise 2, the total weight of the recipro- 
; cating yet 6700 Ibs. The length of the connecting-rod is 15 feet, and the 
speed of the crank shaft 50 revolutions per minute. Construct on a stroke base 
; 4 inches long the diagram of accelerating force per square inch of the back of 
the low-pressure piston, the force scale to be 1 inch to 30 lbs, 
6. In a direct-acting steam-engine the stroke is 2 feet. the connecting-rod 
4 feet long, the piston 14 inches diameter, the weight of the reciprocating oe 
300 Ibs., and the revolutions 180 per minute. At the commencement of the 
down stroke the difference of pressure per square inch on the two sides of the 
— is 40 Ibs. (acting downwards) ; at the end of the down stroke the difference 
10 lbs. (acting upwards). Find the effective pressure transmitted to the crank 
pin in these positions. Ifthe steam pressure remained unaltered, at what speed 
would the engine have to run in order to make the effective pressure at the end 
of the stroke zero, and what would then be the effective pressure at the commence- 
ment of the stroke? (U.L.] 
“7. Construct the polar and rectangular diagrams of crank effort for a direct- 
acting steam-engine in which the effective pressure on the piston is 50 Ibs. per 
ware inch throughout each stroke, and determine the coefficient of fluctuation 
of energy, (a) assuming an infinite connecting-rod, (6) taking the length of the 
connecting-rod § times the length of the crank. 
: 8. To the left of Fig. 503 are shown the piston effort diagrams for a direct- 
steam-engine, the pressures being in lbs. per square inch. Construct the 


acting t 
and rectangular gy of crank effort, and find the coefficient of 
Saati of energy, also the ratio of the maximum torque to the mean torque 
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on the crank shaft, (a) with infinite connecting rod, (b) with connecting-rod 
45 inches long. a 

9. Referring to Fig. 503, cal- 
culate T, the effort on the crank Forward stroke. 
pin per square inch of piston "sa eee 
when 6=75°, when 0=135°, and 
when «=5 inches, assuming an 
infinite connecting-rod. 

10. Same as preceding exer- 
cise for both forward and return 
strokes, but taking the connect- 
ing-rod 45 inches long. 

11. The cylinder of a vertical P (ac+2)=560. 
steam-engine is 45 inches dia- : a 
meter, oak the stroke is 4 feet. Return stroke = 
The connecting-rod is 8 feet Fic. 503. 
long, and the effective weight of 
the reciprocating parts is 10,000 Ibs. The speed is 100 revolutions per minute. 
When the crank is 30 degrees from the top dead point the steam pressure on the 
top of the piston is 190 lbs. per square inch, and on the bottom 85 lbs. per square 
inch. Find the effective force transmitted along the piston-rod and the turning 
moment on the crank shaft when the crank is in the above position. [U.L.] 

12. Construct the rectangular diagram of combined crank effort for a two- 
cylinder engine, the cylinders being of equal size, and the cranks at right angles 
to one another. The piston effort diagrams are given in Fig. 503, and the con- 
necting-rods are 45 inches long. Find the coefficient of fluctuation of energy 
for this engine under these conditions. 

13. Same as Exercise 12, except that the inertia of the reciprocating parts is to 
be taken into account, the weight of these parts being 
3 Ibs. per square inch of piston. The engine is a 
horizontal one, running at 150 revolutions per minute. 
Stroke of piston, 20 inches. 

14. Considering Fig. 503 to refer to a vertical engine 
in which the weight of the reciprocating parts is 3 Ibs. 
per square inch of piston. Construct the rectangular 
diagram of crank effort, taking into account the weight 
and inertia of the reciprocating parts, and find the co- 
efficient of fluctuation of energy. Length of connect- 
ing-rod, 45 inches. Speed, 130 revolutions per minute. 

15. Show, (a) that with constant pressure P on the 
piston and infinite connecting-rod the polar crank 
effort diagrams for one revolution are two circles of 
radii r=}$P, as shown in Fig. 504; (0) that with two cylinders of the same size, 
constant pressure P on each 


piston, infinite connecting-rods, 1 
and two cranks at right angles, 120 sats 
the polar diagram of combined PS BS ab 
crank effort for the two cranks 499 Mine | l-4" 
for one revolution is bounded Pat =F } 
by four arcs of circles of radii go pete | ; 
R=r,/2, the centres of the La 7 
circles of radii R being situated  60}-\+-7- it 
at the corners of a square of , 
side=2r, as shown in Fig. 504. 40b44=505 ee 

16. The following __par- Ra-tdotd-t4- ; 
ticulars* relate to a vertical 2 
triple expansion steam-engine: 
Diameters of cylinders, 18, 27, _ 
and 44 inches. Diameter of J 

High Pressure. 


piston-rods, 4:75 inches, Stroke 
of pistons, 16 inches. Length Fig. 505. 


* Kindly supplied by the makers of the engine, Messrs. W, H. Allen, Son, and 
Co., Bedford. 
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_ of connecting-rods, 48 inches, Weight of reciprocating parts (including piston, 
= and cross-head), high pressure, 1082 Ibs. ; intermediate pressure, 
; low pressure, 1523 lbs. Weight of each connecting-rod, 953 lbs. Angles 
cranks, 120°. Sequence 
ks, (1) high pressure, (2) ad -+-4-4 
te pressure, (3) low .. , / 
pressure. Speed, 275 revolutions ~~ d 
per minute. 20 
_ Indicator diagrams taken from 
the engine at ? load are givenin 49 ‘ 
0 


Figs. 505, 506, and . The 
- copect are in lbs. per square 

above or below the pressure 
of the atmosphere. The dotted Intermediate Pressure. 


line diagrams are for the under Fia. 506. 


sides oes gy 
(a) ¢ y enlarge the indicator diagrams, making the length of each 4 
inches, and take for pressure scales, 1 inch to 30 Ibs. per square inch for the high 
pressure, 1 inch to 10 lbs. per 
square inch for the intermediate 
,and 1 inch to5lbs,per 0° — poe oI ; 
uare inch for the low pressure I-F ~ q 


8. 
6) Reconstruct all the dia- 
ogee except that for the top of 
high pressure piston to show 
ures per square inch of the 
p of the high pressure piston, 
to a scale of 1 inch to 30 lbs. per 
square inch. [For example, the 
area of the bottom of the inter- 
mediate pressure piston is 2°18 Low Pressure. 
times the area of the top of the Fic. 507 
h ton, therefore eo? 
the heights of the diagram for the bottom of the intermediate pressure piston 
must be enlarged 2°18 times to correct for area of piston, and they must be reduced 
in the ratio of 30 to 10 to correct for pressure scale. The height of the resulting 
diagram will therefore be 2-18+3, or 0°73 of the heights of the corresponding 
diagram in (a).] : 
(ec) Reconstruct the diagrams in (b) on a straight base to show effective 
on the respective pistons. 
(d) Correct the diagrams in (c) for the weight and inertia of the reciprocating 
, reduced to per square inch of the top of the high pressure piston, includ- 
in the weight of the reciprocating parts half the weight of connecting-rod. 
(e) Draw the polar and rectangular diagrams of crank effort for each crank. 
(f) Draw the polar and rectangular diagrams of combined crank effort. 
(g) Determine the mean combined crank effort in lbs. per square inch of the 
top of the high pressure piston. 
(hk) Determine the positions of the high pressure crank, measured in degrees 
in direction of motion from the top d centre, for minimum and maximum 


he 


Ss @ ® b 


(i) Determine the coefficient of fluctuation of energy for this engine under 
the given conditions. ; 

17. The following particulars * refer to a 400 horse-power Crossley gas-engine. 
There are two cylinders, with their open ends facing one another and their 
connecting-rods working on a crank common to both. Diameter of cylinders, 
26 inches. Stroke of pistons, 3 feet. Length of connecting-rods, 6-707 feet. 
Speed of crank shaft, 150 revolutions per minute. 

Total weight of fly-wheel and accessories, two crank slabs, two balance 
weights, crank pin, equivalent rotating part for two connecting-rods, and engine 


* The particulars for this exercise are taken from the Proceedings of the 
Institution of Mechanical Engineers, 1901. , 
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shaft and armature of dynamo, 87,638 Ibs. Moment of inertia of all rotating 
parts (units in lbs. and feet), 62, 654, 

Weight of reciprocating parts, including one piston, cross-head pin, and 
equivalent part for one connecting-rod, 2080 lbs. 

Indicator diagrams are given in Fig. 508. 

(1) Re-draw and enlarge the indicator diagrams, making the length of each, 
say, 4 inches, and take for the pressure scale, say, 1 inch to 80 lbs. per square 
inch. 

(2) Reconstruct the enlarged indicator diagram of the “‘A” cylinder on a 
four-stroke base, and add the inertia force curves, as shown at (a), Fig. 509. 

(3) From (2) construct the indicator diagram corrected for inertia forces, as 
shown at (b), Fig. 509. 

(4) Do the same as in (2) and (3) for the indicator diagram of the ““B” 
cylinder, but observe that the diagram of the ‘‘ B” cylinder must be moved one 
stroke forward in advance of that of the ‘“‘A” cylinder, since the explosion 
in the ‘“‘B” cylinder takes place one stroke in advance of that in the “A” 
cylinder. 

(5) Construct, on a base of equal angles of crank motion, the combined 


7—7 250 
5 \ 
s | f\ 
aya %+200 —— L 
‘A’ Cylinder. RS B’ Cylinder. 
\ 3 7) 
ic ae) & , 150 
‘ 5 
\ » Sb100 
N 8 ‘ 
~ - N 
Be ; a 50 Bar AE 
N at x 
i ee Ss = Hilt 
ia ia kee So TL ie] ————— = 
Fig. 508. 
250 
: | 
200 Fx — 
_—Lndicalor diagram. 
4 i (a) 
100 SE — 
= sone _— Inertia forces. r 
0 = Tg ais Cah <2 es nth ane 
-50.<— ade , Bsa 
Bakes One revolution.--- —«—-—-- One revolutiom. -=-— 


sof wa l diagram 
\ Indicato (2.) 


corrected for inertia forces. 


aie te ph eel 


eT SSF a 
s0 
25 
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_ twisting moment diagram, as in Fig. 510, in pound-feet per square inch of piston 
area. 


- (6) Determine the coefficient of fluctuation of energy and the coefticient of 


, fluctuation of speed. 


_t-—-- One revolution. —- —-->«- --— One revolution.- - - - > 


ee Ne Pte \ CN 
______\_ || Average Turnis 


Fie. 510. 


18. A fly-wheel, whose radius of gyration is 5 feet, weighs 4 tons. How 
many ft.-lbs. of energy will this wheel take up in changing its speed from 99 to 
101 revolutions per minute ? 

19. A certain fly-wheel gives ont 6500 ft.-Ibs. of kinetic energy in changin 
its speed from 170 to 168 revolutions per minute. What is the kinetic energy 0 
this wheel when its speed is 172 revolutions per minute ? 

20. What must be the weight, in lbs., of a fly-wheel, 15 feet in diameter, 
whose mean speed is 120 revolutions per minute, if the total fluctuation of 
speed is 7 per cent. of the mean speed, and the energy taken up between the 
minimum and maximum speeds is 12 foot-tons ? 

21. A steam-engine indicates 10 horse-power. The fluctuation of speed is 
gy of the mean speed, and the mean speed is 100 revolutions per minute. The 
fluctuation of energy is ; of the work per revolution. What must be the 
weight of the fly-wheel for this engine, assuming that all the weight is concen- 
trated at a distance of 2 feet 3 inches from the axis of the wheel? 

22. Calculate the moment of inertia of a fly-wheel (in ton and foot units) 
which will give up 20,000 ft.-lbs? of energy as its speed changes from 130 to 128 
revolutions per minute. 

23. The mean speed of a be Peg is 85 revolutions per minute, and the 
coefficient of fluctuation of speed is s{5. What are the minimum and maximum 
speeds? If the coefficient of fluctuation of energy is 0°07 and the indicated 
horse-power of the engine is 1600, what must be the moment of inertia of the 
fly-wheel (in ton and foot units) ? 

24. A cast-iron fly-wheel is in the form of a disc 6 inches thick and 4 feet 
6 inches in diameter. Taking the weight of a cubic foot of cast-iron as 450 Ibs., 
what is the kinetic energy of this wheel in foot-tons when it is running at 200 
revolutions per minute ? 

25. A fly-wheel weighing 60 tons has a radius of gyration of 15 feet. The 
indicated horse-power of the engine is 3000, the mean speed is 75 revolutions 
per minute, and the coefficient of fluctuation of energy is 0°06. What is the 
coefficient of fluctuation of speed ? 

26. A 1000 horse-power engine, running at 240 revolutions per minute, has a 
wire-wound fly-wheel whose mass of 70 tons may be considered as concen- 
trated at a radius of 10 feet. ress the energy stored in this fly-wheel in 
terms of the work done per revolution. Steam being shut off, find the moment 
of resistance which will reduce the speed from 240 to 120 revolutions in 
two minutes. — [U.L.] 

27. An engine developing 80 horse-power has a fly-wheel 10 feet mean 
diameter, weighing 4000 Ibs., and making 120 revolutions per minute. The load 
on the engine is reduced to 60 horse-power. Assuming that the governor fails 
to act, that the speed increases at a uniform rate, that the horse-power developed 
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ro 


in the cylinder is proportional to the speed, and that all the surplus energy is 
stored in the fly-wheel, find the horse-power developed and the speed at the 
end of one minute. [U.L.] 
28. A punching-machine needs 4 horse-power ; a fly-wheel upon the machine 
- fluctuates in speed between 100 and 110 revolutions per minute; a hole is 
punched every three seconds, and this requires five-sixths of the total ene 
given to the machine during the three seconds. Find the M and the I of this 
fly-wheel. ‘‘M” is the kinetic energy of the wheel at one revolution per 
minute. t. 
29. In a gas-engine using the Otto cycle the indicated horse-power is 8 an 
the speed is 264 revolutions per minute, ‘Treating each fourth single stroke as 
effective and the resistance as uniform, find how many foot-pounds of energy must 
be stored in the fly-wheel, at mean speed, in order that the speed shall not vary 
by more than one-fortieth of its mean value. [Inst.C.E.] 
30. A gas-engine is provided with two fly-wheels, each weighing -114 cwts., 
and the radius of gyration of each is 1°87 feet. There is one working stroke in 
each four strokes. The diameter of the cylinder being 74 inches, the stroke 9 
inches, and the mean revolutions per minute 250. The mean pressure during 
the firing stroke is 88°7 Ibs. per square inch, during the compression stroke 15°1 
lbs,, during the exhaust stroke 4°4 Ibs., and during the suction stroke atmos- 
pheric. If the resistance overcome is constant, find the percentage variation of 
speed of the engine. (U.L.] 
31. A gas-engine drives a number of machines in a workshop. The work 
done on the piston during the working stroke is ¢ times the work done during 
the four strokes which make a complete cycle. The engine works for some 
time at 60 horse-power, and at a mean speed of 200 revolutions per minute. 
Immediately after an explosion in the working stroke has taken place, machines, 
which absorb 20 horse-power, are cut off, the speed at the instant being equal 
to the mean speed. Find the moment of inertia of the fly-wheel so that the 
change in velocity during the working stroke is not more than 4 per cent., 
and then find the number of revolutions per minute at the end of the fourth 
stroke, [U.L.] | 


suspended from a 


CHAPTER XX 
GOVERNORS 


281. Function of a Governor.—The function of a governor is to 


_ regulate the mean speed of a machine or prime mover, or to keep the 


mean speed within certain limits, the limits of variation depending on the 
nature of the work which the machine or prime mover has to do. The 
limits of variation of mean speed will also depend on the sensitiveness of 


_ the governor used. 


e function of the governor differs from that of the fly-wheel. The 
fly-wheel limits the variation of speed, during a cycle, which may be per- 
formed during a fraction of a revolution or during several revolutions, but 
the function of the fly-wheel is not to regulate the speed when a permanent 


__ change takes place in the load, or when the change in the load lasts for 
_ more than a cycle of operations of the machine or prime mover ; this is the 


function of the governor, which should regulate the supply of power to 
the demand. For example, in a steam-engine the fly-wheel controls the 
variation of speed due to the difference between the effort on the crank 

and the resistance at the crank pin due to the load when the work 
done by the effort, during a cycle, is equal to the work done on the 
resistance. 

A change in the average resistance should be accompanied or followed 
as soon as possible by a corresponding change in the average effort which 
is effected by the governor altering the point of cut off, or altering the 
initial pressure by operating a throttle valve. The governor of a recipro- 
cating steam-engine can only act during the period of admission of steam 
to the cylinder, and if a permanent change in the load occurs between 
the periods of admission, the fly-wheel exerts a controlling influence on the 
speed until the governor can act. 

282. Revolving Pendulum.—lIn its simplest form the revolving 
pendulum consists of 
a small body A re- 
volving about a ver- 
tical axis OY, and 


point B by a thread 
or slender rod. In 
Fig. 511 the point B 
is on the axis OY, 
mae in Figs. 512 
and 513 B is at some . 611. 512. Fra. 513. 

om gerne tira FiG 511 Fia. 512 

OY. When B is outside OY it rotates about OY with the same 
angular velocity as A by being on an arm fixed to a rotating spindle, 
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of which OY is the axis. If AB is a rod, there is a joint at B which per. 4 
mits of the free angular movement of AB about B in the plane AOY. 

As A revolves at a steady speed, AB describes the surface of a cone 
whose vertex is at O, where AB intersects OY, whose height is A, and 3 


whose base has a radius 7. The forces acting on A in the plane AOY 
are, its weight W, the centrifugal force F, and the tension T in AB, and 
for steady motion these must balance one another. Hence, taking 


moments about O, Fh=Wr. But pate ", where o is the a 
4 
’ 


velocity of A about OY, therefore — = Wr, and ha = 


If g is in feet per second per second, and o is in ees per second, 

then hf isin feet. If A Sate m revolutions per second, or N revolutions _ 
6029 a 

Ar oe 4x?N2* 

Referring to Figs, 512 and 513, where the point of suspension B is 
not on the axis OY, if the speed of rotation is given, the height 2 is found 
as above, but there is no simple for- 
mula for calculating 7, nor is there, so 
far as the writer is aware, any direct 
geometrical construction for fixing the 
position of AB. AB must therefore 
be fixed either by trial or by using 
a locus curve. Several locus curves 
may be used, but the one shown in 
Fig. 514 is probably the simplest. 
With centre B and radius equal to AB 
draw the are DE, which must contain 
the point A. Draw PBp, QBg, etc., 
several positions of the axis of the 
arm AB, meeting the axis YY at p, 
q, etc. Make pl, 2, etc., each equal to 
h. Draw horizontal lines through 1, 
2, etc., to meet PB, QB, etc., respec- Fia. 514. 
_ tively. A fair curve drawn through 
the points thus determined will cut the arc DE at a point which is the 
position of A corresponding to the height h. 


283. Effect of Mass of Arm in Revolving Pendulum.—In obtaining 
the result h=g/w? 
in the preceding 
Article, the weight 
and centrifugal 
force of the arm 
were neglected. The 
effect of these will 
now be considered. 

The arm AB will 
be assumed to be 
of uniform § cross 


per minute, then h= 


Fig. 515. Fra: 516. Fie. 517. 
section, and to weigh w Ibs. per foot of length. Its length a will be 
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neasured from the centre of the ball A to the axis of the joint at B. 
e total weight of the arm is aw= W,, and the centre of gravity of the 
m will be taken at the middle of the length a. O is the point where 
- the axis of the arm AB intersects the vertical axis of revolution OY. 
In Fig. 515, B and O coincide. In Figs. 516 and 517, the joint B is 
on an arm fixed to the vertical spindle, the axis of the joint B being at 
horizontal distance c from OY. In Fig. 515, ¢ is therefore =0. 
For simplicity, in what follows attention will be directed in the first 
“instance to Fig. 516. 
Consider an indefinitely small length dz of the arm at a distance 
ra from B. The centrifugal force df of this small length of arm is 


; Beets +c) , where @ is the inclination of AB to OY. The moment 
of this aaeitieal force about B is 


. woos Af = neer(e sin 8+ cle 00s Owe ooo (sin i+ In), 
and the resultant moment about B of the centrifugal force of the whole 


is 
ww? cos 6 


ww? COs (F : a 


(sin 0 22de-+c{ ztn) =" 3 sin +> 


a i cos 4¢ ies 4: :) 
. % g 3 2/ 
_ Considering now all the forces acting on A and AB, and taking moments 
— about B, 
wet (h— cot 0) + 0) + wietacos(§ sin 0 + s)= W(r- e)+W, >. 


ti aati g cot 0=", sind ="—*, and 00s 6 = Mr= 0), the equation of 


eae eetim reduces to (W147) }= =W+, To make this 


= apply to Fig. 517, it is only necessary to change ¢ to —c. Hence the 
) - general equation is om {W+ "(1 +2)\ = we, 


we 
If c=0 (Fig. 515), then *(w 4.%3)- w+ 44, andh— 2 2 

. ’ g 3 2 wet w* 
3 


Since . will generally be comparatively small, the equations for Fig. 


«BIS may - taken as applying to Figs. 516 and 517 also. 
J Tt will be seen that the effect of the mass of the arm AB is equivalent 
_ to increasing the centrifugal force of A by an amount due to an increase 


in its weight of M4 , and increasing the downward pull at A by an amount 


equal to 1, 
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284. The Simple Conical Pendulum Governor.—One of the earliest 
forms of the simple conical pendulum governor, as ‘applied to a steam- 
engine, is shown in Fig. 518, ABC and A’B’C’ are the arms, jointed 
together and to the vertical spindle HK at BB’. Links CD and C’D’ 
connect the arms to the sleeve E, which, while it rotates with the spindle 
HK, can slide up or down on it when the balls A and A’ fall and rise 
with changes of speed. The sleeve E has a groove turned on it to receive 
the forked end of a lever, through which, and through other levers and 
links if necessary, the sliding motion of the sleeve is transmitted and 
converted into the motion of the throttle valve. The vertical spindle HK 
is driven by the engine which the governor has to control. To reduce the 
strain on the joint at BB’, caused by the inertia of the balls when the 


Fie. 518. Fig. 519. Fia. 520. 


angular velocity of the spindle changes, the arms AB and A’B’ work in 
slots in the curved arms ML and MN, which are fixed to the spindle at M. 

A later and more common form of the simple governor is that shown 
in Fig. 519, and to this the description just given will apply, except that 
the arms ML and MN are dispensed with, but the sleeve E is driven by 
a key on the spindle HK, which, however, does not interfere with the 
vertical sliding of the sleeve on the spindle. 

A modification of the design shown in Fig. 519, which makes the 
governor more sensitive, is that in which the axes of the joints at B and 
B’ are made to coincide and intersect the axis of the vertical spindle, as 
in Fig. 518. A still more sensitive form is that shown in Fig. 520, 
which is known as a crossed arm governor. The three designs shown in 
Figs. 518, 519, and 520 correspond to the three forms of the simple 
conical pendulum shown in Figs. 511, 512, and 513, p. 329. 

Neglecting friction and the effects of the mass of the arms and sleeve, 
the formulz connecting the speed with the height h for the governors 
described in this Article are the same as for the simple conical pendulum, 


namely, _g_ 9g _ 60% 


wt darn? 42 N2° 
The following results are useful in connection with calculations on 
governors :— 


g=32°2. —/g = 56745. 7 —0°8156. 


4a? 
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285. Loaded Governors.—The simple governor is improved, par- 
ticularly as regards its power ‘of overcoming frictional resistances, by 


Fi4@. 521. 


adding a central weight, which increases 
the downward pull on the revolving 
balls without increasing their centri- 
fugal force. Fig. 521 shows a simple 
form of loaded governor. The central 
weight or load W is in the form of 
a dise with a central boss, which 
corresponds to the sleeve E in the 
illustrations of the preceding Article. 
The masses at the lower ends of the 
revolving arms, or pendulum weights, 
are in this case in the form of rollers, 
upon which the dise part of the central 
load rests, there being slots in the disc 
through which the revolving arms pass, 
as shown. 

Let W equal the total weight of 
the central load, and w the weight of 
each of the pendulum weights. The 


centrifugal force F of each pendulum 
2». 
weight is equal to = ”, and the down- 


ward pull on each of these weights is 


SS 


LIU Mc Ldddaaadddddaddadddaa 


SIUMMSS A 


inuunthy, 


z L | 
| 

KI Yi pled Ld SV 

an a 


SSN 


L 


—-+w, hence, taking moments about 


2 
the point of suspension of the arms, Fig. 522. 
2 
(F + w)r= Fh= sath Lal and therefore h= (= ate 
. g 2w /w* 


Comparing this with the corresponding result for the simple governor, it 
is seen that for the same speed the height of this loaded governor is 
greater than that of the simple governor in the ratio of W + 2w : 2w. 


Be 
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More frequently the central load is suspended from the pendulum 
weights by links, as in Fig. 522, which shows the Porter governor, 
so called from the name of its inventor. The particular governor shown 
- in Fig. 522 is one made by Messrs. Tangyes of Birmingham. : 

To determine the relation between the height and speed in the Porter 
governor, consider the diagram Fig. 523. Let W 
equal the total weight of the central load, and w the B 
weight of each revolving ball. The central load will 
cause a tension in each suspension link equal to 

W 


2 cos 0° 


of each ball into a vertical component uf and a 


aaa 


This tension may be resolved at the centre 


horizontal component Q equal to - tan 0. Taking 


moments about B, the point of suspension of the 
pendulum arms, 


(z aa w)r + W,, tan 0=Fh= wow?rh ; 


2 2 y Fia. 523. 
Let tan 0 =3 = t, then (¥ + w)r Li wn 
and therefore h= {at +o)t "| 5 ; B 
w 
Ifr,=7, theng=1, and h= W46. ‘ : 


When the pendulum arms and the e 
suspension links are of equal length, and 
the axes of the joints at B and C either Fria. 524. Fig. 525. 
intersect the main axis (Fig. 524) or are at 
equal distances from that axis (Fig. 525), then g is equal to 1. In other 
cases, the value of g is best found by measuring r and r, on a diagram 
to scale. It should be noted that when g is not equal to 1, its value 
alters as the height h changes. 


286. Effect of Friction on Governors.—The frictional resistances 
of the various joints of the governor itself, and of the gear which the 
governor has to operate, may be reduced to a single force R acting on the 
sleeve in a direction opposite to that of its motion. When the sleeve is 
rising, and the speed of the governor therefore increasing, R will act 
downwards, and in a loaded governor this will be equivalent to altering 
the central load from W to W+R. Again, when the sleeve is descending 
R will act upwards, and this will be equivalent to altering the central 
load from W to W—R. Hence for a loaded governor of the type shown 
in Fig. 521, copes sa ©, the plus (+) sign being used for 
increasing speed, and the minus (—) sign for decreasing speed. 


--3 K--- 
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For the Porter governor, piWene eee: 4, 
WtRtw. g 
ke ee 

The formule just given for the Porter governor will also apply to the 
simple governor when the upper joints of the suspension links are at the 
centres of the pendulum weights, but W will 
then be the weight of the sleeve. If the 
suspension links are jointed to the pendulum 
arms, as shown in Fig. 526, then W+R must 


be changed to (W+R). The reason for the 


foregoing statement will be obvious from the 
following considerations. Draw AC parallel 
to A’C’. Let T’* be the tension in the 
suspension link when it is at A’C’, and let 
T be the tension in that link when it is 
transferred to AC. Then since the moment 
of T’ about B has to balance the moments Fic. 526. 

of F and w about B, also since the moment of 

T about B bas to balance the moments of F and w about B, it follows 


that T’a must be equal to T/, or T= 7 hence W +R at C’ must become 


and when 


q=1,h= 


(W+R)¥ at C. 


If the speed of a governor and the lift of the sleeve, or the lift of the 
pendulum weights, be plotted, (1) neglecting friction, and (2) taking the 
friction into account, instructive curves, such 
as are shown in Fig. 527, are obtained. HK age a 
1s the lift of the sleeve. When the sleeve is 
at Y the speed, say in revolutions per minute, —?t7— 
is YL when friction is neglected, YL, when 
friction is considered and the sleeve is de- —K— 
scending, and YL, when friction is considered 
and the sleeve is ascending. Preferably the 
speeds are measured from a vertical axis some distance to the left of HK 
in order that a larger scale may be used for the speeds, and so cause the 
points L,, L, and L, to be further apart. The abscisse and ordinates of 
the curve ALB represent the speed and lift respectively when friction is 
neglected. The abscisse and ordinates of the curve A,L,B, represent 
the speed and lift respectively when friction is considered and the sleeve 
is descending. Lastly, the abscisse and ordinates of the curve A,L,B, 
represent the speed and lift os ica when friction is considered and 
the sleeve is ascending. 

287. Sensitiveness of Governors. —The greater the change in the 
level of the revolving balls of a governor for a given percentage or 
fractional change in speed the greater is its sensitiveness, and the 
sensitiveness may be defined as the change in level of the revolving balls, 
due to a change of speed of, say, 1 per cent. 

Consider the case where the axis of the top joint intersects the main 


Fig. 527. 
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axis (Figs, 518, 521, 522, 523, and 524), and let the friction be 
neglected. In this case the change in the level of the revolving balls is 
the same as the change in the height & of the governor. If m is the 


- speed of the governor in revolutions per second when the height is h, 


a 


then for the simple governor and also for “se loaded governor h and are 


connected by an equation of the form h=- —,, where c is a constant de- 


pending on the type of governor and “the various weights. Also, 
when friction is considered, c has one value for increasing speeds, and 
another value for decreasing speeds. Let the speed increase from 7 to 
an. (If the increase in speed is 1 per cent.,x=1°01.) The height & 
will decrease to h, 

h 


h_,(@-1 
where y= y=". Hence, h~h, = Ah=h— “= i(@ 57), 


This shows that the sensitivenéss of the governor is directly proportional 
to the height /, and it follows from this investigation that the sensitive- 
ness of the loaded governor is the same as that of the simple governor when 
Friction ts neglected. 

Many writers of note state that, friction being neglected, the loaded 
governor is more sensitive than the unloaded governor, and it is therefore 
necessary that this point should be considered more fully. Take a 
simple governor in which the revolving balls each have a weight w, and 
let this governor be converted into a loaded governor, say of the Porter 
type, by adding a central load of weight W, and for simplicity let 
the factor g (Art. 285) equal 1; then for the unloaded governor 

es: _W+w g : 
h= ine? and for the loaded governor h= mame ra Now if these 
governors are run at the same speed, the height of the loaded governor 


will: bo to” 
WwW 


times the height of the unloaded governor, and under 


Wi+ times as 


these circumstances the loaded governor would be 


sensitive as the unloaded governor; but what really happens in practice 
is that when the simple governor is replaced by a loaded governor the 
height is about the same for both, and consequently the loaded governor 


is run about eA W +1” times as fast as the unloaded governor, and the 
w 


one governor is then no more sensitive than the other when friction is 
neglected. 

Consider now the effect of friction on the sensitiveness of the 
governor. For the Porter governor, in its simplest form, it has been shown 

9 W+R+w g 

that n "eee ae? 
to overcome the friction of the governor and the gear which it has to 
operate. For a given value of h there are evidently two values of n, 


namely, m= fa" Ete, reat and Ny = {oe : rai" 


where R is the force required at the sleeve 


‘Referring to the diagram Ve. 52°, if m, is represented by the point L,, then 


my is represented by the point io If the sleeve is at the level Y, it must 
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have reached that level either by falling from a higher level, or by rising 
from a lower level. Suppose that the sleeve reached the level Y by 
falling from a higher level, due to a diminution in speed, then its speed 
must be m,. Now suppose that the speed diminishes still further, the 
sleeve will again fall, but the friction will not affect the sensitiveness of 
the governor ; the sensitiveness will be simply proportional to h, as has 
already been shown. Next, suppose that instead of the speed diminish- 
ing to less than m, it begins to increase after coming down to m,, then 
there can be no change in the level of the sleeve until the speed has 
increased to n,. If after the speed has increased to m, it goes on 
increasing, the sleeve will continue to rise, and the sens¢tiveness will again 
be unaffected by the friction. 

If n is the mean speed = }(n,+,), and represented by the point L 
(Fig. 527), then “2 — is the coefficient of fluctuation of speed of the 
governor when the direction of the motion of the sieeve is reversed, and 
the smaller this coefficient is, the more sensitive is the governor. 


The value of the expression a for a Porter governor of the 


simplest form is found as follows :— 


— /W+Rtw g & -R+w g 
My Ae. hrs cy re ob Agi 


W+w 9 i 
n al ree. Se (see footnote), hence 


ma—m  J/W+R+w- LOR f+ to a 
n J/W+w Wtw W+w 
If W be increased, the term al 1 a decreases, and the term 


—<$<$—$—$—$ ____—_—— 


al 1- R increases, therefore the value of “2—™! decreases as W 
W+w n 


increases. Hence, considering the effect of friction on a loaded governor, 
the sensitiveness is greater the heavier the central load, and consequently 
the loaded governor is more sensitive than the unloaded governor when 
the pendulum weights are the same in both. But the unloaded governor 
may be made as sensitive as the loaded governor by increasing the 
pendulum weights. Let w,= weight of each ball of a simple or unloaded 
governor, 7 = weight of each ball of a loaded governor, and W = weight 
of central load. Then for the unloaded governor W =0, and 


For the loaded governor ae lt a, _ ‘emit. Te 


Hence if = is the same for both governors, w,=W +t. 


Note.—The mean of the rising and falling speeds for a given level of sleeve, 
and for a given value of R, is not quite the same as the speed for the same level 
when R=0, but as R is generally small compared with W +, the error intro- 
duced by taking n as above may be neglected. 


Y 
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288. Effort of Governors.—By the effort of a governor is meant the 
force which it is capable of exerting at the sleeve for a given percentage 
or fractional change of speed. . 

Consider first the effort of the Porter governor for which 
ow airs 2, 

w h 
Q be applied at the sleeve in a downward direction, Q being just sufficient 
to prevent the sleeve rising. ‘This will evidently be equivalent to increasing 
the central load from W to W+Q. 


Let F = centrifugal force for two balls at the speed o, 
F, =centrifugal force for two balls at the speed zw. 


2Qrww? r Qw0a2w?r r 
F= AW ew) F,= A =UW+Q+w),. 


Let the speed increase from w to #w,-and let a force 


F,-F= aera? SS ee a 


Therefore Q=@t-1)=(W +e) (e—1), If the force Q be 
W+w g 


w au®? 
and the average value of. the effort on the sleeve during the rise will 
be 3Q, or 4(W +w)(x?-—1)=P, and this is the resistance at the sleeve 
which this governor is capable of overcoming with an increase of speed 
from w to ww, For a decrease in speed from o to zw it follows that P, 
now acting in the opposite direction, is equal to }(W+w)(1—2*). For 
a change of speed of 1 per cent. P=0-01(W +). 

Converting the Porter governor into an unloaded governor by 
removing the central load or making W =0, it follows from the foregoing 
proof that P = 42(a? — 1), or 420(1 —a?)= 0°01, for a change of speed of 
1 per cent. If in the unloaded governor the sleeve is suspended, as in 
Fig. 526, then P, as just given, must be increased in the ratio of J: a, 
supposing that the suspension links and the pendulum arms are equally 
inclined to the main axis. 

It is evident that in order that the unloaded governor may have the 
one =W+w, 
where w, is the weight of each ball of the unloaded governor. 

For the loaded governor of the type shown in Fig. 521, 


P=4(W + 2w)(a? —- 1). 

289. Power of Governors.—By the power of a governor is meant the 
amount of work which it is capable of doing at the sleeve for a given per- 
centage or fractional change of speed. The work done at the sleeve is 
equal to the mean effort of the governor multiplied by the distance 
through which the sleeve moves for the given change of speed. Thus if 
P=mean effort, 4=lift of sleeve, and U=the power of the governor, 
then U = P&. . 

For the Porter governor (Fig. 524), P=3(W+w) (2-1), 


An= (= \i k= 2dh=2(2 2) \p, U=Pk=(W+w)(“—*) 2, 


x x 


gradually diminished to zero, the sleeve will rise until h= 


same power as the loaded governor of the Porter type, 


“a a ee 
’ 
; 
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For the direct loaded governor (Fig. 521), P= 4(W + 2w) (x - 1), 
dn=(“5*)h=k U=Pk= MW + 2u)( =*Yn, 

For the simple governor, (Fig. 526), except that B and C’ are on the 


| : l x? —1 a x? — 1\ha 
main axis, P= }u(x*—1)-, Ah= A ye b= 20ng = (==), 
x 


2_\2 
For a change in speed of 1 per cent. (==) = 0°0004. 


2_]\2 
For a change in speed of 10 per cent. ——) = 0°0364. 


290. Diagrams of Governor Effort and Power.—The formule 
obtained in the two preceding Articles will perhaps be better under- 
stood by reference to the 
diagrams of effort and F, 
power now to be de- : 
scribed. Taking first the © Fa 
simplest form of governor, 
namely, the simple conical F3 4 

ulum, OA, (Fig. 528) YA 
is one position of the pen- Fy 
dulum, and OA, is a higher 7 
position. Let N, denote es 
the normal speed of the ae: 
governor in revolutions ¥ 
per minute for the position f 
OA,, and N, the normal | K,~4 Hy 
te for the position \ 

. Let H,A, =”, and 

=r,, and let w= es H 
HA of one ball. bo Ky -4- A ! 

Make the vertical line Fig. 528. 
a¥, =centrifugal force of 
ball when its speed is N, and position Aj. aF,=cwNjr,, where c 
is a constant. . 

Make A,F,=centrifugal force of ball when its speed is N, and posi- 
tion A,. A,F,=cwNjr,. Let also the centrifugal force for intermediate 
positions be plotted in the same way, and a fair curve F,F, drawn 
through the points thus obtained. 

The work done by the centrifugal force while the ball moves from 
A, to A, is evidently represented by the area of the figure aF,F,A,. But 
as the speed has been assumed to be normal for each position of the ball, 
‘all the work done by the centrifugal force must have been spent in rais- 
ing the ball against gravity. Draw the horizontal line H,K, to represent 
w to the same scale as was used in representing the centrifugal force. 
Complete the rectangle H,K,K,H,. The area of this rectangle will 
represent the work done in raising the ball through the height H,H,. 


oF u 


+. 
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Hence the area of the rectangle H,K,K,H, is equal to the area of the 
figure aF', F,A,. 

Now suppose that when the ball is at A, the speed suddenly increases 
‘to N,, and suppose that the ball is preveiited from rising by a force § 
acting vertically downwards at A,. The centrifugal force will now be 


aF,=cwNzr,. Make K,L,=§, den H,L,=w+S8, the total downward 
force at A,. For equilibrium it is obvious that aF, x OH, = H,L, x A,H,. 
Next suppose that the force § is diminished so as “to allow the ball to rise 
to A,, then remembering that the speed during this change is N,, the 
centrifugal force will be directly proportional to the radius, and will 
therefore be represented by the ordinates of the straight line F,F,, 
which when produced passes through H,. In order that there may be 
equilibrium in each position of the ball as it rises Fh=(w+s)r, where s 
is the vertical effort at the centre of the ball when its distance from the 
w+s 

h 
and w+s will be represented by the abscisse of the straight line L,K,, 
which when produced passes through O. The work done on the force s 
as the ball rises from A, to A, is therefore represented by the area of the 
triangle K,L,K,. In the same time the work done by the centrifugal 
force is represented by the area of the figure aF,F,A,, but the part of 
this, aF,\F,A,, represents the work done in raising w, therefore the 
external ‘work done is represented by the area F\F,F;. 

If straight lines OL,K, and H,F,\F, be drawn, it is easy to show 
that the external work which the governor is capable of doing as the ball 
descends from A, to A, is represented by either the area of the triangle 
K,L,K, or the area F,\F,F,. 

If H,H, is the maximum or total lift of the balls, then for each ball 
the maximum power of the governor is represented by the area of the 
triangle K,L,K, when the ball is ascending, 
and by the area of the triangle K,L,K, when 
the ball is descending. But if the ascent from 
H, to H, is made in three steps (Fig. 529) 
instead of one, the external work done for each 
ball will only be that represented by the sum of 41 Ky Hy 
the areas of the triangles shaded with vertical Fig. 599. 
lines, and if the descent from H, to H, is made 
in three steps instead of one, ‘the external work done for each ball 
will only be that represented by the sum of the areas of the triangles 
shaded with horizontal lines. 

The horizontal widths of the triangles K,L,K, and K,L,K, at any 
given level measures the vertical effort s for each ball of the governor at 
the centre of the ball at that level, the width of the triangle K,L,K, 
being the effort during ascent, and the width of the triangle K,L,K, 
being the effort during descent. The effort at the sleeve is got by multi- 
plying the effort at the balls by the ratio of the vertical motion of the 
balls to that of the sleeve. 

For the direct loaded governor (Fig. 521), the length H,K, (Fig. 528) 


W 
eee § 


, but z is constant, therefore US constant, 


AES F 
axis is 7, hence — = 
r 


is made equal to 
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For the Porter governor, H,K, (Fig. 521) is made equal to my 4. w, 


where m is the ratio of the motion of the sleeve to the vertical motion of 
the balls. 

The ratio of the vertical motion of the balls to that of the sleeve is 
easily found from a diagram such as that shown in Fig. 530, where OA 
is the pendulum, and AC the link connecting it to 
the sleeve. Produce OA to meet the horizontal line 
through C at O,, then O, is the instantaneous centre 
for the link AC in the given position, and if V, =the 
velocity of A in the direction at right angles to OA, 
and V,=the velocity of C in the vertical direction, 


then vy = 0,4 . Draw the vertical line AD; then if V, 
is the vertical component of V,, it is easily proved that 


Vi 9.) tt the link Decupies the position A’C’. Fra. 680. 
Vz O,C 


where A’C’ is parallel to AC, then vi os ae x ° where V, now denotes 
the vertical velocity of C’. Pibicn 2 
Exercises XX. 


1. Plot on squared paper the height, in inches, and revolutions per minute, 
for a simple conical pendulum, from 30 to 120 revolutions per minute. Scales.— 
1 inch to 10 inches, and 1 inch to 20 revolutions per minute. 

2. If the arm of a simple conical pendulum is 15} inches long, what will be. 
its inclination to the axis when running at 50 revolutions per minute, and what 
will it be at 60 revolutions per minute? Also, what will its speed be, in revolu- 
tions per minute, when its inclination to the axis is 30°, and what will it be when 
the inclination is 45°? 

3. A simple conical pendulum is running at 60 revolutions per minute 5 
what is the decrease in height if the speed is increased 5 per cent., and what is 
the increase in height if the speed is decreased 5 per cent, ? 

4. Add to the diagram drawn in answer to Exercise 1 the curve showing 
the relation of height to speed for a conical pendulum when the weight of the 
arm is half the weight of the ball. Assume weight of arm per inch of length 
to be uniform. 

5. Referring to Figs. 511, 512, and 513, p. 329, the length of the arm AB is 
10 inches for Fig. 511, 8 inches for Fig. 512, and 12 inches for Fig. 5138. The 
distance of B from the axis OY is 1 inch for Figs. 512 and 513. Starting in each 
case from the position in which the’ arm is inclined at 30° to the axis, calculate 
the percentage increase in speed for a rise of 1 inch in level of the balls, Draw 
the figures half full size for each position. 

6. Find the answers to the preceding exercise when the weight of the arm is 
taken into account, The weight of the ball in each case is 6 Ibs., and the weight 
of the arm is 1°75 lbs. for Fig. 511, 1°5 Ibs. for Fig. 512, and 2 lbs. for Fig. 513, 

7. Draw the speed curves, as in Fig. 527, p. 335, for the pendulums of 
Exercise 5, (1) neglecting friction, (2) taking friction into account, the amount 
of the friction being equivalent to a vertical force of 1 lb. at the centre of each 
ball. The weight of each ball is 6 lbs. 

8. In a direct loaded governor (Fig. 521, p. 333) the arms are 10 inches long. 
Each ball weighs 4 lbs., and the load is 75 lbs. The sleeve is in its lowest 

ition when the arms are inclined at 27° to the axis. The lift of the sleeve is 

inch, What is the force of friction at the sleeve if the speed at the beginning 
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of the ascent from the lowest position is equal to the speed at the beginning of 
the descent from the highest position? Also, what is the range of speed for this 
governor under these conditions ? , 

9. Referring to the preceding exercise, if the friction is 4 Ibs. at the sleeve, 
what must be the lift if the maximum descending speed is equal to the minimum 
ascending speed ? : 

10. In a Porter governor the arms and links are each 10 inches long, and 
the axes of the top and ‘bottom joints intersect the main axis. Each ball weighs 
5 lbs., and the central load is 50 lbs. R, the force of friction at the sleeve, is 5 lbs. 
The inclination of the arms to the vertical is 30° and 45° in the lowest and 
highest positions respectively. Calculate the following: (1) The travel of the 
sleeve,in inches. (2) The speeds at the bottom, middle, and top of the travel of 
the sleeve, neglecting friction. (3) The speeds at the bottom, middle, and top 
of the upward travel of the sleeve, allowing for friction. (4) The speeds at the 
top, middle, and bottom of the downward travel of the sleeve, allowing for 
friction. 

Speeds to be in revolutions per minute. Plot the results as in Fig. 527, p. 335. 

11. The arms and links of a Porter governor are all 9 inches long, and the 
axes of the top and bottom joints are at a distance of 1 inch from the main axis. 
The balls weigh 5 lbs. each, and the central load is 55 Ibs. The friction is 
equivalent to a force of 4 lbs. at the sleeve. The sleeve is in its lowest position 
when the arms are inclined at 30° to the vertical. Find the lift of the sleeve, in 
inches, when the speed at the beginning of the ascent from the lowest position is 
equal to the speed at the beginning of the descent from the highest position. 

12. Referring to the governor of the preceding exercise, if r is the radius of 
the circle described by the centres of the balls as they revolve, what are the 
extreme speeds in revolutions per minute corresponding to »=5 inches, and what 
is the range of speed between r=5 inches and r=6 inches? 

13. The balls of a Porter governor weigh 4 lbs. each, the load on the governor 
is 40 lbs., and the arms intersect on the axis. What height will this governor 
run at if it revolves at the rate of 240 revolutions per minute ? 
If the speed of the balls suddenly increases 2} per cent., what 
pull will be exerted on the gearing attached to the governor? 
If the friction of the regulating apparatus is equal to a dead 
load on the governor of 5 lbs., by how much will the speed 
increase before the balls rise ? [U.L.] 

14. A spring-controlled governor is as shown in the sketch 
(Fig. 531), the fixed fulcrum of the arm being at F, and the 
weight of each ball being 5 lbs. There is no tension in the 
spring when the balls are at a radius of 3 inches. Neglecting 
the controlling effect of the balls and arms, draw the curve 
of controlling force. Find the speed at which the governor Fia. 531. 
runs when the balls are at 5 inches radius, and find also the 
force on the sleeve if when the balls are in that position the speed is 10 per cent. 
higher. The spring extends 1 inch for 30 lbs. Show on your curve, roughly, the 
controlling effect exercised by the balls. [U.L.] 

15. A spring-loaded governor is placed horizontally, as shown in Fig. 532. 
Let W be the weight of each of the balls in lbs, ; 7 the radius of the path of the 
balls; Z the length of each of the four arms; 
w the angular velocity in radians per second. 
When the radius is zero, the tension in the spring 
is T lbs., and the force required to elongate the 
spring unit length is Q Ibs. Show that 


T+2Q(0- JP—7) 
ee oes be) Fig. 532. 


w 


If the rate of change of w with respect to r is to be 80 when w is 26 radians 
per second, r is 0°25 foot, and J is 1 foot, and the weight of each ball is 3 lbs., 
find the values of T and Q. [U.L.]J 

16. A Wilson-Hartnell spring loaded governor is shown in Fig. 533. The 
maximum and minimum distances of the centres of the balls from the axis of 
the governor are 7 and 3°5 inches respectively. 7, and 79, the lengths of the arms 
of the bell crank levers, are 4°5 and 3°5 inches respectively. Each ball weighs 
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6 lbs. The maximum load on the spring is 258 lbs, Neglecting the moment of 
the weight of each ball, and assuming that the ball and roller ends of the levers 


Fig. 533. 


move in horizontal and vertical lines respectively, find (2) the maximum speed of 
the governor in revolutions per minute, and (b) the load on the spring at minimum 
speed, which is 270 revolutions per minute. 


CHAPTER XXI 
BRAKES AND DYNAMOMETERS 


291. Brakes.—A brake is an instrument for introducing an artificial 
resistance to the motion of a machine or moving body. The object of 
introducing the artificial resistance is either to stop the machine or retard 
it, or prevent its speed increasing. In acting, the brake converts work 
into heat by means of friction. The friction may be between solids, or 
between solids and a fluid, or it may be partly between solids and a 
fluid, and partly between the particles of the fluid. 

292. Band Brakes.—In a -band brake, a band, generally of metal, 
embraces a portion of 
the circumference of a 
wheel, as shown at (a), 
Fig. 534. One end 
of the band is jointed 
to one arm of a lever, 
and the other end is 
either jointed to an- 
other arm of the same 
lever, or it is jointed 
to a pin fixed on the 
frame of the machine. 

The required re- 
sistance is produced Fi. 534. 
by the friction between the band and the rim of the wheel, and when 
the brake is in action there are tensions T, and T, in the straight parts 
BE and CF of the band respectively, of which T, is the greater, and the 
turning action of these forces on the lever is balanced by a force P applied 
to the lever at D. 


By Art. 243, p. 277, a = on8, 


2 

The resisting torque due to the action of the band on the wheel is 
(T,—T,)R, where R is the effective radius of the wheel, that is, the 
radius measured to the middle of the thickness of the band. 

Referring to (a), Fig. 534, and assuming that the arms AB and AC 
of the lever are perpendicular to BE and CF respectively, then, taking 
moments about A, the fulcrum of the lever, Px AD=T, x AC—T, x AB. 
If ie is made equal tog! , then P=0, which means that once the brake 


2 : 
is in action it will remain in action without the application of any further 


ACelh 


effort on the lever. Again, if = is nearly equal ton only a small 
2 
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- effort will be required on the lever at D to keep the brake in full 
action. 
It is obvious that if AC is greater than AB, a downward motion of 
the end D of the lever will loosen the band from the wheel. 
If the ratio ce is made less than then, when the brake is in 
action, the force P must act downwards, as shown at (4), Fig. 534; but if 
this force be increased beyond what is sufficient to balance the turning 
action of T, and T, on the lever, the end D will drop, and the band will 
be disengaged from the wheel. 

At (c), Fig. 534, the tight’end of the band is shown anchored at A, 
the fulcrum of the lever. Here Px AD=T, x AC. At (d) the slack end 
of the band is shown anchored at A. Here Px AD= T, x AB. Com- 
paring the arrangements at (c) and (d), it is obvious that, for the same 
effort P, the latter arrangement will require a larger leverage for P to 
produce the same resistance at the circumference of the wheel. 

293. Band and Block Brakes.—By lining the band of the brake 
discussed in the preceding Article with wood blocks, as shown in Fig. 535, 
a higher coefficient of fric- 
tion is introduced, and the RX o 
wear is confined to the wood T. 34 
blocks, which may easily be 7 of 
renewed from time to time. | ~\ 7 
The ratio of the tensions (4) 420 


T, and T, at the ends of ‘i 

the band is obtained as fol- ‘ 

lows. Let there be n blocks, 90°-0- 
each subtending an angle 20 To (29 
at the centre of the wheel. XY (b) ag 
The first block at the tightest FRgpt 94's 


end is shown separately at 
(a). The forces acting on 
this block are T, and T,, the tensions in the band where it leaves the 
block, and R, the reaction of the wheel on the block ; the latter force is 
inclined to the normal at an angle ¢, as shown, when slipping is taking 
place, ¢ being the friction angle. The triangle of forces for the block 
under consideration is shown at (bd). 
From the triangle of forces it follows that 


sin{(90 — 6) + : T, 1+) tan 0 
tT, nant 0 = a “ which reduces to T rae. ‘an 8” 
where p= tan ¢ is the coefficient of friction between the block and the wheel. 
T, l+ptané T, 
T,7 ~l=ptan 0~ T, 


Fia@. 535. 


In like manner for the second block ®, and for 


| Re TY 4 Ry 
] on pat PRR Bi ei od VO fee abboncsaly 
all the blocks qT, T, T, tS tanent 
ae en} 

l—ptan 0) 


294. Block Brakes.—In a block brake a block is pressed against the 
rim of a revolving wheel. This is the type of brake which is nearly 


346 APPLIED MECHANICS 


always used on railway trains, tram-cars, and vehicles on common roads. 
The block is made of a softer material than the rita or tyre of the wheel 
against which it is pressed, so that the wear is confined mainly to the 
. block, which is easily renewed. When the block is made of wood, a hard 
and strong wood, such as elm, oak, or beech, should be used. For heavy 
and rapid running vehicles, cast-iron brake blocks are the most common. 

If P is the normal force pressing the brake block on the wheel whose 
radius is R, then the resisting torque set up by the brake on the wheel 
is #PR when the wheel is rotating. 

When a brake block is applied to a rolling wheel an additional load 
is thrown on the bearing or journal of the wheel or axle, but if two 
blocks are applied at opposite ends of a diameter of the wheel, there is no 
such additional load. The braking action is also doubled by the use of 
two blocks, and the two blocks may be operated by practically the same 
force which will operate one. 

Fig. 536 shows the Milnes-Daimler differential block brake as used 
on motor omnibuses.* A is the brake drum fixed to the final driving 
shaft, BB are the brake blocks, C is a bracket fixed to the frame of the 
chassis, D is the operating lever, E is the pull-off spring, and F is the 
brake adjusting screw. 


Fig. 537. 


Fig. 537 shows the James and Browne block brake, as used on motor 
cars.t A is the sprocket wheel and brake drum, BB are the brake blocks 
which act on the inside of the rim of the brake drum, C is an arm jointed to 
the frame of the chassis, D is the operating lever, and E is the pull-off spring. 

295. Action of Railway Brakes.—The block brakes used on the 
wheels of railway vehicles are found to be most effective when the forces 
pressing the brake blocks on the wheels just prevent the wheels from — 
skidding on the rails. The explanation of this is that the coefficient of 
sliding friction between the wheels and the rails is less than that between 
the brake blocks and the wheels, and also that the coefficient of friction 
between the wheels and the rails just before skidding begins is greater 
than the coefficient of friction of skidding. 

For example, at a speed of 50 miles per hour the coefficient of sliding 


* Proceedings of the Institution of Mechanical Engineers, 1907, p 432. 
+ Ibid., 1902, p. 730. 
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- friction between a wheel and the rail may be, say, 0°05, while the co- 


efficient of friction between the brake block and the wheel when the wheel 
is not skidding may be, say, 0°08. Let the weight on the wheel be 
10,000 Ibs., and let the braking force on the block be 9000 Ibs. If the 
wheel is skidding the resisting force is 10,000 x 0°05=500 lbs., and 
the work absorbed per foot of travel of train is 500 ft.-lbs. for this 
wheel. If, however, the wheel is not skidding the resisting force is 
9000 x 0°08=720 Ibs., and the work absorbed per foot of travel of 
train is 720 ft.-lbs. for this wheel. But in order that the resistance of 
720 lbs. due to the sliding of the rim of the wheel on the brake block 
may not lock the wheel and make it skid, there must be a resistance to 
sliding of the wheel on the rail of not less than 720 lbs., and this force 
is greater than the 500 lbs. which is the resistance to sliding when the 
wheel skids. Now, when the wheel is rolling, the part of the wheel in 
contact with the rail is for the instant at rest on the rail, and the co. 
efficient of friction between the wheel and the rail before, skidding 
commences may be, say, 0°15, and therefore the resistance before skidding 
commences must be 10,000 x 0°15=1500 lbs., which gives an ample 
margin. 

The coefficients of sliding friction between the wheels and rails when 
the wheels skid, and between the wheels and the brake blocks when the 
wheels roll, are found to vary with the speed, being least at high speeds, 
and they increase as the speed decreases, as shown approximately in the 
following table :— 


Speed of sliding in aoe 


per hour 60 50 40 30 20 10 0 


# between wheels and rails 0°04 | 0°05 | 0:06 | 0°07 | 0:09 | O11 | O15 


0°06 | 0°08 | 0°10 | O13 | O17 | O21 | 0°25 


» between wheels and aga 
blocks 


296. Dynamometers.—A dynamometer is an instrument for measuring 
the effort or torque exerted by or on a machine. The work done in a 
given time by the effort or torque is found by multiplying the effort by 
the distance moved in the given time by the point at which the effort 
acts, or by multiplying the torque by the circular measure of the angle 
described in the given time by the piece on which it acts. 

Dynamometers may be divided into two principal classes, namely, 
absorption dynamometers and transmission dynamometers. In an ab- 
sorption dynamometer the work done by the effort or torque is wasted by 
being converted into heat by means of friction. In a transmission dyna- 
mometer the work done by the effort or torque is transmitted through 
the dynamometer with only a small waste necessary to operate the 
instrument. 

297. Block Brake Dynamometer.— What is generally known as the 
Prony brake is a simple form of absorption dynamometer. In its simplest 
form the Prony brake consists of two blocks of wood clamped together 
with a pulley between them, the pulley being fixed to a revolving shaft ; 
one of the blocks has a lever attached to it, which carries a weight at its 
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outer end, the magnitude of the weight being adjusted so that its moment 
balances the moment of the friction between the blocks and the pulley. 


Fig. 538 shows a form of Prony brake designed by the author for 


testing small high-speed motors. A and B are wood blocks clamped 
‘together and embracing the small cast-iron pulley C, which is keyed to 


the shaft D. The blocks are clamped by means of two bolts with nuts. 


Let 


Nt 


Fig. 538, 


The nuts may be of the ordinary form, to be turned with a spanner, or 
they may be small hand-wheels, as shown. Between the nuts and the 


block A, and partly recessed in the block, are stiff helical springs, which 


serve to keep the pressure between the blocks and the pulley constant. 


The lower block B is extended to right and left to form a two-armed 
lever. A rod E, suspended from the right-hand end of the lever, carries 
the load W. A rod F, suspended from the other end of the lever, carries 
a weight, which balances the brake when unloaded. The rod F may also 
be extended and carry a piston to work in a dash-pot, to be presently 
described. H and K are stops to limit the motion of the lever. 

If R is the horizontal distance of the axis of the rod E from the axis 
of the shaft in feet, W the load in Ibs., and N the speed of the shaft in 
revolutions per minute, then the horse-power absorbed by the dynamo- 
2x7RWN 

33000 - 
know the diameter of the pulley or the coefficient of friction between the 
brake blocks and the pulley in order to compute the horse-power absorbed. 

The great defect of this type of brake is that it is liable to violent 
oscillations when the driving torque on the shaft is not uniform, and even 
when the driving torque is uniform, as in a steam turbine, variations in 
the coefficient of friction between the blocks and the pulley often cause 
great unsteadiness in the lever. : 

To keep the coefficient of friction constant, the brake should be kept 
well lubricated with a stream of soapy water. The stream of water also 
serves to carry away the heat and keep the pulley and brake blocks cool. 


meter is It should be observed that it is not necessary to 
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Tn the brake shown in Fig. 538, the lubricating and cooling water enters 
at the top from the pipe P, and is distributed over the surface of the 

ey by grooves formed in the rubbing surfaces of the blocks, and 
leaves by the pipe Q at the bottom. Wooden shrouds L and M on the 
sides of the blocks prevent the water coming out at the sides. 

Oscillations of the brake may be damped by means of a dash-pot, 
such as that shown in Fig. 539. This dash-pot is a cylinder containing 
oil or water, and a piston, which is attached to 
a rod suspended from and jointed freely to the 
lever of the brake. The piston may be about 
1-16th inch smaller in diameter than the bore 
of the cylinder, and it should be thin at its 
edge. The oscillations of the lever are com- 
municated to the piston, but the motion of the 
piston is retarded by the liquid in the cylinder, 
a portion of which must move from one side 
of the piston to the other through the narrow Fic. 539. 
passage round the edge of the piston as the 
latter moves. In this way the amplitude of the oscillations of the brake 
is considerably reduced. 

The brake should be balanced, when unloaded, with the piston im- 

mersed in the liquid in the dash-pot. 
_ Instead of hanging the brake load on the end of the lever, the brake 
may be turned “‘end for end,” and the load end of the lever be made to 
rest on a pedestal placed on the platform of a weighing-machine. In 
many cases this is a very convenient arrangement. 

298. Use of Compensating Lever on Dynamometer.—When a band- 
block brake is used as a dynamometer, a compensating lever is often 
added. This lever provides a means of automatically adjusting the 
tension in the band to suit variations in the coefficient of friction 
between the brake blocks and the wheel. 

Referring to Fig. 540, ABC is the compensating lever jointed to the 
ends of the band at A and B, and D is the point of suspension of the brake 
load W. The band is 
tightened by the screw 
at E, so that when the 
brake is in action the 
compensating lever is 
horizontal and in line 
with D. 

The action of the 
compensating lever is as 
follows. Suppose that 
the coefficient of friction 
between the brake blocks Fia. 540. 
and the wheel should 
increase, this will cause the wheel to carry the brake and its levers round 
with it until the lever ABC strikes the stop H. The points A and B 
will continue to move round with the wheel, but A will move faster than 
B, because the outer end of the lever is resting on the stop H; the effect 
of this is obviously to slacken the brake strap and diminish the resist- 
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ance of friction, and so compensate for the increase in the coefficient of 
friction. A diminution in the coefficient of friction will produce the 
opposite action, the compensating lever will strike the upper stop K, and 
-the band will be tightened. 

When the compensating lever is floating between the stops, a load w, 
in addition to the weight of the lever ABC, may be required to balance 
the vertical components of the tensions in the band at A and B. The 
horizontal components of these tensions balance one another. 

If W is the load at D over and above that required to produce static 
balance when w is removed, and the whole brake is free to move about 
its axis, which is the axis of the wheel, then when the brake is in action, 
with the compensating lever floating and the loads W and w on, the 
driving torque is WR-—wr. If, however, the compensating lever is not 
floating, but rests against one of the stops, the driving torque is 
WR-wr+tp(r+a), where p is the reaction of the stop on the com- 
pensating lever. The + sign is to be taken when the lever is against 
the lower stop, and the — sign when the lever is against the upper stop. 

If N is the speed of the wheel in revolutions per minute, and if the 
forces are measured in lbs. and distances in feet, then the horse-power 

eb iah, 0s (r+ a)iN . If the brake is carefully adjusted 
the force p should be small, and may then be neglected. 
299. Pullen’s Friction Brake Dynamometer.— A form of dyna- 


absorbed is 
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Fig. 541, a —T 
mometer suitable for testing small high-speed motors, such as petrol 
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engines, is shown in Fig. 541. This is a design by Prof. W. W. F. Pullen.* 

P is an ordinary cast-iron pulley, 6 inches in diameter, mounted on 

the shaft of the motor to be tested. Small solid-drawn copper tubes C 

are bent to the shape shown. Small plates of brass M having holes 

drilled in them are threaded over the copper tubes, and brazed on to them 

in the positions shown. ‘The copper tubes are placed in position on the 
pulley, and are then embedded in while metal, plaster of Paris being 
used for moulds. The white metal is shown black in the sections, Two 
timber levers T are fitted over the white metal, and are held together by 
two bolts, one of which has a hand-wheel K for a nut, and between this 
hand-wheel and the upper lever there is a helical spring, which enables a 
practically constant pressure to be maintained between the white metal 
and the pulley when the dynamometer is in use. The rubbing surface 
of the pulley is lubricated with oil from the sight-feed lubricator F. 
Water is circulated through the copper tubes, entering at J and leaving 
at-L. The brake is retained in position on the pulley by small wooden 
ear-pieces E. The spring. balance § is useful for measuring small 
variations of torque, but most of the load is put on by dead weights W. 
A dash-pot and any weight required to balance the parts may be con- 
nected at B. This brake easily absorbed 8 horse-power at 1000 revolu- 
tions per minute without undue heating. 

300. Rope Brake Dynamometer.—The simplest and most reliable 
form of absorption dynamometer is probably the rope brake, shown in 
Fig. 542. One, two, or more lengths of rope are passed once round the 
rim of the fly-wheel or the rim of , 

a pulley fixed on the shaft. The 
different lengths of rope are kept 
in position by blocks of wood, as 
shown, the blocks being laced to 
the rope. The upper ends of the 
_ several lengths of rope are united 
and attached to aspring balance B, 
while the other ends are united and 
attached to the weight W. Let 
W = hanging weight, in lbs., in- 
cluding portion of rope, 

hook,etc., hangingfrom A. 

S=tension registered by spring 
balance, less the weight — 
of the rope, etc., between ~ 

A and the balance, in Ibs. 

R=effective radius of wheel 
= nominal radius of wheel 
+ radius of rope, in feet. 

N=number of revolutions of 

wheel per minute. Fig. 542. 

The effective resistance at radius R is W —§, and the brake horse- 


: 2r7RN(W —S) 
power is therefore = 33000 


* Transactions of the Civil and Mechanical Engineers Society (London), 1907. 


The whole of the work is converted into heat at the rubbing surfaces 
between the rope and the wheel. For small powers or for short trials 
the air in contact with the revolving wheel will carry away enough heat 
- to’ keep the wheel sufficiently cool. For larger powers and long trials, 
however, it is necessary to cool the wheel rim with water. For water 
cooling it is best to make the rim of the wheel of channel section, as shown 
in Fig. 543. The 
water is held in by 
centrifrugal force 
so long as the speed 
of rotation is not 
less than a certain 
critical speed. The Fig. 543. 
centrifrugal force of a small mass of water weighing w lbs. at a radius 

2 
R feet and revolving at N revolutions per minute is F= aaa 
When this mass of water is in its highest position the resultant force 
holding it to the rim of the wheel is F —w, and the minimum speed at 
which the water will remain in contact with the wheel in its highest 
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position is found by putting F=w, then N= i VE 


During a long trial it is necessary to renew the cooling water. This 
may be done by using two pipes, as shown in Fig. 543. One pipe D 
supplies cold water to the channel in the rim, and the other E scoops 
water out and discharges it. Just before stopping a trial the water 
supply is cut off, and the pipe E is turned over slightly so as to nearly 
touch the bottom of the channel and collect and discharge sufficient 
water to prevent an overflow from the channel when the wheel stops. 
The collecting end of the pipe E is flattened out so as to present a 
narrow slit to the water. 

301. Fan Brake Dynamometer.—One of the simplest and most con- 
venient of dynamometers for testing the output of small high-speed motors 
is a simple form of fan. This was first used by M. Renard, whose design 
for small powers consisted of a rectangular bar of ash, to which were 
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Fig. 544. 


bolted two rectangular aluminium plates, the wooden bar being mounted 
on the shaft of the motor at right angles to its axis. Fig. 544 shows the 
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brake as made by Mr. W. G. Walker, and which the writer has used sue- 


cessfully since the beginning of 1905 for testing petrol motors. 

With the exception of the plates E and F, which are made of alu- 
minium, all the parts are made of steel. The arms AB and CD, of 
rectangular cross section, are clamped to the shaft of the motor by two 
bolts, as shown. The plates E and F are bolted to brackets H and K 
respectively, which are carried by the arms. The plates are equally dis- 
tant from the axis of the shaft, but the distance may be varied according 
to the speed and power of the motor. Different sizes of plates may also 
be used. In the brake used by the author there are three sets of plates, 
the smallest being 6 inches x 6 inches, the intermediate size 84 inches x 84 
inches, and the largest 17 inches x 84 inches. With the smallest plates 
the distance of the outer edges from the axis of the shaft may be varied 
from 8 inches to 15 inches ; with the intermediate size plates this distance 
is from 10} inches to 174 inches ; and for the largest size, 19 inches to 
26 inches. 

The resistance is, of course, the pressure of the air on the plates and 
exposed parts of the arms, and this produces a pure torque, and there is 
no bending action on the shaft, except that due to the weight of the 
instrument, which is only about 93 lbs. with the smallest plates, and 
14} lbs. with the largest. The parts are also perfectly balanced. 

Once the instrument is calibrated it is only necessary to know the 
speed to determine the horse-power, since the power to drive the fan is 
proportional to the cube of the speed. For example, when the inter- 
mediate size plates are used, and the bracket pins are in the sixth holes 
from the inside, the brake horse-power is given by the formula, 

B.H.P. = 0:000,000, 0038N° = 38 x 10°N®, 
where N is the speed in revolutions per minute. . 

The resistance to the motion of the plates is proportional to the density 
and viscosity of the air, Now the density is proportional to the pressure, 
and inversely proportional to the absolute temperature, while the viscosity, 
according to some authorities, is proportional to the absolute temperature. 
Hence the resistance varies with the pressure only, and if the coefficient 
¢ in the equation B.H.P. =cN? is obtained experimentally when the height 
of the barometer is h, then if, when a test is made, the height of the 
barometer is h’, the coefficient ¢ should be multiplied by h’/h. 

This dynamometer may be run for any length of time, as there is no 
heating effect on the instrument, the heat being carried away by the 
circulating air. 

The dynamometer having the dimensions given above may be used 
for powers up to 20 horse-power. 

302. Eddy Current Brake Dynamometer.—In the eddy current 
brake dynamometer the resisting torque is obtained without actual con- 
tact between the revolving and the floating elements. A system of field 
Page, with alternate poles, is mounted on the floating portion of the 
brake, while the motor under test drives one or two copper dises past the 
pole faces, whose magnetic flux induces very large circulating currents, 
which, by their magnetic action, tend to retard the motor and absorb its 
energy in heating the discs. 

Brakes on this principle were constructed by Pasqualini in 1892, by 
Grau in 1900, by Siemens and Halske in 1901, and by others. These 
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brakes, though convenient in laboratory use, did not become extensively 
employed owing to the skill required in fixing to the motor, and also to 
the small horse-power absorbed for a given size, and cost of apparatus. 
- The great accuracy and convenience of the electrical control of the resist- 
ing torque, and also the cleanliness arising from the use of air instead of 
water to get rid of the heat, was, however, early recognised. 

Morris & Lister, in 1905,* gave the theory of this apparatus, and 
showed how the design might be greatly improved and simplified. They 
showed also that there was a certain. thickness of copper which ought to 
be used on the discs, and that it was just as bad to use too much as too 
little copper. 

Fig. 545 shows the Morris & Lister eddy current brake.t The brake 
may be mounted on its own shaft in a frame, independent of the motor 
to be tested. In some cases, however, especially with electric motors, it 
is simpler to mount the brake direct on the shaft of the motor in place of 
the driving pulley, or, in the case of a petrol motor, in place of the fly- 
wheel. A is a central cast-iron bush, to be secured to the shaft of the 
motor to be tested. On this bush are fitted two ball-bearings B, and 
two strong aluminium spiders C, carrying stout iron dises D, faced with - 
sheet copper on the inner sides, and provided with cooling vanes E on the 
outer sides. On the ball-bearings and between the discs floats a strong 
aluminium casting F, formed for carrying conveniently a number of flat 
iron pole pieces H, arranged in pairs opposite one another. Between each 
pair of poles is a stout iron core K, on which a coil L is slipped. These 
coils are so connected that the poles present alternately magnetised faces 
to each disc. The central casting F has also two strong bosses M and N 
at the ends of its horizontal diameter. Into the boss M is inserted the 
main graduated lever P, on which slides the carrier for the weights W. 
Into the boss N is inserted the short counterpoise lever Q. The long lever 
is sometimes replaced by a short one provided with a hook for a spring 
balance. Further projections S from the central casting F at the top and 
bottom support the outside guards Tand the insulated terminals U, by which 
current is led into the windings from a source of continuous current supply. 

When the magnets are excited, the magnetic flux from each pole is 
compelled to cross the revolving copper disc in order to reach the iron 
dise behind it, and to return by the adjacent magnetic poles. The flux 
has then to cut the other copper dise twice in a similar manner before the 
magnetic circuit is completed. In this way large eddy or Foucault 
currents are generated in the copper discs, which then exert a resisting 
torque, the power corresponding to which is converted into heat in the 
discs. This heat is got rid of by means of the vanes E, which are set: so 
as to induce a strong current of air. 

The dises have to be so supported on the spider as to prevent the 
passage of heat to the arms, and so to the framework of the brake or 
motor, and at the same time to allow them to expand while still keeping 
true. This is done by mica washers and slotted holes in the discs. The 
spiders also must be able to resist the attractive force on the discs, which 
is large, although it diminishes as the speed increases. 


* Journal of the Institution of Electrical Engineers, vol. xxxv. p. 445. 
t Made by Messrs, Morris & Lister, Ltd., Coventry. 
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By means of a special regulator, or other suitable regulating appliance, 
the exciting current can be increased until the lever floats, the weights 
having been previously placed to correspond with the required torque. The 
* amount of electric power required for exciting the magnets is quite small. 
Thus a torque of 73 ft.-lb., which gives 14 horse-power at 1000 revolutions 
per minute, requires less than + kilowatt in the coils. The exciting 
current need not be measured. 

The power is computed by means of the formula used for the Prony 


2rW RN 
brake, namely, B.H.P. = “33000 ° 


A good feature of the eddy current brake is that the resisting torque 
is practically constant over a considerable range of speed (10 per cent. 
above or below normal). Hence when testing petrol or other motors in 
which the effort fluctuates, the lever does not oscillate but floats steadily, 
regardless of periodic fluctuations of speed. This constancy of torque 
at or near its rated speed occurs in a similar way to the maximum 
torque in an induction motor, and constitutes not the least of the 
advantages of this convenient and accurate type of absorption brake 
dynamometer. 

A small amount of power is used in overcoming the air resistance 
at the vanes E; a portion of this resistance is communicated to the 
guards T on the floating element, but there remains a certain amount 
which is not communicated to the floating element, and is therefore not 
measured, but, if necessary, this may be allowed for by using a constant 
determined by experiment. The unmeasured resistance is, however, 
only a fraction of 1 per cent. of the total resistance. 

303. Epicyclic-Train Dynamometer.—One form of transmission 
dynamometer is shown in Fig. 546. AB is a lever, which may turn round 
the fixed axle CD. Mounted on the lever, and turning freely on it, are 
two equal bevel wheels E and F, which gear with two equal bevel wheels 
H and K, mounted on the axle, 
and turning freely on it. A 
wheel or pulley is secured to 
the boss L of the wheel H, 
and another wheel or pulley is 
secured to the boss M of the 
wheel K. The torque to be 
measured is transmitted from 
L to M, or from M to L through 
the wheels E and F. 

Let P be the effort exerted 
by the teeth of the wheel H on 
the teeth of the wheel E at a 
radius 7 from the axis of CD, 
and suppose P to act down- 
wards. There will be an equal Fre. 846 
effort P at radius 7 from the axis tes 
of CD acting upwards on F from H. The torque on H is therefore 2Pr. 
The wheel E in driving K will cause the latter to exert a downward 
force P at radius 7 from the axis of CD, and the wheel F in driving K 
will cause the latter to exert an upward force P at radius 7 from the axis 


—— 
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of CD, These four forces acting on the wheels E and F will produce a 
torque on the lever AB equal to 4Pr. Hence if the weight W on the 
lever is at a radius R from the axis of CD, WR=4P7y, and the torque 
transmitted from L to M is WR. 

If the wheels H and K run at a speed of N revolutions per minute, 
WRx2rN_xWRN 
2x 33000 33000" 

When unloaded, the lever is balanced by the weight w. 

Stops SS limit the motion of the lever. 

304. Belt Dynamometers.— When a belt is transmitting power from 
one pulley to another the tangential effort on the driven pulley is equal 
to the difference between the tensions on the tight and slack sides of the 
belt. If T, and T, are these tensions in pounds, and V is the speed of 
the belt in feet per minute, then the horse-power transmitted is 


(T, = TV 
33000 * 
Several forms of dynamometer have been introduced for measuring 


T, —T,, directly while the belt is running ; one form is shown in Fig. 551, 
p- 362, another is shown in Fig. 547. The latter illustration and the 


then the horse-power transmitted is 
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following description are taken from a paper by Mr. 8. P. Watt in the 
Transactions of the American Society of Mechanical Engineers, 1891. 
The dynamometer (Fig. 547) consists of a set of pulleys mounted on 
a suitable frame and disposed as follows. The pulleys A and C are fixed 
to the shaft a, and B and D are fixed to the shaft 6. The pulleys E and 
F revolve freely as independent loose pulleys on the shaft g. The shaft 
q has a second shaft /, fixed to it midway between the pulleys E and F. 
Shaft f constitutes a pivoting axis, parallel to the shafts a and }, for the shaft 
9, together with the frame K and the weight lever L, all rigidly connected. 
Only enough motion of L is allowed to determine the direction of action, 
Instead of the weight of the lever L, the end of the lever could be con- 
nected to a small platform scale, and its tendency to rotate weighed. It 
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might be useful to make the frame between the pulleys adjustable at d 
and e in order to vary the tension of the dynamometer belt, or better still, 
it might be so constructed that the absolute tension could be noted at any 
. time, whether working or at rest. The working of the apparatus is as 
follows. A driving belt from the source of power is put on the pulley A. 
The machine to be driven is belted from the pulley B. The dynamometer 
belt passes from the lower side of the pulley C to the pulley F, around F 
to D, around D to E, around E back to C.. It will be seen that Cisa 
driving pulley, and D a driven pulley. When the system is at rest, the 
four strands of the dynamometer belt have the same tension. If now C 
revolve and drive D, the tension T, of the belt from C around the loose 
pulley F to D will correspond to the tension of the taut side in a simple 
system of two pulleys, and the tension T, of the belt from the lower side 
of D around F back to the lower side of C will correspond to the slack 
side. 

_ The difference of tension is the driving force P, and taking what 
actually occurs, 


oT, - IT 
<1 = 1, -heaP. 


Now P in pounds multiplied by the speed of the belt is foot-pounds deve- 
‘loped or consumed, ignoring friction. Let r be the radius of the position 
of pulleys E and F from the pivot f. Let / be the distance of the weight 
W from f, to balarice the tendency of the frame K to rotate about / when 
working, then 


Wi=r(2T, - 2T,), or vn =T,-T,=P. 


It is evident that should a Prony brake be put in place of the pulley B, 
the power developed by the motor to A could be determined. Ifa machine 
be driven from the pulley B, the power consumed could also be noted in 
the speed of belt and the position of the weight from the same formula. 
In the use of different belts as dynamometer belts the relative efficiency 
of such belts can readily be determined by the use of the brake attach- 
ment. It will also be seen that only one side of the belt comes in contact 
with the pulleys. 

305. Torsion Meters.—The introduction of the steam turbine, par- 
ticularly for the propulsion of ships, has created a demand for a means 
of measuring the power transmitted by the shaft, since there is no direct 
means of measuring the work done in the turbine. The power to be 
measured is generally very large, and the ordinary forms of dynamometers 
are not suitable or convenient. In the case of the reciprocating engine 
the power developed in the cylinders is readily determined from the 
indicator diagrams, and if these be taken at any given load and also at no 
load, the actual power transmitted by the shaft at the given load can be 

determined with sufficient accuracy for most practical purposes. 
A number of instruments have been designed to measure the ong 
of twist of a given length of shaft transmitting power, and from this 
observation and the speed of the shaft, and certain particulars of the 
shaft itself, the power transmitted is readily computed. 
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From formule proved in Art. 95, p. 80, and Art. 96, p. 81, the 


angular deflection of a shaft in degrees is, _ 180 OMT 0 solid shaft, 


C4 
 andn= SD a for a hollow shaft, where T is the twisting moment, 
EF the length of shaft considered, C the modulus of. rigidity, d the diameter 
of the solid shaft, D and d the external and internal diameters re- 


spectively of the hollow shaft. Evidently for a particular shaft T=—, 


whore / is a constant to be determined experimentally for the particular 
shaft. In the absence of direct experiment on the shaft itself, / may be 
computed by assuming a value for C based on experiments on shafts 


Siietdaofihimilar’ material; thon: e+ *— ‘fora solid. shaft, and 
180 x 32 


oe hata for a hollow shaft. 
If force is in lbs. and linear dimensions in inches, then the horse- 
power transmitted at N revolutions per minute is, 


2eTN _ 2xknN _ kN 
~ 12x 33000 12x 330002 7 


is a constant for the particular shaft. 

Two types of torsion meters will now be illustrated and described, 
the particulars being taken from a paper by Mr. J. Hamilton Gibson, 
read before the North-East Coast Institution of Engineers and Ship- 
builders in January 1908. 

The main features of Fottinger’s torsion meter, which is a purely 
mechanical contrivance, are shown in Fig. 548. A is a dise secured 


Qrk 


, Where ky = 7533000 


U u B 
Fig. 548. 


directly to the shaft. B is another disc secured to the shaft at a distant 
section C through a stiff tube coaxial with but clear of the shaft. The 
motion of these two discs will be the same as that of the points on the 
shaft at which the connections are made, and which are at a distance 7 
apart, and the relative angular motion of these discs will be the angle 
of twist of the length / of the shaft. 

The relative angular movement of the discs is magnified and recorded 


360 APPLIED MECHANICS 


by a pencil P, actuated by the system of levers shown, on paper placed 
round the fixed cylinder DE, which is coaxial with the shaft. When 
there is no torque on the shaft the pencil traces a line parallel to the 
_ ends of the cylinder carrying the paper, and this is the zero line of the 
diagram. When the shaft is transmitting power the pencil moves to 
the right or left of the zero line, depending on the direction of rotation 
of the shaft, and at the same is carried round with the shaft, describing 
a more or less wavy line whose ordinates represent the angular deflection 
of the shaft as it revolves. The ordinates of the line traced by the 
pencil are evidently arcs of circles, whose centres lie on the zero line, 
and whose radii are equal to the length of the pencil lever. The cylinder 
carrying the paper can be moved to the left clear of the pencil, and 
the diagram can then be taken off and the mean torque determined. It 
is of course the mean torque which must be used in computing the horse- 


power. In the case of a turbine-driven shaft the torque is practically. 


uniform. 

The Bevis-Gibson flash-light torsion meter depends on the facts that 
the velocity of light is practically infinite, and that light travels in 
straight lines through air of uniform density. Two blank dises A and 
B are fixed on the shaft at a convenient distance apart, as shown in the 
oblique elevation at (a), Fig. 549. Each disc has near its periphery a 


Fic. 549. 


small radial slot, and these two slots are in the same radial plane when 
no power is being transmitted and there is no torque on the shaft. 
(d), (ec), and (d), Fig. 549, are sectional plans, the planes of section going 
through the slots in the discs when in or near their highest positions. 
Behind the dise A is fixed, on, say, one of the bearings of the shaft, a 
bright electric lamp C, masked, but having a slot cut in the mask directly 
opposite the slot in the disc A when the latter slot is in its highest 
position. At every revolution of the shaft a flash of light is projected 
through the slot in the-disc A towards the disc B in a direction parallel 
to the shaft. Behind the disc B, on, say, another shaft bearing, is fitted 
the torque finder D, an instrument fitted with an eye-piece, and capable 
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of slight circumferential adjustment. The end of the eye-piece next the 


dise B is masked, except for a slot similar and opposite to the slot in 
the dise. When the four slots are set in line, as shown at (b), Fig. 549, 
a flash of light is seen at the eye-piece every revolution, and if the shaft 
revolves quickly enough the light will appear to be continuous. This 
effect is apparent at any speed over 100 revolutions per minute. At 
lower speeds the flash is seen to be intermittent, but this in nowise 
affects the accuracy and reliability of the result. 

Suppose now that the shaft is transmitting power. One disc lags 
behind the other, and although the slots in C, A, and D are still in line, 
the light is cut off by the displacement of the slot in B, due to the lag 
just mentioned. This cutting off of the light is clearly shown at (c). 
Now if the torque finder D be moved round by an amount equal to the ° 
lag of the disc B the slot in D will then be opposite to the slot in B 
when the slot in A is opposite to the slot in C, and the flash will now be 
received by D, as shown at (d). The torque finder is moved by operating 
a micrometer spindle, and by means of a scale and vernier the angular 
movement can be measured to the zt, of a degree. 

The Bevis-Gibson torsion meter as just described will evidently give 
the twist of the shaft at one definite point of each revolution, and in the 
ease of turbine shafts, where the torque is practically uniform, this is 
all that is required. For reciprocating engines, 
where the torque varies considerably during each 
revolution, a simple modification enables the 
operator to take several readings, usually twelve, 
at definite points of a revolution. The discs are 
perforated with slots arranged in the form of a 
spiral, as shown in Fig. 550. The lamp and 
torque finder must be moved radially so as to bring 
them into line with each corresponding pair of 
slots in the dises. Plotting the readings on squared Fia. 550. 
paper, the actual twisting moment diagram can be drawn, and from this 
the mean torque is readily found. 


Exercises XXI. 


1. The drum of a band brake is 18 inches in diameter. The band is ,‘, inch 
thick, and it embraces three-quarters of the circumference of the drum. The 
hand lever is arranged as shown at (c), Fig. 534, p. 344. AC=3 inches, and 
AD=18 inches. If the force P at the end of the lever is 40 lbs., and the co- 
efficient of friction between the band and the drum is 0-2, what is the resisting 
torque, in ft.-lbs., exerted on the brake drum ? 

2. In a band and block brake (Fig. 535, p. 345) the wheel is 24 inches in 
diameter, and the band is ys inch thick. There are twelve wood blocks, each 
2 inches thick, and each subtending an angle of 18 degrees at the centre of the 
wheel. The coefficient of friction between the blocks and the wheel is 0°35, 
The brake is operated by means of a lever, arranged as shown at (d), Fig. 534, 
p- 344, AB=4 inches, and AD=24 inches. What force must be applied to the 
end D of the lever when a weight of 300 lbs. is being lowered at a uniform 
velocity, the weight being hung by a rope which is coiled round a barrel on the 
axle of the brake wheel, the effective diameter of the barrel being 20 inches? 

3. A wheel 12 feet in diameter, rotating at the rate of one revolution in 
2 seconds, is acted on by a brake which applies normal pressures of 1 cwt. each 
at opposite ends of a diameter. If the coefficient of friction be 0°6, find (in 
horse-power) the rate at which work is being absorbed ? [Inst.C.E.] 
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4. A bicycle and rider, weighing together 180 lbs., are travelling at the rate 
of 10 miles per hour on the level. Supposing a brake is applied to the top of the 
front wheel, which is 30 inches in diameter, and this is the only resistance nevine 
how far will the bicycle travel before stopping if the pressure of the brake 
- 20 Ibs., and the ccefficient of friction is 0°5? [Inst.C.E.] 

5. Continuous brakes are now capable of reducing the speed of a train 
3% miles an hour every second, and take 2 seconds to be applied ; show in a 
tabular form the length of an emergency stop at speeds of 3%, 74, 15, 30, 45, 60 
miles per hour. Compare the retardation with gravity, and express the resisting 
force in lbs. per ton. [UL 

6. If the force available on the block of the brake on a wheel of a railway 
vehicle is 90 per cent. of the weight on the wheel, and if the coefficients of sliding 
friction between the block and the wheel and between the wheel and the rail are, 
at 60 miles per hour, 0°06 and 0°04 respectively, what is the maximum resistance to 
the motion of the wheel, in lbs. per ton, when the brake is applied, (a) when the 
wheel does not skid, () when the wheel skids, at the above speed ? 

7. To determine the brake horse-power of a small de Laval steam turbine a 
Prony brake was used. The brake was placed ona pulley on the second-motion 
shaft, whose speed was 2992 revolutions per minute. The brake load at 18 inches 
from the axis was 5 lbs. Calculate the brake horse-power. 

8. The internal diameter of a fly-wheel rim, which is of channel section, is 
5 feet. Find the minimum speed, in revolutions per minute, at which the wheel 
will hold, without spilling, a layer of water 1 inch deep. ; 

9. The brake horse-power of a gas-engine is to be measured with a rope brake 
on the fly-wheel. The diameter of the wheel is 5 feet, and the diameter of the 
rope is } inch. At a speed of 183 revolutions per minute the hanging weight 
is 674 he and the spring balance indicates 4} lbs. What is the brake horse- 
power 5 

10. In an epicyclic-train dynamometer of the form shown in Fig. 546, 
p. 356, the wheels on the axle CD run at 100 revolutions per minute. The weight 
W on the lever is 60 lbs., and its distance from the axis of the axle is 24 inches. 
Calculate the horse-power transmitted through the dynamometer, 

11. Fig. 551 shows a Froude and Thornycroft dynamometer for measurin 
the difference between the tensions on the tight and slack sides of a belt which 
is transmitting power from 


a poy A = a pulley B. 

The T shaped lever has its 

fulcrum at D, and carries xo™ 
pulleys E and F. The 

iameters of the pulleys 
are such that the straight 

parts of the belt may be A 
taken as horizontal. Ne- 


glecting the work lost in 
friction in the instrument, 
show that the horse-power wen 


transmitted is given by the formula, HP= 


sagas where d@ is the diameter 


of the pulley A, and N its speed in revolutions per minute, dimensions being in 
feet, and W in lbs. F 

12. The horse-power of a marine steam turbine was found by observing that 
the angle of twist of a 20-feet length of the propeller shaft at 480 revolutions per 
minute was 1°75 degrees, The shaft, which was solid, had a diameter of 7 inches, 
and it was known that the modulus of rigidity of the material of the shaft was 
12,000,000 Ibs. per square inch. Neglecting the effect of the end thrust, calculate 
the horse-power. 


CHAPTER XXII 
BELT, ROPE, AND CHAIN GEARING 


306. Velocity Ratio in Belt Gearing.—If motion be transmitted 
from one pulley to another by means of a thin inextensible belt, and if 
there is no slipping between the belt and the rims of the pulleys, every 
part of the belt will have the same velocity, and the outer surfaces 
of the rims of the pulleys will have the same velocity as the belt. 


Hence if d, and d, be ae 

the diameters of * the Zz 

driver and follower re- (Ea) ) a> < ) 
spectively, and if the >» 

driver makes N,_ re- — 

volutions in a ‘given Fic. 852. Fig. 553. 


time, while the follower 

makes N, revolutions in the same time, then 7d 7 ied N,, and 
x a, This formula is true, whether the belt is “open,” as in Fig. 
5D2, or “ crossed,” as in Fig. 553; but the direction of the rotation will 
not be the same in these two cases. With an open belt the pulleys 
rotate in the same direction, while with a crossed belt they rotate in 
opposite directions. 

307. Effect of Thickness of Belt on Velocity Ratio. When a thick 
belt is bent over a pulley its inner surface is compressed and its outer 
surface is stretched, but the surface midway between these two remains 
of the same length. It follows, therefore, that the velocity of the inner 
_ surface of the belt in contact with the pulley must be less than the 
velocity of the middle surface of the belt, and it is only the middle sur- 
face of the belt which has the same velocity at every point. The effec- 
tive radius of a pulley is therefore its nominal radius plus half the 
thickness of the belt, and using the notation of the preceding Article, 
x a uu: , where ¢ is the thickness of the belt. 

308. Length of Belt connecting Two Pulleys.—Referring to Figs. 


: 

e-----  -----24 
Fig. 554. 

554 and 555, the length of belt =. contact with the larger pulley is 
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art 2) = v(= + #). The length of belt in contact with the smaller 


pulley is Ses 2$)=a(% +4), where the + sign applies to the crossed 


belt (Fig. 554), and the — sign to the open belt (Fig. 555). The in- 
clination of the straight portions of the belt to the line of centres is ¢, 
and the length of each straight portion is ccos¢. Hence if / is the 
total length of the belt, 


1=D(Z+$)+d(5 4) +2c.cos g 
= (D+) + $(D £4) + 2c cos > 


D+ 


c 


sin d= 


» cosd=1 -2 sin? $, 


If ¢ is a small angle, then, approximately, ¢=sin ¢, and 
i) \ 


$sin d= sin 3 


Hence approximately 
1=(D-+d)+sin $(D +d) + 2e(1 — 2 sin? 4 


_t (Did)? 5, D+dP 
T de de bgieeaae Cy alae 
=7(D+a)+O2O , 2c, where the + sign applies to 


the crossed belt, and the — sign to the open belt. 

Referring to the crossed belt (Fig. 554), it is evident that if D+d 
is constant, and ¢ is fixed, ¢ will remain the same, and therefore J is 
constant. 

309. Stepped Pulleys.—Two or more pulleys of different diameters 
placed side by side form a stepped pulley. A stepped pulley is, however, 
generally ‘cast in one piece. 

A pair of stepped pulleys and one belt form a common arrangement 
for driving a shaft or spindle at different speeds from a shaft rotating at 
a fixed speed. Fig. 556 shows a pair of stepped pulleys mounted on shafts 
A and B, whose axes are parallel and at a distance c apart. Let the speed 
of A be N revolutions 


per minute, and let it ee REE oe, 
be required to make B o,[ dy 


rotate at N,, N,, or a 
N, revolutions ; per "alan : J 4d 
minute as may be ne- Ly J Cs 3 
cessary. Each pulley A 


will requirethree steps. Fie. 556. 
Let the diameters of 
the pulley on A be D,, D,, and Dg, and let the diameters of the pulley on 


B be d,, d,, and d,. The following equations can be stated at once, viz. — 


of Be ok and A value may now be selected for one 


ay on Pale 
1 N, D, 2 D, N; 


a 
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of the diameters, say D,, then d, ae. Having fixed D, and d,, no 


N 
other diameters can be selected arbitrarily. The other diameters must 
not only satisfy the equations 4 Pa nd as “yr but they must be 


such that the same belt will be equally tight when pl placed on correspond- 
ing pairs of steps. This gives rise to two cases, (1) belt crossed, (2) belt 


For a crossed belt it was shown in the preceding Article that if 
the sum of the diameters of the pulleys is not altered, the length of the 
belt will be the same. Therefore, for a crossed belt, having fixed D, and. 
i D, +4, is known, and D, +d,, also D,+d, must be equal to D, ‘+d. 

e sum of a pair of diameters being known, and also the ratio of the 
one to the other, the diameters can be easily found. 

Coming now to the case where the belt is an open one, D, and d, are 
determined as before, then the length of the belt is 


D,-d 
t= *(D, +d,)+ Pr-O 2 
Then for D, and d,, 


D 
1=2(D, +d,) + 


Mr = 4)’ +26, 


but d= 57s, therefore 
2 
7 N De CE 5 rth 


a quadratic equation from which - 


Dom Ye +0d +003) Ft) 


where 7, = N 
N, . 
If N,=N, then D, =", 

; T 


The solution of the quadratic equation may be avoided, and a result . 
sufficiently accurate in most cases obtained, by first finding values for D, and 
d, on the assumption that the belt is crossed, that is, D,+d,=D, +d). 
Let the difference between the — af D, and d, thus found be equal 


to a, then approximately 5(D2 +d,)+2 ry. + 2e= 1, a simple equation from 


which D, +d, can easily be found. Use this more exact value of D,+d,, 
together with dy woe to find a more accurate value of D, —d,, which 


D, N 
eee Dy =4y) 


is to be substituted in the equation (D2 +d,) +\— +2c=1, The 


value of D, +d, found from this Sle equation is fio used, together 
with the equation noe to find D, and d,. 
810. Forms of Rims of Pulleys. —The rim of a pulley for a flat belt 
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Ss 


Fra. 557. Fic. 558. Fic. 589. Fia. 560. 


on to the pulley is a little nearer the base than the part in front of it; 
but once in contact with the pulley, it remains in contact without slip- 
ping until it leaves on the other side. The result is, therefore, that the 
belt ultimately reaches the highest part, and to prevent it falling off a 
similar pulley is placed, as shown by the dotted lines. From this the 
form shown in Fig. 558 is obtained. 

The straight rim is used when it is necessary to move the belt from 
one part of the rim to another, as in the case where a pulley drives a 
pair of fast and loose pulleys. 

It must be borne in mind, however, that the convex section of rim 
only helps to keep the belt on the pulley when the belt and pulley rotate 
together. If the belt should slip through the resistance being too great, 
it will fall off the pulley more readily if the rim is convex than if it is 
straight. 

For hemp or cotton ropes the pulley rim has V shaped grooves, as 
shown in Fig. 559, the angle of the V being generally about 45°. - The 
rope does not rest on the bottom of the groove, but on its sides only, 
so that it is wedged in, causing the resistance to slipping to be much 
greater. 

For wire ropes the design is altered so that the rope rests on the 
bottom of the groove, as shown in Fig. 560. The resistance to slipping 


is increased, and the wear of the rope reduced by lining the bottom of 


the groove with some material softer than metal, such as leather, wood, or 
tarred oakum. 

311. Fast and Loose Pulleys.—The motion of a shaft driven from 
another by belt gearing may be stopped or reversed SE 
without affecting the motion of the driving shaft by 
using a combination of fast and loose pulleys. A “fast” 
pulley is one which is fixed to the shaft, while a ‘‘ loose” 
pulley is one which can turn freely on the shaft. Fig. 561 
shows a pair of such pulleys, F being the fast pulley 
secured to the shaft by a key K, and L is a loose pulley. 
When the belt is on F the shaft A revolves, and when 
the belt is shifted to L the motion of A is stopped. Fie. 561. 
The belt is shifted from one pulley to the other by pressing on one edge 
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of that part of the belt which is advancing towards the pulley by means 
of a fork, which should be as close to the fast and loose pulleys as 
ible. 

Examples of the use of fast and loose pulleys are shown in Figs. 562 
and 563. ‘These arrangements of belt gearing are very frequently found 
in connection with machine tools. i = 
AB is a driving shaft, and CD A E B 
a counter-shaft. E is a broad 
pulley fixed on AB. L, and L, 
are loose pulleys, and F is a fast 
pulley. The machine is driven H K 
by a belt from the stepped pul- ' 


ley G. An open belt H anda ™M | N= 


crossed helt K pass from the 
pulley E to the pulleys on CD, © D || 


as shown. MN isa rod carrying C Ey axe =A 
forks, by means of which. the 
belts H and K may be shifted Fie 562. Fi. 563. 


simultaneously. When the belts are in the position shown, CD is at rest. 
If MN be moved to the right K will remain on L,, H will embrace F, and 
CD will rotate in the same direction as AB. By shifting the belts to the 
left of the position shown, CD is made to rotate in the opposite direction 
to AB. A modification of the arrangement just described, to give a quick 
return motion, is shown in Fig. 563. The latter arrangement may be 
used to get fast or slow motion as desired, in the same direction, by having 
both belts open or both crossed. 

In the arrangements of fast and loose pulleys shown in Figs. 562 and 
563, the loose pulleys have a width not less than twice the width of 
the belt. By using a suitable form of belt-shifting gear the loose pulleys 
may be of the ordinary width, and then not only is space saved on the 
shaft, but only one belt has to be shifted at a time. Fig. 564 shows 
such an arrangement. L, and L, are loose pulleys, while F, and F, are 
fast pulleys. The belt forks are attached 
to levers A,B,, and A,B, mounted on fixed 
pinsat C, andC,. These levers are provided 
with projecting pins at B, and B,, which enter 
into slots in a dise DE, keyed to a spindle F. 
The lower parts of the slots in DE are con- 
centric with F, and the upper parts are more 
or less radial. In the position shown, both 
belts are on the loose pulleys. If the disc 
DE be turned in the direction of the arrow H 
the lever A,B, remains at rest, because the 
pin at B, remains in that part of the slot 
which is concentric with F, but the pin at B, 
will be pushed to the right by the upper part 
of the right-hand slot, and the belt which was 
on L, will be shifted to F,. By moving DE 
from the position shown in the direction of 
the arrow K the lever A,B, will remain at rest, and the lever A,B, will — 
be moved so as to shift lt which was on L, to F). 


Ue ee ee ee a ee” 


ee eee ee, 


Fig. 564. 
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312. Belt Gearing for Non-Parallel Shafts.—Motion may be trans- 
mitted directly from one shaft to another when the axes are not in the — 
same plane by means of a belt and two 
pulleys, one pulley on each shaft, provided 
that the pulleys are so arranged that the 
middle point of the width of the belt where 
it leaves one pulley is in the central plane 
of the other pulley. In other words, the 
centre line of each of the straight portions 
of the belt must be in the central plane of 
the pulley towards which it is travelling. 
An example is shown in Fig. 565, where the FIG. 565. 
axes of the two shafts are at right angles to 
one another, but not in the same plane. The arrangement of the two pulleys 
mentioned above is only pos- 
sible when the motion is in one 
direction ; if the direction of 
the motion be reversed, the 
belt comes off the pulleys. 

When it is not possible 
or convenient to arrange the 
pulleys on non-parallel shafts, 
so as to permit of the one 
driving the other directly, 
one or more guide pulleys 
may be introduced. The 
guide pulleys must be placed 
so that all the straight por- 
tions of the belt comply 
with the condition already 
stated. Fig. 566 shows two ; 
pulleys A and B, whose central planes intersect in the line CD. Any 
convenient points E and F are taken in 
CD, and tangents EH, EK, FL, and FM 
are drawn to A and B. (Guide pulleys N 
and O, touching these tangents as shown, 
and having for their central planes the 
planes HEK and LFM respectively, will 
serve to guide the belt between the pulleys 
A and B. As arranged in Fig. 566, the 
belt may run in either direction. 

Another example of the use of guide 
pulleys is shown in Fig. 567. Hic. 67: 

313. Straining or Jockey Pulleys.—A belt passing round two pulleys 
may be tightened without shortening it by placing 
a third pulley on the slack part of the belt, that 
is, the part which runs from the driving pulley to 
the following pulley, as shown in Fig. 568. This 
third pulley, which is called a straining, tighten- 
ing, or jockey pulley, runs in bearings which 
arc loaded with a weight to press the pulley on 


Fig. 566. 


F 
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the belt, or the desired pressure may be obtained by means of an 
adjusting screw. 

The use of a jockey pulley also permits of two pulleys, differing con- 
"siderably i in diameter, being placed much closer together by increasing 
the are of contact of the belt on the smaller pulley. 

314. Power Transmitted by Belts.—When a belt is transmitting 

wer from one pulley AB (Fig. 569) to another CD, the motion being 
in the direction of the arrows, the tension in the por- 
i, tion BD is greater than the tension in the portion 
_ AC. BD is called the tight side, and AC the slack 
side of the belt. Let 'T, = the tension on the tight 
side, and T,=the tension on the slack side, then 
4 T,-T, =P is the driving force at the rim of the 
eS pulley CD. If V is the velocity of the belt in feet 
per minute, v the velocity in feet per second, and H the horse-power trans- 


PV Fv 
mitted, then H = 35000 = B50 


The ratio of T, to T, when the belt is on the point of slipping was 
discussed in Art. 243, p. ‘27 7. For most practical cases T, may be taken 
equal to 2T 

If bis abe breadth of the belt, and ¢ its thickness, both in inches, and 
f the working stress in lbs. per square inch, then T, = Uéf, and if T,=xT,, 


where 2 is a fraction, P=(1—)T, =(1—n)dtf.. Hence atks n)bifo 


550 
For leather belts, / is generally from 200 to 350. 
3 315. Effect of Centrifugal Tension on Power Transmitted by 
__ Belts.—In Art. 92, p. 76, it was shown that a thin hoop revolving has 
a tensile stress in it due to centrifugal force, and the demonstration there 
given is applicable to a belt running on a pulley. If /, is the stress on a 
belt, in Ibs. per square inch, due to centrifugal force, w, the weight of 
a cubic inch of the belt in Ibs., » its velocity in feet per second, then 


Onn. v2 2 iat 2 ; 
i= — —"”’ where w is the weight in Ibs. of a portion of the belt 


Fia. 569. 


——., where P is in lbs. 


12 Suen long and 1 square inch in section. For leather, w may be 
taken at 0-4 Ib. 

The total tension on the tight side of the belt is now T, + dt/, =dt/, 
and T,=t(f—j,). The total tension on the slack side is T, + d#f,, and 


P=, -T,=(1—n)T, =04(1 —n)(f—f,) = o4(1 - 0) (s-22). 


_ Pv _dt(1—n) 

Hence H = 550 ~ — B50 ( Sv- =) this is of the form H = av — ev’, 
bt(1 — n) =n) f bt(1 - i . 

where a= “550 and CO" BE 


To find when H is a maximum, TH = a — Bcc, and H will be a 
maximum when Buo, that is, when 3cv? =a, or v= nN oa , putting in 


§ the values of aandc. H is a maximum when v= a 2 


2a 
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Inserting the value v= = = in the formula for the horse-power, 


Hmax = 550 at 300 
H will be zero when fv= me that is, when »y=0 or v= 2. 


316. Power Transmitted by Wire Ropes.—The principles involved 
in the determination of the power transmitted by a wire rope are the same 
as for a leather belt, but in the case of the wire rope it is necessary to allow 
for the stress due to the bending of the wires to the circle of the pulley. 

Let d=diameter of each wire of the rope in inches, 

D=diameter of pulley in inches. 
v=velocity of rope in feet per second. 
f=maximum working stress in wire in lbs. per square inch. 
J, and f, =stresses in tight and slack portions of rope respectively in Ibs. 
per square inch, neglecting the stresses due to centrifugal 
force and bending. 


So=;, where ar (see Art. 243, p. 277). 


w= weight of 1 linear foot of rope per square inch net section 
in lbs. 

E= modulus of elasticity of wire in lbs. per square inch. 

H = horse-power transmitted per square inch of net section of rope. 


3 we? 
Stress due to centrifugal force = he 


Stress due to bending oes (Art. 109, p. 103), 


2 
Ae “tpt therefore /, S-5- 


Driving force per square inch net eS of rope 
=A he=A(l-n)=(t-F-)a =a. 


ay Ed. wv?\(1 —n)v 
Hence H ( S- Dag joe 
The maximum working stress should not exceed 25,000 Ibs. per 
square inch. w may be taken equal to 4:16, which makes the weight of 
the rope per foot of length equal to 3:27dn,, where », is the number of 
wires in the rope. 
The maximum horse-power and the speed at which the horse-power is 
a maximum may be determined in the same way as for a leather belt 
(Art. 315). 
It will generally be found that the speed at which the horse-power is 
a maximum is greater than the safe rim speed for the pulleys. 
The tensions in the rope are regulated by the amount of sag given to 
the tight and slack portions of the rope between the pulleys. 
317. Chain Gearing.—Motion may be transmitted from one shaft to 
another, the axes of the shafts being parallel, by means of a chain with 


( 
4 
“a 


J 


_ 
™ 
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links of suitable form which embrace toothed wheels, called sprocket 
wheels, carried by the shafts. Fig. 570 shows a simple form of chain and 
the form of sprocket wheel to gear with it. 

The first point to notice about chain 
gearing is that the pitch line of the sprocket 
wheel is a polygon, whose sides are equal to 
the pitch of the links of the chain. Generally 
the links are all of the same pitch, but in 
some forms of chain the links are alternately 
of long and short pitch, and the pitch poly- 
gon of the sprocket wheel has then an equal 
number of long and short sides alternating. 
It follows that the velocity ratio in chain 
gearing is not constant, and if R, and R, 
are the radii of the circumscribed circles of 
the pitch polygons of two sprocket wheels 
connected by a chain, and if 7, and 7, Fic. 570 
are the radii of the inscribed circles of me ky 
the same polygons, then the velocity ratio may range from R,/r, 
to r,/R,. 

ae of Fig. 570 will show that if the outlines of the teeth 
of the sprocket wheel are arcs of circles described from the angular 
points of the pitch polygon with radii equal to the pitch of the chain less 
the radius of the pin, the pins will just touch the faces of the teeth as 
they come into or go out of gear, and if the outlines be ares of circles of 
a slightly smaller radius, as shown at a, the pins will clear the teeth as 
they come into or go out of gear. 

A second point to notice about chain gearing is that there is practically 
no tension on the slack portion of the chain, and therefore the work trans- 
mitted is equal to the tension on the tight or driving portion multiplied 
by the distance through which it travels. 

A third point about chain gearing is that in general the full tension 
on the driving portion of the chain is supported by only one tooth at a 
time on each wheel. Although the chain may have exactly the same 
pitch as the teeth when new, the pitch of the chain soon increases 
because of the wear of the pins and their bearings in the links of the 
chain, and to a small extent by the permanent stretch of the links. To 
permit of the lengthening of the pitch of the chain the space between the 
teeth must be wider than the diameter of the 
pins, as shown in Fig. 571, which also shows . 
that the load is carried by one tooth when the 
pitch of the chain is only slightly greater than 
the pitch of the teeth. 

A consequence of the load being carried 
by one tooth at a time on each wheel is that 
there is considerable friction and probable 
jarring as each tooth in turn takes up the 
load. The friction may however be reduced 
by providing the pins with rollers. 

The objection to ordinary chain gear- 


i Ti 


Fig. 571. 


ing just mentioned is overcome in the Renold’s chain, shown in 


_ 


372 APPLIED MECHANICS 


Fig. 572. The teeth of the wheels in this design are wedge-shaped, and 
the links have wedge-shaped projections which gear with the teeth, as 
shown. When the chain 
’ is new one edge of a wedge 
on one link and the op- 
posite edge of the adjacent 
wedge on the next link 
bear on the front of one 
tooth and on the back 
of the next respectively, 
but when the pitch of 
the chain has increased 
through wear, the contact 
is as shown in Fig. 572. 
With this chain there is 
no rubbing of the links 
on the faces of the teeth 
as they come into or go 
out of gear. Fig. 572, 


Exercises XXII. 


1. A belt 4 inch thick drives a pulley 15 inches diameter, which makes 800 
revolutions per minute. Find the speed of the belt in feet per minute, (a) 
neglecting the thickness of the belt, (b) taking the thickness of the belt into 
account. Express the difference between the two results as a percentage of 
the second. 

2. Two pulleys are connected by a belt. The sum of the diameters of the 
pulleys is 36°5 inches, and while the one makes 50 revolutions the other makes 
200 revolutions. Find the diameters of the pulleys. . 

3. A train of pulleys is shown in Fig. 573. B and C are fixed on one shaft, 
and D and KE are fixed on another 
shaft. The diameters of the pul- 
leys, in inches, are, A=30, B=15, 
C=50, D=16, E= 25, and F=12, 
A runs at 80 revolutions per 
minute. Find the speed of F, 
(a) neglecting thickness of belts, Fig. 573. 

(6) taking thickness of belts as 
#8; inch. Express the difference between the answers (a) and (b) as a percentage 
of answer (b). 

4. A shaft running at 200 revolutions per minute carries a pulley 50 inches 
diameter, which drives a dynamo at 1200 revolutions per minute by means of a 
belt 4 inch thick. Allowing for the thickness of the belt and a slip of 4 per 
cent., determine the diameter of the pulley on the dynamo. 

5. A pulley 36 inches diameter is connected to a pulley 18 inches diameter 
by a crossed belt. The distance between the axes of the pulleys is 48 inches. 
Calculate the length of the belt in inches, (a) by the exact formula, (b) by the 
approximate formula (Art. 308). 

6. Same as preceding exercise, except that the belt is an open one. 

7. A pulley 50 inches diameter is connected to a pulley 10 inches diameter 
by an open belt. The distance between the axes of the pulleys is 45 inches. 
Calculate the length of the belt in inches, (a) by the exact formula, (6) by the 
approximate formula (Art. 308). Express the difference between the two results 
as a percentage of the first. What will the results be for a crossed belt ? 

8. Referring to the stepped pulleys shown in Fig. 556, p. 364, D,=36 inches, 
d,=12 inches, D,=d,., ds=4D3, c=48 inches. The belt is an open one, Find 
D,, Ds, and ds, and also the length of the belt 2, all in inches. 

9. Referring to Fig. 556, p. 364. The shaft A runs at a constant speed of 
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_ 200 revolutions per minute. The stepped pulleys are to be designed so that the 


B may be driven at 600, 300, or 100 revolutions per minute as required. 


DP, =30 inches, e=50 inches, Find the other diameters and /, the length of the 


. which is an open one. 

10. Find the answers to the preceding exercise when a crossed belt is used, 

11. A cone pulley AE (Fig. 574) drives the cone pulley ae by means of an 
open belt. Diameter at A=diameter at ¢=16 
inches. Diameter at a= diameter at E=8 inches. 
The slant side of AE is straight. Find the 
diameters at b, c, and d, so that the belt may 
be equally tight in each position. Draw the 

ae to scale, half size for diameters, and 
ze for widths. 

12. Taking the dimensions given in Fig. 574, 
and in the ype exercise, except that the 
slant side of AE is no longer straight, determine 
the diameters at B, 6, C, c, D, and d for an open 
belt, so that the speed ratios when the belt is Fia. 574. 
at Aa, Bb, Ce, Dd, and Ee in turn may be in 
geometrical progression. Draw the pulley ae to scale, balf size for diameters, 
and 4th size for widths. : 

13. A belt drives a pulley 4 feet in diameter at 100 revolutions per minute, 
and transmits 34 horse-power. Assuming that the tension on the tight side is 
twice that on the slack side, find these tensions. 

15-20. In the exer- 
cises given in the an- 
nexed table H=horse- | Exercise | 15 16 17 18 19 20 

wer transmitted by a 

t. W=speed of belt 

in feet per minute. H — re 25 100 


20 50 
T, = tension on tight Vv 3000 | 2800 | 2500 | 3000 | 3500] ... 
side. T,=tension on | T,+T, 2 2 1Z 2 2 2 
slack side. b= breadth of b 5 9 i AY 5 10 
belt in inches, ¢=thick- t es Lox 3 ve } g 
ness of belt in inches. St 300 | 350 | 400 | 300 | ... | 350 


f=working stress in lbs. 
per square inch. w the 

weight of 12 cubic inches of belt is to be taken at 0-4 lb. Find the unknown 
quantities in each case, (1) neglecting centrifugal tension, (2) taking centrifugal 
tension into account. 

21. Taking the data of Exercise 16, with the exception of V, determine the 
maximum horse-power which may be transmitted, taking into account the 
centrifugal tension. 

22. Given T,=2T,, f=350, and w=0°4, calculate the horse-power H, per 
square inch of belt section, taking into account the centrifugal tension, at 
intervals of 10 feet per second, between the values of v which make H=0. Plot 
the results on squared paper. Scales.—1 inch=5 horse-power, and 1 inch=20 
feet per second. Determine H and # for the highest point of the curve. 

23. Show that when a belt is transmitting the maximum power, the centri- 
fugal stress is one-third of the greatest stress, 

24. A countershaft, which runs at 300 revolutions per minute, is required to 
transmit 10 horse-power from a main line shaft to a machine. The driving 
pulley of the machine shaft is 12 inches in diameter. The main shaft runs at 
100 revolutions per minute, and the machine shaft at 900 revolutions per minute. 
The diameter of the main shaft pulley is 3 feet. Assuming the coefficient of 
friction between the belt and its pulley to be 0°3 in each case, and the belt § inch 
thick, determine the width of each belt, taking account of the centrifugal 
tensions, The weight of a cubic inch of belt may be taken as 0035 Ib., and the 


tension per square inch as 350 Ibs. Prove the formule you use. (U.L.] 

25. Find the maximum horse-power whieh can be transmitted by a hemp 
rope l inch in diameter at a of 70 feet per second if the rope is broken 
with a pull of 5700 1bs., and it is desired to have a factor of safety of 30. The 
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angle of the groove in which the rope runs is 60°, and the coefficient of friction 
may be taken as 0:25, and the rope is in contact with the pulley for half the 
circumference. Find also the centrifugal tension in thé rope if the fly-wheel is 
10 feet in diameter, and the reduction in the horse-power transmitted due to this 
tension. Weight of rope for 1 foot of length=0-28 lb. [B.E.] 

26. Calculate the horse-power transmitted by a wire rope under the following 
conditions. The driving pulley is 12 feet in diameter, and it runs at 150 revolu- 
tions per minute. The rope consists of six strands, each strand having seven 
wires, and each wire having a diameter of 0°064 inch. The rope embraces half 
the circumference of the pulley, and the coefficient of friction between the rope 
and the pulley is 0°25. The weight of the rope is 0°56 ib. per foot of length. The 
working stress is 21.000 lbs. per square inch of wire section, and the modulus of 
elasticity E is 29,000,000 lbs. per square inch. 

27. If the bending stress is not to exceed 12,000 lbs. per square inch, find the 
minimum diameter of the driving pulley for a wire rope made up of wires 
No. 15 I.8.W.G. (0°072 inch diameter), the modulus of elasticity of the wire being 
29,000,000 lbs. per square inch. 

28. Adhering to the conditions given in Exercise 26, except as regards the 
speed of the pulley, determine the velocity of the rope, in feet per second, when 
the horse-power transmitted is a maximum, and find the maximum horse-power. 

29. A wire rope made up of 72 wires each 0°048 inch diameter is used to 
transmit power. Taking the maximum working stress in the wires at 25,000 Ibs. 
per square inch, the bending stress at 13,000 lbs. per square inch, w=4-16, and 
n=0'4, plot the horse-power transmitted, and v the velocity of the rope in feet 
per second, between the limits »=0, and v=200. State the maximum horse- 
power and the corresponding value of vy. Scales.—Horse-power, 1 inch to 40 
horse-power ; velocity, 1 inch to 40 feet per second. 

30. A chain of uniform pitch transmits motion from a sprocket wheel having 
15 teeth to another having 10 teeth. What is the mean velocity ratio? Express 
the difference between the possible maximum and the possible minimum velocity 
ratio as a percentage of the mean. 
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CHAPTER XXIII 
TOOTHED GEARING 


318. Definitions Relating to Toothed Wheels.—The jitch surfaces 
of two toothed wheels which gear with one another are the surfaces of 
two imaginary friction wheels which have the same axes, and which 
would have the same relative angular velocities as the toothed wheels if 
one was to drive the other by rolling contact. 

A section of a pitch surface by a plane at right angles to its axis is 
called a pitch line, or a pitch circle, if the section should be a circle, which 
it is in most cases. 

The pitch of the teeth is the distance from a point on one tooth to the 
corresponding point on the next, measured along the pitch line. In the 
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Fig. 575. 


ease of a circular wiieel whose pitch circle has a diameter d, and which 
has n teeth of pitch p, it is obvious that mp=ad. The pitch just defined 
is the circumferential or circular pitch, and is equal to the circumference 
of the pitch circle divided by the number of teeth. If the diameter of 
the pitch circle be divided by the number of teeth, the result is called the 
diametral pitch. If p’ denote the diametral pitch, then np’=d and 
p=tp’. In the designing of machine-cut toothed wheels it is usual to - 


arrange that p’ is a simple fraction of the form =; where m is a whole 


number, then m is the number of teeth in the wheel per inch of diameter, 
and the number m is frequently called the diametral pitch. 
When the term pitch is used without qualification, circular pitch is to 
be understood. 
The part of a tooth beyond the pitch surface is called the point or 
addendum, and the part within the pitch surface is called the root. The 
. 5 
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acting surface of the addendum is called the face, and the acting surface 
of the root is called the jlank. Circles con- 
centric with the pitch circles, and passing 
through the tops and bottoms of the teeth, 
are called the addendum circle and root circle 
respectively. In the case of an internal wheel 
the addendum is inside and the root is outside 
the pitch surface. 

In a mortice wheel (Fig. 576) the teeth are Fig. 576. 
made of wood, and have tenons formed on them 
which fit into mortices in the rim of the wheel. The teeth in this case 
are called cogs. The wood used is generally hornbeam or beech. 

319. Ordinary Proportions of Teeth.—The following proportions 
represent average practice for cast-iron teeth. Pitch =p=are ABC (Fig. 
575). Thickness = AB = 0-47p. Width of space=BC=0°53p. Total 
height=e=0°7p. Height beyond pitch line=a=0°3p, Depth within 
pitch line=c=0°4p. Width=2p to 3p. For heavy mill-gearing the 
width is sometimes as great as 5p. 

The cogs of mortice wheels have a thickness = 0°6p, and the iron teeth 
which gear with them have a thickness=0-4p, so that there is no side 
clearance when the teeth are new. 

320. Frequency of Contact of a Pair of Teeth.—If N, and N, be 
the numbers of teeth on two wheels A and B which gear with ne 
another, then the ratio of their angular velocities is as N, is to N,. Let 
m, and n, be the quotients got by dividing N, and N, respectively by their 
greatest common divisor, then if a particular tooth on A gears with a 
particular tooth on B, the same pair will again come in contact after My 
revolutions of A and m, revolutions of B. Also one tooth on A will in 
turn gear with n, teeth on B, and one tooth on B will in turn gear with m, 
teeth on A. For example, if 'A has 60 teeth and B has 20, the same pair of 
teeth will come in contact after every revolution of A or ‘after every three 
revolutions of B. Also a particular tooth on A will come in contact with 
only one particular tooth on B, and a particular tooth on B will come in 
contact in turn with three particular teeth on A. If the number of teeth 
on A be increased to 61, the velocity ratio will be altered to a small 
extent only, but the same pair of teeth will now only come in contact 
after 20 revolutions of A or 61 revolutions of B: Also each tooth on 
one wheel will now come in contact in turn with every tooth of the other 
wheel. The extra tooth added in this case is called a hunting tooth or 
hunting cog. The effect of the hunting cog is to cause the teeth to wear 
more uniformly. 

321. Condition to be Fulfilled by the Curves of the Teeth of Wheels 
in order that they may Work correctly.—Two toothed wheels, in gear 
with one another, are said to work correctly when the ratio of their 
angular velocities is exactly the same at every instant as that of their 
pitch surfaces working in rolling contact without slipping. 

In Fig. 577, O, and O, are the centres of two toothed wheels whose 
pitch lines PQ and. PR are in contact at P. The shaded curves represent 
portions of two teeth, one on each wheel, which are in contact at the 
point ab, a being the point on the tooth of the one wheel which is in 
contact with the point 2 on the tooth of the other. In geometry it is 
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shown that when two curves touch one another they have a common 
normal, Let M,M, be the common normal of the curves of the teeth at 


ab, and let O,M, and O,M, be the perpendiculars from the centres of the 


wheels on to this common normal. The point a moves in a circle aA 


Fia. 577. 


whose centre is O,, and the point / moves in a circle bB whose centre is 
O,. At the instant that the points a and 0 are in contact the point a is 
moving in the direction ac, the tangent to the circle aA at a, and the 
point b is moving in the direction ad, the tangent to the circle bB at b. 
Let v, and v, be the linear velocities of @ and U respectively in the 
directions in which they are moving at the instant when they are in 
contact. Make ac=v,andad=v,. Now, although the points a and dare 
moving in different lines with different velocities, the components of 
these velocities in the direction M,M, must be the same, otherwise the 
points a and } would move relatively to each other along the line M,M,, 
but for a small movement of the wheels so long as the teeth remain in 
contact the only possible relative motion of @ and 4 is in a direction © 
perpendicular to M,M,. Therefore if ce be drawn at right angles to 
M,M, it will pass through d, and ae=v will be the component velocity 
of a and also of } in the direction M,M,. Hegcee the ratio of the angular 
velocities of the two wheels must be 
go ~ 6 - OMe OS 
O,M, O,M, O,M, 0,8’ 

where § is the point of intersection of the lines O,O, and M,M,. But 
with rolling contact between the pitch lines PQ and PR the ratio of the 


angular velocities of the two wheels would be equal to os: Therefore if 
1 
os = * the point S must coincide with the point P, 
1 1 
The condition to be fulfilled by the curves of the teeth is therefore as 
follows. The common normal to the curves of the teeth in contact must 
pass through the pitch point, the pitch point being the point of contact of 
the pitch lines. 
Another way of proving that the common normal to the curves of the 
teeth should pass through the pitch point is as follows. The relative 
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motion of two teeth in gear will not be altered if one of the pitch circles 
is considered to be at rest and the other pitch circle is supposed to roll 
on the first. Let the pitch circle PQ (Fig. 577) be at rest, and let the 
_ pitch circle PR roll on PQ. The direction of the motion of the point 0 is 
perpendicular to Pb, because, in the position considered, J is rotating 
about P, and in order that the pure rolling of PR on PQ may not be 
interfered with, and in order that the two teeth in gear may remain in 
contact, the direction of the motion of b must be tangential to the curves 
of the teeth at aor 6. Therefore the common normal to the curves of 
the teeth passes through P. 

322. Cycloidal Teeth.—Let APB and CPD (Fig. 578) be the pitch 
circles of two wheels. Let the outline of the flank of a tooth on APB be 
a portion of the hypocycloid aQé, described by 
the rolling of the circle PQR on the inside of 
the pitch circle APB. Let the outline of the 
face of a tooth on CPD be a portion of the 
epicycloid:cQd, described by the rolling of the 
circle PQR on the outside of the pitch circle 
CPD. Next let the face cQ be brought round 
so as to touch the flank aQ, and let Q be the 
point of contact. The point Q must be on 
the rolling circle PQR when the latter touches 
both pitch circles, because the normal to the 
hypocycloid at Q must pass through the point of contact of the rolling 


Fria. 578. 


circle and the circle APB when the former is describing that part of the — 


hypocycloid at Q, also the normal to the epicycloid at Q must pass 
through the point of contact of the rolling circle and the circle CPD when 
the former is describing that part of the epicycloid at Q, therefore, since 
the two normals coincide, the rolling circle when it passes through Q must 
touch both pitch circles, 

Since the common normal to the curves aQb and cQd, at their point of 
contact Q, passes through the pitch point P, the wheels will work correctly 
if the faces of the teeth on one are epicycloids and the flanks of the teeth 
on the other are hypocycloids, described by the same rolling circle. 

It is evidently not necessary that the flanks of the teeth of two 
wheels which gear together be described by the same rolling circle, but 
_ the rolling circle which describes the flanks of the teeth on one wheel 
must be used to describe the faces of the teeth on the other. 

Since the hypocycloid becomes a straight line passing through the 
centre of the pitch circle when the diameter of the rolling circle is equal 
to the radius of the pitch circle, it follows that the flanks of wheel teeth 
may be made radial. 


If a number of wheels are to be interchangeable, that is, if any one 


of them is to be capable of working correctly with any of the others, 
it is obvious that the faces and flanks of the teeth on each must be 
described by the same rolling circle. 

323. Path of Contact.—In the preceding Article it has been shown 
that the point of contact of two cycloidal teeth must be on one or other 
of the rolling circles when the latter are at the pitch point; it follows, 
therefore, that the path of contact of two teeth must be made up of ares 
of these rolling circles. 


being at the pitch point as shown, the 


‘ 
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If APB and CPD (Fig. 579) be the pitch circles of two wheels with 


teeth in gear with one another, and if ade be the addendum 


- circle of the teeth of the lower wheel, and 


y the addendum circle of the teeth of Drwer. | 
upper wheel, then the rolling circles 


points a and ) where the addendum circles ‘e 
eut the rolling circles are the extreme 0 

points of contact of the teeth, the upper =p pradge-s 
wheel being the driver, and having its ' | ‘ 
motion in the direction of the arrow. At Follower. ‘ 
the point @ a point on the flank of a Fic. 579 
tooth on the driver will come in contact Se 
with the extreme point of the face of a tooth on the follower. As 
the motion proceeds, the flank of the tooth on the driver will slide on 
the face of the tooth on the follower until the point of contact, which 
moves along the arc aP, reaches the point P. The face of the tooth on 
the driver will then slide on the flank of the tooth on the follower until 
the point of contact, which moves along the are Pl, reaches the point b. 

The arc aP is called the path of approach, and the arc Pb the path 
of recess. If the driver move in the opposite direction, the path of 
contact will evidently be the line a’Pd’. 

If man be the flank of a tooth on the upper wheel just coming into 
contact with a tooth on the lower wheel, the point m on the pitch line 
APB will come into contact when it has travelled to P, and the are mP is 
the are of approach. Again, if rbs be the flank of a tooth on the lower 
wheel just going out of contact with a tooth on the upper wheel, the 
point 7 on the pitch line CPD will have travelled over the are Pr since 
being in contact, and the are Pr is the are of recess. If the are Po be 
made equal to the arc Pm, and the are Pt be made equal to the are Pr, 
then either of the arcs oPr or mP¢# is the arc of contact. 

The are of contact may also be defined as that part of the pitch line 
which passes the pitch point during the time of contact of a pair of 
teeth. 

In order that one pair of teeth may always be in contact, the are of 
contact must not be less than the pitch of the teeth. If possible the are 


of contact should not be less than twice the pitch, so as to ensure that at 


least two pairs of teeth are always in contact. Generally the are of 
contact is not less than 1-4 times the pitch. . 

324. Obliquity of Action and Effect of Friction.—Referring to Fig. 
580, if a pair of teeth are in contact at a, and friction is neglected, the 
line of action of the pressure between the teeth is the straight line caP, 
and the angle a which this line makes with the common tangent to the 
pitch circles is the angle of obliquity of action. 

With cycloidal teeth the obliquity of action during approach is 
greatest at the beginning of the path of contact, and diminishes to 


nothing at the pitch point. During recess the obliquity of action is 


nothing at the pitch point, and increases toa maximum at the end of the 
path of recess. 

The effect of friction during approach is to increase the angle of 
obliquity of action by the amount ¢, where ¢ is the angle whose tangent 


e 
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is equal to p, the coefficient of sliding friction between the teeth. The 
driving force on the tooth of the lower wheel is now along the line dae, 
and the angle of obliquity 
of action is a+ ¢. 

If bisa point of con- 
tact between a pair of 
teeth during recess, PB is 
the angle of obliquity of 
action at b when friction is 
neglected. When friction 
is considered, the angle of 
obliquity of action at b is 
obviously B — ¢. 

The effect of friction is 
to increase the obliquity of Pies 
action during approach, and to diminish it during recess. Consequently 
friction is more objectionable during approach than during recess, 

The effect of friction in altering the direction of the pressure between 
a pair of teeth in contact may be better understood by reference to 
Fig. 581. mand 7 are portions 
of a pair of teeth in contact, 
and the arrows show the direc- 
tion of sliding of the one tooth 
on the other. R is the reaction 
of m on m, and T is the reaction 
of monn. T is of course equal 
and opposite to R. The left- 
hand portion of Fig. 581 shows 
the conditions during approach, 
while the right-hand portion 
shows the conditions during recess, m being on the driver and m on 
the follower. 

Referring further to Fig. 580, since the effect of friction is to divert 
the line of pressure between the teeth from the pitch point P, it is 
evident that during approach the length of the perpendicular from the 
centre of the driver to the line of pressure is diminished, and for a given 
turning moment on the driver at any instant the pressure on the teeth 
is increased by the action of the friction. During recess, however, the 


Follower. 


Fig. 581. 


™ 


‘length of the perpendicular from the centre of the driver to the line ~ 


of pressure is increased, and for a given turning moment on the driver 
at any instant the pressure on the teeth is diminished by the action 
of the friction. Hence friction is more injurious during approach than 
during recess. 

Friction does not affect the accuracy of the working of the teeth so 
far as velocity ratio at any instant is concerned. 

325. Involute Teeth.—Although the involute of a circle is a 
particular case of the epicycloid, being the epicycloid when the rolling 
circle is of infinite diameter, involute teeth are not considered as a 
special case of cycloidal teeth, because the involutes used are not 
involutes of the pitch circles, but are involutes of smaller circles, called 
the base circles. 
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Let APB and CPE (Fig. 582) be the pitch circles of two wheels with 
involute teeth in gear with one another. Let aTb and cTe be the out- 


S B’ € 
Fig. 582. 


lines of the surfaces of two teeth in contact at T, these outlines being 
involutes of the base circles 5, and §, respectively. Since a line drawn 
from any point on an involute to touch the base circle of that involute 
is a normal to the involute at that point, it follows that the common 
normal to the two involutes in contact at T must be a common tangent 
MN to the two base circles. Hence the point of contact is always on 
the line MN, and a portion of that line is the path of contact. 

Comparing the similar triangles O,PM and O,PN, it is clear that 
if the ratio of the radii of the base circles be the same as the ratio of the 
radii of the pitch circles, the common normal to the curves of the teeth in 
contact must pass through the pitch point. 

If the centres of the wheels be pushed closer together or further 
apart, the wheels will still work correctly, because this is equivalent to 
altering the radii of the pitch circles without altering their ratio. This 
is a special property of involute teeth, and is a valuable one in cases 
where the distance between the centres of the two wheels cannot be 
maintained constant. This property also makes it possible to regulate 
the amount of side clearance or back lash between the teeth. Altering 
the distance between the centres of the wheels obviously alters the 
inclination of the path of contact. The angle 6 which the path of 
contact makes with the common tangent to the pitch circles is usually 
from 14} degrees to 154 degrees. In designing involute teeth the 
direction of the path of contact is first fixed, and the base circles are then 
drawn to touch it. 

If on the tangent at P, PH be made equal to the pitch of the teeth, 
measured on the pitch circles, and if HK be drawn perpendicular to MN, 
then since PK: PH::0,M:0O,P, PK must be the pitch of the teeth 
measured on the base circles. The pitch PK is called the normal pitch. 
Tt is usual to make the parts of the path of contact on opposite sides of 
P equal to one another, then if two pairs of teeth are to be in contact, 
and PL be made equal to PK, KL will be the minimum length of the 
path of contact, and circles through K and L with centres at O, and O, 
respectively will be the minimum addendum circles. There should be a 
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small clearance between the root circle of one wheel and the addendum 
circle of the other. 

If the parts of the path of contact on opposite sides of the pitch point 
_ are equal, and if there are two pairs of teeth always in contact, then PM 
or PN, whichever is least, will be the maximum value of the normal 
pitch of the teeth. Let r=radius of the smaller of the two base circles, 
p=maximum normal pitch, and »=the minimum number of teeth, then 
2rr=np, but p=r tan O, therefore nr tan 0=27r, and n=2z7/tan 0. 
When 6=15°, m=24. With only one pair of teeth in contact at a time, 
n=/tan 0, or n=12 when 0=15°. 

When the pitch circle becomes of infinite diameter, as in a rack, the 
base circle will also become of infinite diameter, and the involute will 
become a straight line. Hence in a rack 
which gears with a wheel having involute 
teeth, the teeth are straight on face and 
flank, as shown in Fig. 583. The faces 
and flanks are perpendicular to the path 
of contact, and therefore make an angle : 
of 90° — 6° with the pitch line. TGs, FE: 

The essential condition that two wheels, or a wheel and rack, 
having involute teeth, may gear correctly together, is that the teeth shall 
have the same normal pitch. Two or more wheels having different 
numbers of involute teeth of the same normal pitch can be arranged to 
rotate about the same axis and gear correctly with one wheel or one 
rack. The base circles of the wheels on the same axis will of course be 
of different diameters, and the paths of contact will be inclined at | 
different angles.* 

326. Internal Teeth.—The theory of the forms and the methods of 
drawing the outlines of the teeth for internal or annular wheels in which 
the teeth are on the inside of the rim, as shown in Figs. 584 and 585, 
are the same as for external teeth. 

In the case of cycloidal teeth (Fig. 584) the face ab is a hypocycloid 
of the pitch circle ABC described by the rolling circle which describes 


Ui 
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Fig. 584. Fig. 585. 


the hypocycloidal flanks of the teeth on the wheel which is to gear with 
ABC, and the flank dc is an epicycloid of the pitch circle ABC described 
by the rolling circle which describes the epicycloidal faces of the teeth of — 
the other wheel. 

In the case of involute teeth (Fig. 585) the curve adc is the involute 
of a base circle which must be concentric with the pitch circle ABC, and 
which must touch the straight line, which is the path of contact. 

327. Pin Wheels. — When the rolling circle which describes the 
hypocycloidal flank of a tooth on a wheel A has a diameter equal to that 


* Except when the single wheel becomes a rack, in which case the paths of 
contact are inclined at the same angle. 
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_ of the pitch circle the hypocycloid becomes a point, and no part of the 
tooth lies within the pitch circle. The face of a tooth on a wheel B 
_ which gears with A will be an epicycloid described by the pitch circle of 
- Aasrolling circle. If a rolling circle which describes the face of a tooth 
on A be diminished until it becomes a point no part of the tooth on A 
will lie outside the pitch circle, and as this rolling circle which has 
become a point must be used to describe the flanks of the teeth on B no 

art of a tooth on B will be inside the pitch circle. The teeth on A 

ve thus become mere points, while the teeth on B will have epi- 
eycloidal outlines lying entirely outside the pitch circle. This is shown 
in the left-hand half of Fig. 586. 
It is obvious that practically this 
is an impossible case, but if instead 
_ of mere points, cylindrical pins of 
sensible size be used, as shown in 
the right-hand half of Fig. 586, 
where the outlines of the teeth | \, _---; 
which gear with the pins are curves 
parallel to the epicycloids and at 
a distance from them equal to the 
radius of the pins, then the wheels 
will gear correctly, and either wheel 
will drive the other. — 

The path of contact will be 
either the are Pad or the are Ped.* Fd. 696. 
If the pins are on the follower, contact will take place during recess only, 
and if the pins are on the driver, contact will take place during approach 
only. Since the friction is more serious during approach than during 
recess, it is best to put the pins on the follower. 
Figs. 588 and 589 show wheels gearing internally, one of them having 


DRIVER. 
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— 


the curves of the teeth in the left-hand half of Fig. 588, where the pins 


* For practical purposes this may be taken as true when the pins are small, 
but the exact path of contact is a curve determined as 
shown in Fig. 587, where aPd is the pitch circle of the EP ent ee | ad 
pin wheel, and P the pitch point. Take ¢ any point on ~ 
the arc Ped. Join cP. Make ce’ equal to the radius of 
the pin ; then ec’ is a point on the real path of contact. 
Repeating this construction a sufficient number of 
times and joining the points so obtained, the real path 
of contact Pe'd’ is determined. : 


Fig. 587. 


) pins for teeth. Reasoning as for external contact, it is easy to show that 
} 
; 
| 
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are mere points, and the dotted curves on the right must be hypocycloids 
described by the pitch circle of the pin wheel rolling inside the pitch 
circle of the other. The corresponding curves in Fig. 589 are epicycloids 
described by the pitch circle of the pin wheel rolling on the pitch circle 
of the other, the latter being inside the former. 

An interesting case of the internal gearing shown in Fig. 588, is 
where the pitch circle of the pin wheel has a diameter equal to the radius 
of the pitch circle of the other. The faces of the teeth on the outside 
wheel now become the sides of parallel slots, the centre lines of which 
are radial lines of the larger pitch circle. Two examples of this case are 
shown in Figs. 590 and 591. In Fig. 590 the pin wheel has two teeth, 
while in Fig. 591 the pin 
wheel has four teeth. A 
peculiarity of this gearing 
is that the path of contact 
between a pair of teeth is 
the circumference of the 
pitch circle of the pin wheel 
excepting a small are in the 
neighbourhood of the centre 
of the larger wheel. When 
a pin is in the neighbour- 
hod of the sentee at the baat het ae 
larger wheel the obliquity of action is approaching a right angle and the 
driving effort is approaching zero, but when there are two or more pins 
on the pin wheel, only one pin will be in a disadvantageous position at a 
time. The path of approach is equal in length to 
the path of recess, and it is therefore immaterial Up 
which of the two wheels is the driver, except in the AG 
case where the pin wheel has only one tooth. When am 
the pin wheel has only one tooth it must be the PAEY 
driver, otherwise motion of the follower would ZB -% 
cease when the pin reached the centre of the 
larger wheel, unless it was carried past this dead 
centre by the inertia of the follower or the parts 
moving with it. Contact in the neighbourhood of 
the centre of the larger wheel can be insured, and larger bearing surfaces 
secured by making the slots wider and placing blocks on the pins, as 
shown in Fig. 592. 

328. Bevel Wheels.—The pitch surfaces of bevel wheels in gear are 
frusta of cones whose vertices coincide, the axes of the cones being the 
axes of the wheels. Fig. 593 
shows the pitch surfaces of 


two bevel wheels in gear, the pe 
one cone being external to sZ = 
the other. In this case the lf 


wheels are said to have ex- 

ternal contact. Fig. 594 

shows the pitch surfaces of Si areas» 

two bevel wheels having internal contact, one cone being inside the other. 
A mitre wheel is a bevel wheel whose pitch cone has a base angle of 45°. 
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To understand the theory of the forms of the teeth of bevel wheels, it 
is desirable to refer again to the way in which the forms of the teeth 
tof wheels were derived. In Fig. 595, 
is the pitch circle of a spur wheel. 
aPR is the rolling circle which is used to 
describe the epicycloid ad, which is the 
_ of the face of a tooth on the wheel. 

pitch surface of the wheel is a cylinder, 
and if the rolling circle aPR be taken as the 
end of another cylinder, the two cylinders, 
being of the same length, and having their 
axes parallel, the face aa,b,b of a tooth on 
the wheel is formed by the straight line aa, 
on the surface of the rolling cylinder as the 
latter rolls on the pitch surface of the wheel. 


Fia. 595. 
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For a bevel wheel (Fig. 596), the pitch surface of which is the frustum 
ABB, A, of the cone OAB, the rolling cylinder of Fig. 595 becomes the 


frustum of a rolling cone, 
and the curve ab becomes a 
spherical epicycloid. The 
face of a tooth on the wheel 
is formed by a straight line 

on the surface of the 
rolling frustum as_ the 
latter rolls on the outside 
of the pitch surface of the 
wheel. The flank of a tooth 
is formed in like manner 
by a straight line on a roll- 


Fig. 596. 


ing frustum when the latter rolls on the inside of the pitch surface. 
As the cone OaPR (Fig. 596) rolls on the cone OAB, the point a 


which describes the curve ab is always 
at a distance from O equal to the 
length of the slant side of the cone 
OaPB; the point a therefore moves 
on the surface of a sphere whose 
radius is OA, and whose centre is at 
O. The surface of the outer ends of 
the teeth formed in this way on a 
bevel wheel is therefore a portion of 
the surface of a sphere, and cannot 
be developed. If, however, a cone 
be taken enveloping the sphere and 
having for its circle of contact the 
pitch circle AB, this cone will cut the 
true face of a tooth in a curve which, 
when developed, will for all practical 
purposes in ordinary cases be an epi- 


cycloid. Hence the practical method, 


due to Tredgold, of designing the forms 
of bevel wheel teeth, shown in Fig. 597. 


(°) 


Fiaq. 597. 
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OO, is the axis of the wheel. ACDA, is one half of the pitch surface, 
O being the vertex of the pitch cone. OAOQ, is a right angle. O,AC is 
one half of the cone, already referred to as enveloping the sphere whose 
centre is at O, and whose radius is OA.. AE is an are of a circle struck 
from O, as centre. This arc is the development of part of the base of 
the cone O,AC. Then AE is considered as part of the pitch circle of a 
spur wheel “of radius O ,A, and the teeth are constructed on this as for a 
spur wheel. <A thin templet, made to the shape of the teeth on AE, 
may be used to mark off the shape of the teeth on ihe edge of the bevel 
wheel blank. 

The theory of involute teeth for bevel wheels may be developed in a 
similar manner to that of cycloidal teeth. In a spur wheel with involute 
teeth a plane is taken touching a base cylinder, and a line in this plane 
parallel to the axis of the cylinder describes the surface of a tooth as the 
plane rolls on the cylinder. In a bevel wheel the base cylinder of the 
spur wheel becomes a base cone whose vertex is at the vertex of the pitch 
cone of the wheel, and as a plane rolls on the base cone a line in the 


plane, and passing through the vertex of the cone, describes the surface . 


of a tooth on the wheel. Tredgold’s method is also applicable to ingolite 
teeth. 

When the diameter of a bevel wheel is mentioned without quulifin 
tion, the larger diameter of the pitch surface is understood. 

329. Stepped and Helical Teeth. —The smaller the pitch of the teeth 
of two wheels in gear the smoother is the motion, but the teeth are 
weaker the smaller the pitch. 'To combine the smoothness of the motion 
due to fine pitched teeth with the strength 
due to coarse pitched teeth, Dr. Hooke 
invented stepped teeth. These teeth are 
shown in Fig. 598. Imagine a toothed 
wheel having teeth of a pitch p to be 
divided into m dises of equal thickness 
by planes at right angles to the axis of 
the wheel, and let each dise be placed so Fra. 598. 
that the teeth on it are 1-nth of the pitch 
p in advance of the teeth on the disc in front of it. These discs would 
now form a wheel with stepped teeth, which would have the strength of 
teeth of pitch p, and which would work as smoothly as teeth of pitch p/n. 

If the number of steps on a stepped tooth be made infinite, its surface 
becomes a screw or helical surface, and the teeth formed in this way are 
called helical teeth. Simple helical teeth on a spur wheel have the 
appearance shown in Fig. 599. The out- 
line of the section of helical teeth by a 
plane at right angles to the axis of the 
wheel is designed as for ordinary teeth, 
and their outline in the direction of the 
width of the wheel is drawn by the rule 
for drawing helices or screw curves. It ; 
is obvious that two wheels gearing together Fig. 599. 
and having helical teeth must have their teeth of “ opposite hand,” that 
is, one must be right-handed and the other left-handed. It is also evident 
that the inclinations of the helices must be the same. . 
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The objection to the teeth shown in Fig. 599 is that when at work 
there is a side pressure which tends to push 

the wheels out of gear. To overcome this 

difficulty, the double helical teeth shown in 

Fig. 600 were introduced, and are now 

largely used. To ensure the proper’ bearing 

of the teeth on one another, the shaft of 

one of a pair of wheels having double heli- 

eal teeth should have a slight amount of 

end play. Fia. 600. 
. Exercises XXIII. 


1. A toothed wheel has 95 teeth, whose diametral pitch is } inch. Find the 
diameter of the pitch circle and the circular pitch. 

2. Taking the ordinary proportions for teeth, height above pitch line=0 3p, 
and depth below pitch line=0-4p, where p is the circular pitch, express these in 
terms of the diametral pitch p’. 

3. A wheel A, having 28 teeth, gears with a wheel B, having 35 teeth. How 

teeth on A will come in contact with a particular tooth on B? Also, how 
many revolutions will A make before the same pair of teeth are again in contact ? 
Further, what will the answers be (1) when A has 28 teeth and B 36 teeth, (2) 
when A has 29 teeth and B 35 teeth? 

In the following exercises, 4 to 15, there are given in each two wheels or a wheel and rack 
ingear. Draw, full size, a side elevation of a portion of the pair in gear, in the neighbour- 
hood of the pitch point, sufficient to show four teeth on each completely. Show clearly in 
cach case the path of approach and the path of recess, the are of approach and the are of 
recess, also the maximum obliquities of action during approach and during recess, 

4. Two spur wheels in external contact. Diameters of pitch circles, 10 inches 
and 16 inches, Numbers of teeth, 15 and 24. Cycloidal teeth. Rolling circle, 
5 inches diameter for all curves. 

5. Spur wheel and rack. Diameter of pitch circle of wheel,15 inches. Number of 
teeth onwheel, 20, Cycloidal teeth, Rolling circle, 5 inches diameter for all curves. 

6. Two spur wheels in internal contact. Diameters of pitch circles, 10 inches 
and 20 inches. Numbers of teeth, 20 and 40. Cycloidal teeth. Rolling circle, 
5 inches diameter for all curves. 

7. Same as Exercise 4, but with involute teeth. 

8. Same as Exercise 5, but with involute teeth. 

9. Same as Exercise 6, but with involute teeth. 

10. Two wheels in external contact. Diameters of pitch circles, 10 inches 
and 15 inches. The smaller wheel to have 16 pins ? inch diameter. 

11. Two wheels in internal contact. Diameters of pitch circles, 10 inches and 
30 inches. The smaller wheel to have 16 pins # inch diameter. 

12. Two wheels in internal contact. Diameters of pitch circles, 10 inches and 
30 inches. ‘The larger wheel to have 48 pins }# inch diameter. 

_ 13. Two wheels in internal contact. Diameters of pitch circles, 6 inches and 
12inches. The smaller wheel to have 6.pins }$ inch diameter. 
_ 14 Wheeland rack. Diameter of pitch circle of wheel, 10 inches. Wheel 
has 20 teeth. Rack has pins } inch diameter. 

15. Wheel and rack. Diameter of pitch circle of wheel, 10 inches. Wheel 
has 20 pins } inch diameter. 

16, Design for a spur wheel with cycloidal teeth. Diameter of pitch circle, 
6 feet. Speed, 70 revolutions per minute. Power transmitted, 350 horse-power. 
For strength of teeth use the rule P = 200np?, where P is the driving force at pitch 
circle, nm the ratio of breadth of teeth to pitch, and p the pitch. Take n=2°75. 
Diameter of shaft, 74 inches, enlarged to 84 inches inside the nave of the wheel. 

17. Design for a bevel wheel with cycloidal teeth. Base angle of pitch cone, 30°. 
Mean diameter, 5 feet. Speed, 80 revolutions per minute. Power transmitted, 400 
horse-power. For strength of teeth use the rule P=200np*, where P = driving force 
at mean pitch circle, n= ratio of breadth of teeth to pitch at mean pitch circle, and 
or pitch at mean pitch circle. Take n=3. Wheel to have fourarms of T section. 
Diameter of shaft, 74 inches. Diameter of wheel seat on shaft, 8} inches. 
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CHAPTER XXIV 
WHEEL TRAINS 


330. Wheel Trains.—T'wo or more wheels in gear form a wheel train 
or train of wheels. In Fig. 601 the wheels A and L are shown geared 
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Fie. 601. Fria. 602. Fic. 603. 


directly together, and they will evidently rotate in opposite directions. 
In Fig. 602 the wheels A and L are shown connected by an intermediate 
or idle wheel M; here A and L rotate in the same direction. 

In each of the Figs. 
603, 604, and 605 the 
wheels A and L are 
shown connected by 
a double or compound 
wheel BC, the parts B 
and C being rigidly 
connected, so that they 
rotate together as one 
wheel. In Fig. 603 all 
the wheels ad spur Hie, OOF, Fic. 60%: 
wheels with external teeth. In Fig. 604 L is an annular or internal 
toothed wheel, and in Fig. 605 all the wheels are bevel wheels. In each 
of these three examples there is the same number of wheels and the same 
number of axes, but it should be noticed that while in the arrangement 
shown in Fig, 603 A and L rotate in the same direction, in the arrange- 
ments shown in Figs. 604 and 605 A and L rotate in opposite directions. 

Let d,, d,, d,, and d, denote the diameters, and 7,, m,, m3, and m, 
denote the numbers of teeth in the wheels A, B, C, and L respectively, 
and let N,, N., and N, denote the speeds of the wheels A, B, and L 
respectively in revolutions in a given time, say per minute, then, from 
the fact that when two wheels gear together the linear velocities of their 
pitch circles must be the same, it follows that 
Ny 4% and Ma MeL, Ms. 

N, d, My Ny 1 “a, a ie 

The velocity ratio or the value of a train of wheels is the ratio of the 

speed of the last wheel to the speed of the first wheel of the train, The 
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velocity ratio is positive or negative, according as the first -and:last wheels 


; rotate in the same or in opposite directions. 


When the axes of two shafts are parallel 
and near to one another, but not overlapping, 
motion may be transmitted from the one 
shaft to the other by spur wheels, as shown 
in Fig. 606. The broad intermediate wheel Fic. 606. 
M is here called a Marlborough wheel. 

331. Change Speed Gears.—There are many cases in practice where 
it is necessary to drive one shaft from another in a positive manner at 
different speeds at different times. In a screw-cutting lathe, for example, 
the leading screw is driven from the lathe spindle by a train of wheels, 
and the value of the train to be used is the ratio of the pitch of the 
serew to be cut to the pitch of the leading screw. Hence to cut screws 
of different pitch different trains of wheels must be used. In the older 
lathes a set of separate change wheels are used, and different combinations 
of them have to be mounted to suit the work to be done. Modern lathes 
and other machine tools are, however, generally fitted with change gears 
which can be operated by the movement of one or more levers, all the 


M 


wheels being permanently mounted. Not only is this done for the screw 


cutting and feed motions, but the main driving of the machine is now 
largely done by what are called “all-gear drives,” that is, the use of 
stepped pulleys is dispensed with, there being only one driving pulley, 
and all the changes of speed are ‘obtained by putting different toothed 
wheels into gear by the simple movements of one or more levers. One 


important advantage following this substitution of one belt pulley for a 


stepped pulley is that the belt can be run at the speed most suitable to 


‘it, and the power of the machine is not diminished at slower speeds 


through having to reduce the speed of the belt by shifting it to the 
larger steps of the stepped pulley. 

The application of a sliding cotter key to a change speed gear is 
shown in Fig. 607. The driving shaft A carries three wheels C, D, and 
E, which gear with the three wheels F, G, and H respectively, which are 
firmly keyed to the driven shaft 
B. The shaft A is hollow for 
part of its length, and contains 
a rod R, into which is fitted 
the cotter key K, which passes fe A YAIL 
through the slots L in the hollow 
part of A. Each of the wheels 
C, D, and E has six keyways, 
and each is counter bored as ial -- - 


shown. In the position shown 
the cotter key is in two of the 
keyways in D, and the shaft B 
is being driven through the 
wheels D and G. If the rod R Fic. 607. 

be moved to the right a distance ' 

equal to the width of the cotter key the latter will be in the space formed 
by the counter bore in E, and the counter bore in the right-hand side of D 
and all the wheels will be at rest. If the rod R be moved a step further to 
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the right the cotter key will engage with the wheel E, and the shaft B 
will be driven through the wheels E and H. ‘The rod R is operated 
by.a lever not shown, which can be locked into definite positions corre- 
sponding to the several positions of the cotter key when in gear or out 
of gear. This form of gear is very suitable for light work, such as is 
required in feed motions of machine tools. 

A form of the sliding wheel change speed gear is shown in Fig. Nag 


There are three E 

wheels, C, D,and , H 
E, rigidly con- = 

nected together : 2 


and carried by 
the driving shaft 
A. A. feather 
key permits of 


Hn 
1 


the wheels C, D, 

and E bein g A drm ee ZZZZZIZL. 2 I 

moved longitudi- WI WG 

nally on A, while Pio} ti WY =i \ | | ( 
at the same time c Vs “ Lf 
they must rotate D 

with A. The Fia..608. 


driven shaft B 

carries three wheels, F, G, and H, which are rigidly fixed to it. By sliding 
CDE into different positions, B may be put out of gear, or it may be driven 
through C and F, or through D and G, or through E and H. 

Another type of change speed gear is shown in Fig. 609. Aisa 
shaft driven at constant speed by a belt on the pulley B. The pinion C 
is keyed to A, and is ares permanently to the wheel E through the 
intermediate wheel 
The wheel E is carried 
by the shaft H, to which C 
it is connected by a pawl 
and ratchet wheel, and if 
H is not driven through 
the other part of the 
gear, to be presently “— 
described, H is driven L 
through C, F, and E. + || == 
The shaft A also carries = ‘te 
a pinion K, which it oP oe i ad 
drives through a feather s 
key. A wheel L carried 
by the sliding tumbler ete 
MN permanently gears with K, and by lifting and sliding MN the wheel 
L may be made to engage with any one of the wheels O, P, Q, R, or 8, 
which are all firmly keyed to the shaft H, or L may be placed clear of 
these wheels. When the shaft H is driven through-the tumbler gear it 
rotates faster than when driven through C, F, and E, but in the same 
direction, this being possible on account of ’the ratchet connection of E 
to H. By using a separate ratchet drive for the slowest speed the shock 
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due to throwing the tumbler gear in is diminished. The particular 
example illustrated in Fig. 609 is from a radial drilling machine by the 
Bickford Drill and Tool Co. of Cincinnati. The gear shown is placed on 
the base of the machine, and the shaft H drives a vertical shaft in the 
pillar through bevel wheels. 

332. Epicyclic Wheel Trains.—In an ordinary wheel train the axes 
of the wheels are fixed, while in an epicyclic 


train at least one axis revolves about another axis a A 
which is fixed. aie k 


The first point about an epicyclic train to  -~% “4-}- x 
be thoroughly understood is that if a wheel B ‘3 Se) ae )1 
(Fig. 610) be attached rigidly to an arm EF, and ¥ ‘¥-77- 18 


the arm is made to rotate once about an axis 
at E, the wheel B will turn once on its own axis 
in the same direction in which the arm rotates. A 
This is made clear by an inspection of Fig. 610, 
where the arm and wheel are shown in four differ- 
ent positions during one revolution. The arrow on the wheel is 
supposed to be fixed to it. 

_ Examples of epicyclic trains are shown in Figs. 611 to 616. In each 
of these examples A is the first, and L the last wheel of the train, and 
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EF is an arm carrying certain of the wheels and rotating about an axis 
CD. The arm may be straight, as in Figs. 611 and 612, or bent, as in 
Fig. 613. In Fig. 615 the arm 
takes the form of a spur wheel. 
In Figs. 614 and 615 the axes of 
the first and last wheels of the 
train coincide, and these trains are 
called reverted wheel trains. 

' The gear shown in Fig. 615 
is the well-known differential gear ¢ 
used on the driving axles of 
motor cars to permit of the : 
driving wheels rotating at different =, g14 Fic. 615 
speeds in going round a curve. > gy : ba 

The driving axle CD is divided, the part C carrying one driving wheel 
and D the other. The wheels A and L are fixed to C and D respectively, 
and the wheel EF is driven by the engine. 
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A simple method which may be adopted in solving problems on 
epicyclic trains will now be illustrated on a fairly complex example. 
Fig. 616 shows an epicyclic reverted train known as Humpage’s gear. 
A is a fixed wheel, that is, a wheel which 
is not allowed to rotate. Lis fixed to the 
shaft H, and D is fixed to the shaft K. 
B and C are fixed or cast together, but 
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4 
turn freely on an arm EF, which can Vx 
rotate about the common axis of the Ks 


shafts H and K. The wheels B and C 
and the arm EF are duplicated, as shown, 
for the sake of balance and pure torque. A 
Let the numbers of teeth in the different 
wheels be as follows: A, 48; B, 40; C, 
25; D,12; and L, 40. First suppose the 
whole system to be turned once round in 
the direction S. The wheels A, L, and D 
have therefore made one revolution in the direction 8. If now A is turned 
back through one revolution in the direction T, the arm EF being at rest, 
the various wheels will then occupy the positions which they would have 
occupied had A been fixed while the arm EF turned once in the direc- 
tion 8S. In turning A back through one revolution in the direction T 


the wheel L will evidently turn in the direction T through nx a = 
But L previously made one revolution in the direction 


of a revolution. 


8, therefore the actual motion of L is 1- o=i of a revolution in the 


direction S. Again, in turning A back through one revolution in the 


direction T, the arm EF being at rest, the wheel D will make eo4 


revolutions in the direction 8. But D previously made one revolution in 
the direction §, therefore the actual motion of D is 4+1=5 revolutions 


in the direction S. Hence the speed of L is to the speed of D as 13, 


or as | is to 20. 
The working of the above problem may be tabulated as follows :— 


Arm EF. Wheel A. Wheel D. Wheel L. 
+1 +1 +1 +1 Revolutions. 
48 48 25 8 
0 = —_—= -—_ moe ae ee 

1 + ip +4 40 x 40 z ” 

1 
+1 0 +5 + Z ” 
or +4 0 +20 +1 Bs 


Problems on epicyclic trains become quite simple when worked by the 


above method. 
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| Problems on epicyclic gears may however be solved by aid of a 
formula constructed as follows :— 


Let a=number of revolutions of the arm EF in a given time. 
m=number of revolutions of the wheel A in the same time. 
n=number of revolutions of the wheel L in the same time. 


The speed of A in relation to the arm is m—a, and the speed of L in 
relation to the arm is m—a, hence the value of the train or its velocity 
ratio is ane =e. In using this formula it is most important that the 
proper signs be given to the values of a, m,n, and e. For example, if 
the arm makes 20 revolutions in a direction taken as positive, a= + 20, 
and if A makes 30 revolutions in the opposite or negative direction, 
then m= — 30 and m—a= —30-20=-—-50. Again, the value of e is 
positive or negative according as A and L rotate in the same or in opposite 
directions respectively. 


n-—a 

m-a 

shown in Fig. 611, and let the wheels A and L be equal. Here e= — 1. 

Let L be Pera from rotating about its axis, then n=0, and by 
—a 

m—a 

as the arm in the same direction. This is the well-known sun and planet 

motion used by Watt as a substitute for the ordinary crank in the steam- 

engine. A was fixed to the fly-wheel shaft, and L was bolted to the 
connecting-rod. 


As an example on the use of the formula ¢= 


take the gear 


formula —1= 


or m= 2a, that is, the wheel A rotates twice as fast 


In using the formula e=”~—* to solve the problem on Humpage’s 


gear, already worked out, two applications have to be made. First 
consider the train made up of A, B, C, and L (Fig. 616). Here 


e= px i=? m the speed of A=0, and n is the speed of L. Hence 
.-" =< and Amz Next consider the train made up of A, B, and D. 
“Here e= -S- —4, m the speed of A=0, and n is the speed of D. 
Hence — 4=0—, and n=5a. Therefore the speed of L is to the speed 
of D as G54, or as 1; 20, as before. 


Exercises XXIV. 


1. The axes of two spur wheels in gear are 37 inches apart. One wheel 
rotates four times as fast as the other. Find the diameters of the pitch circles 
of the wheels. 

2. It is required to connect two shafts, whose axes are tg be as nearly as 
possible 40 inches apart, by spur wheels so that the velocity ratio may be 
exactly 9:2. Find the number of teeth in each of the two wheels and the dis- 
tance between the axes of the shafts, to the nearest hundredth of an inch, if the 
pitch of the teeth is 2} inches. 

3. The crank of a direct double-acting steam-engine is 15 inches long. A 
spur wheel 9 feet in diameter on the crank shaft drives a pinion 2 feet in 
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diameter. If the piston travels 500 feet in one minute, what is the speed of the 
pinion in revolutions per minute? If the diameter of the piston is 17 inches, 
and the mean effective pressure on it is 25 lbs. per square inch, what is the 
average force on the teeth of the pinion ? , ae 

4. The gearing of the fast headstock of a lathe is shown in Fig. 617. The 
spur wheel B is permanently keyed to 
the spindle A. The stepped pulley C E 
may be connected to B by a bolt, not F 
shown. When C is not connected to HO 
B it can rotate freely on A. Disa 
pinion fixed to C, E is a wheel and F 


a pinion, both fixed to the back spindle 

HK. Let the spindle HK be moved in % C All. 
the direction of the arrow, so that the 

wheel E comes into gear with the D B 


pinion D, and the pinion F with the 
wheel B, and let C be disconnected 
from B. If D and F have each 17 Fig. 617. 

teeth, and B and E have each 68 

teeth, find the number of revolutions of C for one revolution of A. ; 

5. The leading screw of a lathe has four threads per inch, and is geared to 
the lathe spindle as follows. On the lathe spindle there is a wheel of 20 teeth, 
which gears with one of 100 teeth. Attached to the wheel of 100 teeth there is 
one of 40 teeth, which gears with a wheel of 120 teeth on the leading screw. 
Find the number of threads per inch in the screw to be cut. 

6. In a planing machine the table is driven by a rack and pinion. For the 
cutting stroke the pulley shaft is connected with the rack through the following 
gearing. A pinion A (Fig. 618) rigidly connected to one of the pulleys has 24 
teeth. This gears with a wheel B, which has 64 teeth. : 

On the same axis as B is a pinion C of 18 teeth, which 
gears with a wheel D of 72 teeth, and on the axis carrying 
the wheel D is the pinion E, which has 15 teeth and 
drives the rack. The pitch of the teeth of the rack is 
14 inches, On the quick return stroke D is driven direct 
by a pinion F having 18 teeth, and rigidly connected to 
another pulley on the pulley shaft. The stroke of the 
table is 6 feet. Find: (a) The number of revolutions per 
minute of the pulleys, ifthe cutting speed is not to exceed 
25 feet per minute. (b) The time taken for one complete 
reciprocation of the table. (c) The average force exerted Fia. 618.- 

by the tool during one cutting stroke, if the horse-power 

passing to the planing machine through the belt during the cutting stroke 
is 3, and if the efficiency of the mechanism is 37 per cent. -[B.E.] 

7. In the lifting-crab, shown in Fig. 619, the crank handle and the pinion A 
are fixed to the shaft HK. The wheel B and pinion C are fixed to the shaft 
LM. The wheel D and pinion E are — 
fixed together, but are loose on the shaft 
HK. The wheel F and the barrel G are 
fixed together, but are loose on the shaft 
LM. The diameters of the wheels and H 
pinions are as follows: A, 43 inches; 

B, 16 inches; ©, 7 inches; D, 134 
inches; E, 4% inches; F, 153 inches. 

The radius of the crank is 15} inches, uff 
and the effective diameter of the barrel 


DUG 
454 
AY 
452 
VA 
472 
VAN 
VA 
AY 


is 10 inches. Neglecting friction, find 

the weight W, in,tons, when an effort of [Ee = 

50 Ibs. is applied at the crank handle. Ls a 
8. An epicyclic gear consists of three : “A We G 

wheels, as shown in Fig. 612, p. 391. A Fia. 619. 


is a dead wheel having 50 teeth. The 

arm EF makes -+ 2499 revolutions in a certain time. Find the number of revolu- 
tions made by L in the same time when the number of teeth on L is (1) 50, 
(2) 51, and (8) 49. 


a ee 


ee 
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9. In the epicyclic train, shown in Fig. 620, the wheel A is fixed, The 
rotating arm a, which rotates about the axis of A, carries a wheel B, which 
gears with A, and also a second 
wheel ©, which gears with B. To 
the wheel C is rigidly fixed an arm 
b. If the speed of the arm aisn 
revolutions per minute clockwise, 
what isthe speed of the wheel C 
about its axis? Find for one re- 
volution of the arm a the path of 
a point on the arm b, whose distance Fia. 620. 

from the axis of C is equal to the 

distance between the axes of A and ©. Find also the path of a point on the 
arm 6, whose distance from the axis of C is one half that between the axes of 
A and C. [B.E.] 

10. A and L (Fig. 621) are two wheels of nearly the same diameter. A has 
49 teeth, and L has 50 teeth. A and L gear with a 
broad wheel M, which turns on a stud or pin attached 
tothe arm EF, which turnsabout the axis of A and L. 
A being a fixed wheel, find the number of revolutions i—-K ame 
made by the arm while the wheel L turns once. A E N Nw EF 
' 11. Referring to the reverted epicyclic wheel iMMIONANAUUANTNT UTI 
train shown in Fig. 614, p. 391, the wheels a, MUUURMU i | 
M, N, and L have 25, 35, 20, and 40 teeth respec- HILIJIIU HII 
tively, and M and N rotate together. If the Lo ™ 
arm EF makes+14 revolutions per minute about ’ ¥Fiaq. 621. 
the axis CD, find in revolutions per minute (1) the 
speed of L when A is fixed, and (2) the speed of A when L is fixed. 

12. Ina “ Crypto” front driving gear for a bicycle there is a spur wheel A 
(Fig. 622), having 14 teeth, and fixed to the fork. There is an annular wheel 
L having 38 teeth, and fixed to the hub of the ; 
front wheel of the bicycle. In one with the crank axle 
C is a disc carrying four-pins, upon which are mounted 
four pinions M, each having 12 teeth, and each gearing 
with A and L. If the front wheel of the bicycle is 46 
inches in diameter, what would be the diameter of a 
driving wheel, driven directly by the cranks, which would 
carry the bicycle the same distance per revolution of. 
crank axle? In other words, what is the above bicycle 
“geared to”? 

13. If a bicycle, having a driving wheel 44 inches in 
diameter, is geared to 64 inches by means of a Crypto gear, in which the wheel 
A (Fig. 622) has 20 teeth, how many teeth must the wheel L have? 

_14. An epicyclic train of wheels is constructed as follows. A fixed annular 
wheel A, and a smaller concentric rotating wheel B, are connected by a com- 
pound wheel A;B,, the portion A, gearing with the wheel A, and B, with B. The 
compound wheel revolves on’ a stud; which is carried round on an arm which 
revolves about the axis of A and B. A has 130 teeth, 
B 20, and B, 80, the pitch of the teeth of A and A, 
being twice the pitch of the teeth of Band B,. How 
many revolutions will B make for one turn of the arm? 

d [Inst.C.E.] 

15. A reverted epicyclic train is shown in Fig. 623. 
A is a fixed annular wheel. BC is a double inter- 
mediate wheel mounted on an eccentric E, which is 
keyed to the shaft H. B gears with A, and C with 
L, another annular wheel, which is loose on the shaft 
H. Find the number of. revolutions made by the 
shaft H for+1 revolution of the wheel L when the 
numbers of teeth on the wheels A, B, C, and L are 60, 
55, 59, and 64 respectively. Show that the friction Fia. 623. 
of this gear would be large. 
16. A pulley block for lifting a heavy weight is constructed as follows 


| 
| 
! 


$6 


SN 
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(see Fig. 624). Secured to the block, so as not to revolve, is an annular wheel A 
of 20 teeth. A second wheel B, of nearly the same diameter, but having 1 tooth 
more than A, revolves loosely on a spindle concentric with A, and is bolted to a 
recessed pulley B’, having a diameter of 7 inches, round which 

is led the chain by which the weight is lifted. A spur wheel B 
C, deep enough to engage with A and B, is mounted, so as to 

turn freely at the extremity of a short arm keyed to the 

spindle. To the spindle is keyed a recessed pulley A’, 10 inches SY 
diameter, round which is led an endless chain for hauling, & 
Determine the velocity ratio of haul to lift. [U.L.] 

17. An epicyclic gear consists of a wheel A with 84 internal 
teeth, a pinion B, and a spur wheel C of 40 teeth concentric Fic. 624. 
with A, B gearing with C and A. The arm which carries the 
axis of B rotates at 20 revolutions per minute. If A is fixed, find the speed of C, 
and if C is fixed, find the speed of A. If a force of 100 lbs, is applied perpen- 
dicularly to the arm at a distance of 4 feet from the centre, find the pressure 
between the teeth of B and C. Take the pitch circle of © as 15 inches in 
diameter. [U.L.] 

18. Referring to the ‘‘ differential motion” (Fig. 615, p. 391), in which the 
wheels A and L are equal, if the speeds of EF and A are +50 and +30 revolutions 
per minute respectively, what is the speed of L in revolutions per minute? 

19. An arrangement of gearing involving an epicyclic train is shown in 
Fig. 625. BC is a shaft rotating at the constant speed of +120 revolutions per 
minute. The cone pulley MN and the 
bevel wheel A are keyed to the shaft BC, 

The bevel wheel L and the wheel T are 
rigidly connected together, but are loose P 
on the shaft BC. The wheel EF is loose 
on the shaft BC, and carries the two 
bevel wheels which gear with A and L, 
as in the ordinary differential motion 
shown in Fig. 615, p. 391. The cone 
pulley PQ and the wheel R are keyed to 
the shaft HK, The wheel R is geared 
to EF through the idle wheel S. The 
shaft HK is driven from the shaft BC 
by an open belt on the cone pulleys, as 
shown. The diameters of the cone a 
pulleys at N and P are three-fifths of 

the diameters at M and Q, and their 

diameters at the middle are equal. The 

diameter of the wheel R is half that of Fic. 625. 

EF. Find the speed of the wheel T, in 

revolutions per minute, when the belt is (1) at the middle of the cone pulleys, 
(2) at MP, and (3) at NQ. 

20. In the epicyclic bevel gear, shown in the sketch (Fig. 626), the wheels A 
and B have each 40 teeth, and the wheel C has 20 teeth; 
the shafts D and E are in one solid piece, and rotate 
together at the rate of 60 revolutions per minute about 
the axis of EZ; each wheel is. free to rotate on its own 
spindle, and the wheel A rotates 30 times per minute in | 
a direction opposite to the rotation of the shaft E. Find 
the speed and direction of rotation of the wheel C. 


= 4 


44 


NZ 
SA 


[B.E.] 
21. In an example of Humpage’s gear, shown in 
Fig. 616, p. 392, the numbers of the teeth on the different Fia. 626. 


wheels are as follows: A, 60; B, 48; C, 24; D, 16; and 

L, 48. If the speed of D is+266 revolutions per minute, find, in revolutions per 
minute, (1) the speed of L when A is fixed, and (2) the speed of A when L is 
fixed. 


CHAPTER XXV 
MISCELLANEOUS MECHANISMS 


333. Cams.—A cam is generally a rotating piece which gives a 
reciprocating or oscillating motion to another piece called the follower, 
the contact between the two being line contact. A cam may however 
have a reciprocating or oscillating motion as well as the follower. 

$34. Motion of the Cam Follower.—In general the cam follower has 
either rectilinear motion or angular motion about a fixed axis. Figs. 627, 
629, and 631 show cam followers having rectilinear motion, AB being the 


Fig. 627. Fie. 628. Fia.629. Fie. 630. Fia. 631. Fig. 632. 


length of the travel of the follower. Figs. 628, 630, and 632 show cam 
followers having angular motion about a fixed axis O, the amount of the 
movement being the angle AOB. 

The velocity of the cam is generally uniform, but the velocity of the 
follower is usually variable, so that equal movements of the cam are not 
accompanied by equal movements of the follower, and in designing a cam 
the first step is to assume equal movements of either the cam or the 
follower, and then, from the given conditions, to find the corresponding 
movements of the follower or cam. 

Whether the motion or displacement of the cam be rectilinear or 
angular, it may be represented by a straight line. Let AC (Fig. 633) 
represent the displacement of the cam during the time that the follower 
travels from A to B and 


Gckiaghin to A. Divide *%§ r— , 
AC into any convenient 48 

number of equal parts, say 349 

twelve. These parts will 2+ nw 
represent equal intervals of os ; : 
displacement of the cam, "A0 23456769 ONC 


and if the cam is moving 
with uniform velocity these 
parts will also represent equal intervals of time. Let it be given that 
during the lst and 6th intervals the follower is to remain at rest, 
that during the 2nd, 3rd, 4th, and 5th intervals the follower is to 


Fig. 633. 
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move over equal distances, starting from A at the beginning of the 2nd 
interval and reaching B at the end of the 5th, interval, and during 
the remaining intervals the follower is to have harmonic motion, return- 


ing from B to A. _ It is required to find the positions of the follower 3 


corresponding to the positions of the cam at the end of each of the equal 
intervals of displacement of the cam. The construction is clearly shown 
in the figure. DE is a straight line. FHC is a sine or harmonic curve 
constructed in the usual way, as shown. The ordinates of ADEFHC give 
the positions of the follower corresponding to the abscissze which give the 
displacement of the cam. Considering AC as a time base, the diagram 
ADEFHC is a space-time diagram for the follower. 

Fig. 634 shows in a similar manner the case where the tallesiene is to 
rise half the distance AB with uniform positive acceleration, and to 
complete its travel to B with 


uniform retardation or uni- . 6B 6B 

form negative acceleration. 4 7) 5 

The curve AED is made up , x 

of two parabolas, AE and A 24 E 

ED. The parabola AE has 2) C2a oh : 
AB for its axis and A for its 9X12 43.6. °A 12845 91 6 


vertex, and the parabola ED 

has CD for its "ie and D ee se 

for its vertex. The usual and most convenient construction for drawing 
the parabolas in this case is shown in the figure, 

In Figs. 633 and 634 the movements of the follower have been found 
for equal movements of the cam, but from the same diagrams the move- 
ments of the cam for equal movements of the follower can be found as 
shown in Fig. 635, which is the case illustrated in Fig. 634. 

When the follower has angular motion, as in Figs. 628, 630, and 632, 
the length of the straight line AB in Figs. 633, 634, and 635 must be 
equal to the length of the arc AB in Figs. 628, 630, and 632, and the 
subdivisions of the are AB in Figs. 628, 630, and 632 must be 
equal, each to each, to the subdivisions of the straight line AB in Figs. 
633 and 634, that is, the are AB must be divided similarly to the line ae 
on the space-time diagram. 

335. Plane Sliding Cams.—The flat plate AC (Fig. 636) has a re- 
ciprocating horizontal motion in its own plane, and its upper edge works 
in contact with the lower end of the follower AB. The follower is guided 
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Fig. 636. Fig. 637. 


in a vertical direction, and rises and falls as the cam plate reciprocates. 
The foree to lift.'the follower comes from the cam plate, but in this 
example the force which brings the follower down is independent of the 
cam, and may be the action of a weight or spring. The cam, however, 


———- oe 


ee 


MISCELLANEOUS MECHANISMS 399 


_ restrains the downward motion of the follower, regulating the velocity of 
fall. In Fig. 636 the acting edge of the cam is made up of straight 
lines, and it is obvious that the follower will move through equal 
distances, in rising and falling, for equal movements of the cam. Also, 
saad will be periods of rest for the follower at the bottom and top of its 
tra 

Fig. 637 shows how the same kind of cam is designed to give the 
same kind of motion to the follower, except that the motion of the 
follower is angular instead of rectilinear, that is to say, in both examples 
the follower moves through equal distances, in rising and falling, for 
equal movements of the cam, and there are the same periods of rest. 

In Figs. 636 and 637 the outline of the cam is obtained by assuming 
that the cam is fixed and that the follower moves towards the right 
through equal distances A to 1, 1 to 2, 2 to 3, ete., and at the same time 
rises through the distances A to 1, 1 to 2, 2 to 3, etc., shown by the 


. divisions on AB. 


In Figs. 636 and 637 the lower end of the follower is wedge-shaped, 
the edge of the wedge being-in contact with the cam. Greater durability 
is obtained by replacing the wedge end by a pin, or by a pin and roller, 


Fig. 638. Fie. 639. 


the axis of the pin taking the place of the edge of the wedge. With the 
pin and roller there is less friction than with the pin alone. In designing 
a cam to work against a pin or roller, the acting surface of the cam is 
first determined as for contact with a wedge ; this acting surface is called 
the pitch surface of the cam, and the trace of the pitch surface on a 
surface normal to it is called a pitch line. The axis of the pin or roller is 
then supposed to travel so as to generate the pitch surface, and the proper 
acting surface of the cam is the envelope of the moving pin or roller, as 
shown in elevation in Figs. 638 and 639. In Fig. 639 the complete 
envelope is used, and becomes a slot in the cam plate ; such a cam will 
move the follower positively in both directions. In Fig. 638 only one 
side of the envelope is used, and this cam requires that the follower be 
pushed against the cam during the downward stroke. A common defect 
due to the use of a roller is referred to in Art. 339. 

336. Plane Rotating Cams.—The method to be adopted in designing 
plane rotating cams is similar to that already described for plane sliding 
cams. Figs. 640, 641, and 642 show plane rotating cams for working on 
wedge-ended followers. The followers for the cams shown in Figs. 640 
and 641 have rectilinear motion, and would have the form shown in Fig. 
627. In Fig. 640, AB, the path of the end of the follower in contact 
with the cam, when produced, passes through C, the axis of rotation of 
the cam, while in Fig. 641, AB produced does not pass through C. The 
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follower for the cam shown in Fig. 642 has angular motion about the axis 
O, and would have the form shown in Fig. 628. | 

AB, the path of the end of the follower in contact with the cam, is 
first divided into parts, which are the displacements of the follower for 


Fig. 640. Fia. 641. 


equal angular displacements of the cam. The parts of AB are deter- 
mined, as explained in Art. 334, to suit the particular kind of motion 
which the follower is required to have. The cam is now supposed to 
remain at rest, while the path AB of the follower is revolved about the 
axis C of the cam into as many 
equidistant positions as there 
are points of division on AB. 
It should be noted that two 
or more points of division on 
AB may coincide. The next 
step is to swing round, from 
the centre C, the various points 
of division on AB to intersect 
the corresponding positions into 
which AB has been placed round 
the fixed cam, as is clearly shown 
in Figs. 640, 641, and 642. A 
fair curve drawn through the 
points determined in this way 
is the pitch line of the cam. 
If the follower is provided with 
a pin, or a pin and roller, the 
outline of the cam is determined from the pitch line exactly as described 
in the latter part of the preceding Article. 

Figs. 643 and 644 show how a plane rotating cam is designed to 
work against followers. of the form shown in Figs. 631 and 632 respec- 
tively. As in the three cases just considered, the cam is supposed to 
remain at rest, while the follower is made to revolve about C, the axis of 
the cam, into as many equidistant positions as there are points of 
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division on AB, and in addition the follower has given to it its corre- 
_ sponding radial (Fig. 643) or angular (Fig. 644) motions, The contour 


Fia. 6438. Fia. 644, 


of the cam is obtained by drawing a fair curve to touch the various posi- 
tions of the follower, as shown. The contour is therefore the envelope 
of the follower, as the latter reciprocates or swings, and at the same time 
revolves about the axis of the cam, the cam being at rest. 

It may be pointed out here that if the plane rotating cam is made a 
circular eccentric cylinder working against a flat-footed or slotted follower, 


Fig 6465. Fig. 646 Fig. 647. Fig, 648. 


as shown in Figs. 645 and 646, the mechanism becomes the equivalent of 
a crank and infinite connecting-rod. Also the circular eccentric cylinder 
(Fig. 647) working against the end of a bar, with or without a roller, 
which can reciprocate in the direction of its length, is the equivalent of a 
crank CP and connecting-rod AP. If the slot in the follower (Fig. 646) be 
curved to a radius AP (Fig. 648), the mechanism becomes the equivalent 
of a crank CP and connecting-rod AP. 

337. Cylindrical Cams.—<A cylindrical cam may be used to give 
reciprocating motion to a follower in a direction parallel to the axis of 
the cam. This form of cam may be looked upon as the plane sliding 
cam bent round to the form of a cylinder, or the plane sliding cam may 
be considered as the development of the cylindrical cam. 

Fig. 649 shows one half of one form of cylindrical cam, and an 
approximate method of designing it. The roller shown is conical, and 
its axis intersects the axis of the cam. To construct a cylindrical cam 
Eeetcally, the acting surface should be cut by a milled roller or cutter 

ving the form of the roller or pin which is to work on it, the axis of 
the milled cutter being made to move over the pitch surface of the cam 
20 
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as it cuts out the acting surface. The developments of the edges of the 
correct cam surface will not be exactly the same’as the shaded lines on 
the developments to the right and left of Fig. 649, but when the roller 


Fig. 649. 


is small compared with the diameter of the cam, the differences may 
generally be neglected. 

The cam may be made to drive the follower positively in both direc- 
tions by having two acting surfaces on opposite sides of the pin or roller. 
These acting surfaces will then form the opposite sides of a groove on the 
cylinder. . 

338. Form of Roller for Cylindrical Cam.—It is obvious that a 
cylindrical roller will not work correctly on a cylindrical cam, that is, it 


LL 


a MLE 
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Fig. 650. 


will not roll without slipping, since the path upon which the roller has to 
travel is longer for the outer than for the inner end of the roller. It is 
also obvious that on that part of the cam which is in contact with the 
roller when the follower is at rest a conical roller will work correctly if the 
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- vertex of the cone is on the axis of the cam, and the acting surface of 
the cam is also conical with its vertex at the vertex of the roller cone. 
For other cases the true form of the roller is not conical, and only when 


_ the acting surface of the cam is a screw surface of constant pitch is it 
possible to give the roller a form which will work correctly on all parts 


of the cam. 

_ A cylindrical cam in which the acting surface is a screw surface 
of pitch p is shown in Fig. 650. R, and R, are the external and internal 
radii of the screw surface respectively, and R is any other radius, 7, and 
r, are the radii of the outer and inner ends of the roller yespectively, 
and r is the radius of the roller CC 
corresponding to the radius R of the 
screw surface. a 

Consider the half of the cam on 
one side of a plane containing the -—-—--s <TR 1-4 
axis of the cam. <A,B,C,, A,B,C,, |-zae TR--+> 
and ABC are the helices which are eRe RST db 
the intersections of the screw surface Fic. 651 
with the surfaces of cylinders of radii an 
R,, R,, and R respectively. ac,, ac,, and ac, the developments of these 
helices, are shown to a reduced scale in Fig. 651. Let the cam make 
half a revolution, then for pure rolling it is evident that 


Ls ee | = bs : = rR? p = rR; Pr 
Fiat aE. Batam a/ PB +E, aye a/R +E, 


2 1 /4?RS 
and ac= wR2+2. Hence ro= - air +e ’ 
4 J 4°R, +p 


4ar*R? + p 
and r= has OME. Whea R=0, r= G5 
p J/4?Ri +p 
and the helix coincides with the axis of the cam, hence the axis of the 
roller must be at a distance from the axis of the cam equal to 
Tp 9, /40?R? + p? 
N4etR? +p 4B? 4p? 
: 4r?R, +p 47? TP 
and rearranging the terms (Sete 72 — (=>) R= 1, and this is 
Tse Pry pry 
ee ¥ 


of the form a a 1, which is the equation to an hyperbola. 


The outline of the roller from R=0 to R=R, is EHLPKF, and 
between R=R, and R=R, the form is EHKF. The true form of the 
roller is an hyperboloid of revolution, but for ordinary cases the part 
EHKF is practically conical. LP is the throat of the hyperboloid. A 
plane section of the hyperboloid by a plane parallel to its axis and 


Squaring both sides of the equation, r= 


3 touching the surface at the throat will be two straight lines, and if this 


ne also contains the axis of the cam, one of the straight lines will 
the line of contact between the roller and the screw surface of the 


eam. In the side elevation to the right in Fig. 650, P’B, is the pro- 


jection on the axis of the cam of the line of contact between the roller 


_ and the screw surface of the cam, and B,P’B, is the true inclination 
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of this line to the axis of the cam. A line C,CC, parallel to B,P’ deter- 
mines the section of the screw surface by a plane containing the axis of 


the cam. 
The roller may be turned in an ordinary lathe if the point of the 


cutting tool is set at a distance below the lathe centres equal to OP’, ~ 


while the top slide rest is set at an angle to the axis of the lathe equal to 
the angle B,P’B,. In practice the distance OP’ and the size of the 
roller compared with the outside diameter of the cam will generally be 
much smaller than shown in Fig. 650. 

If the follower is to be driven positively by the cam in both direc- 
tions, a second roller, shown by the dotted circles at O,, will be 
necessary. 

It should be pointed out that in the roller designed as just described 
there is an end thrust which is taken by a collar on the pin carrying the 
roller, and the friction and wear of the roller on this collar may more 
than neutralise the saving of friction and wear due to pure rolling 
between the roller and the cam. 

339. Interference in Cams.—In designing a cam to fulfil certain 
conditions, it may happen that the formation of one part may cut away 
a part already formed. For 
example, in Fig. 652, let ABC 
be a part of the pitch line of 
a cam to work against a roller. 
As the axis of the roller 
moves along AB the envelope 
DLE is the corresponding 
part of the outline of the 
cam, and as the axis of the 
roller moves along BC the steeds mentee: 
envelope FLH is the corresponding part of the outline of the cam. It 
will be seen that the parts DLE and FLH interfere with one another, 


and the possible outline for the cam is DLH. The axis of the roller — 


will therefore move along the path AKC instead of along ABC, the 
dotted part at K being an arc of a circle whose centre is L. The amount 
of interference in this case will evidently be greater the more acute 
the angle between AB and BC at B is, and also the larger the roller is. 
Interference may also occur in other cases, as, for instance, when the part 
of the follower which works against the cam is a flat plate. Fig. 653 
shows such a case, the required outline of cam being the envelope of the 
lines A, B, C, etc. It will be seen that the fair curve which touches 
the lines A, B, D, ete., will not touch the line C. In a case like this all 
that can be done is to make a compromise by drawing a curve to more 
nearly approach C and cut the adjacent lines at acute angles, as shown 
by the dotted curve. 

340. Velocity Ratio of Follower and Cam.—In Figs. 654, 655, and 
656 EPF is part of the pitch line of a cam, RPT is the tangent, and 


CPD is the normal to EPF at P. In the position shown the follower is 


in contact with the cam at P. The point P on the cam has a velocity 
v, =PA in the direction PA, and the point P on the follower has a velocity 
v) = PB in the direction PB. If the velocities v, and v, be resolved along 
and perpendicular to the normal CPD, the components along the normal 


€ 


‘ 
a 


an 


thn 
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- must each be equal tov= PC. aand f are the inclinations of RPT to 
PA and PB respectively. 
For a sliding cam (Fig. 654), in which the direction of the motion of 


Fria. 656. 


the cam is perpendicular to the direction of the motion of the follower, 


~? — tan a=cot B. 
% 

For a cylindrical cam, of which Fig. 654 is the development, if R, is 
the radius of the cylinder and o its angular velocity, then 


m%=Ro, and ?=R, tana=R, cot B. 


For a plane cam rotating about O, and a follower having rectilinear 
* . i OD . . 
motion (Fig. 656), 3 inB™ OP* If w is the angular velocity of the 
eam, then w= ro , and therefore “2 OD, where OD is perpendicular 
to the line of stroke of the follower. 

For a plane cam rotating about O, and a follower swinging about O, 
(Fig. 656), if , is the angular velocity of the cam and , is the angular 
velocity of the follower, then in the position shown, 


Sid lee ODM Ga oe one 
A, 8. a EN 
where O,M and O,N are perpendicular to CPD. Join O,O,, and produce 
iti 2. v , v _OM_O,D 
it if necessary to meet CPD at D, then ,O,N * OM ON O,D* 


341. Hooke’s Joint or Universal Coupling.—By means of a Hooke’s 
joint a motion of continuous rotation may be transmitted from one shaft 
to another when the axes of the shafts intersect, but are not in the same 
line. This joint is frequently used when the axes of the shafts are 
nominally in the same line, but through a lack of rigidity in the frame 
carrying the bearings of the shafts the axes may get slightly out of line 
several times during a revolution. The Hooke’s joint forms a flexible 
and yet positive coupling for the shafts. The theory of this coupling 
will now be considered. 

Referring to the lower part of Fig. 657, ¢ and d are two shafts whose 
axes are assumed to be horizontal and to intersect at 0, the acute angle 
between them being 6. The ends of the shafts are forked, and the forks 
carry between them a cross aa,bb,, the arms of which are at right angles 
to one another, and the axes of these arms intersect at 0. The arms of 
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the cross are jointed to the forks, so that they may turn freely about their 
axes. As the shafts rotate the axis of aa, describes a circle whose plane 
is perpendicular to the axis of 
the shaft c, and the axis of 00, 
describes a circle whose plane 
is perpendicular to the axis of 
the shaft d, and as the axes of 
the shafts are assumed to be 
horizontal, the planes of these 
circles are vertical, Referring 
now to the upper part of Fig. 
657, the circles described by 
the axes of the cross are shown 
projected on a plane perpendi- 
cular to the axis of the shaft c. 
The circle described by the axis 
of aa, projects into an equal 
circle AXA,Y, and the circle 
described by the axis of bb, 
projects into an ellipse YB,B, 
the semi-minor axis of which 
is equal to rcos?, where r 
is the radius of the circles 
described by the axes of the 
cross. 

If OA be the projection of the axis of the arm oa carried by the shaft 
c, then OB, the projection of the axis of the arm ob carried by the shaft d, 
must be perpendicular to OA, since these axes are perpendicular to one 
another, and they are projected on a plane containing one of them. Also, 
when OA has turned from the horizontal position OX through an angle — 
a, OB will have turned through an equal angle « from the vertical position 
OY. But the actual angle 8 through which the arm od has turned is not 
the angle BOY but the angle B’OY, the point B’ being on the circle 
AXA,Y and in a.line B’BN perpendicular to OY. 

The connection between a and f has now to be found. 


/ 


BN 
BN =B’N cos 9, hence ON = ON © 6, therefore tan a= tan B cos 0. 


Fic. 657. 


The angular velocity w, of ob at any instant is evidently not neces- 
sarily the same as w,, the angular velocity of oa at the same instant, and 
the ratio of these two angular velocities will be the ratio of the indefinitely 
small increase of 8 to the corresponding increase in a. Differentiating 

h : _ dp se®a 
the equation tan a= tan f cos 6, the result is da wae po, 

cos 0 
— sin? 6 cos? a. * 


Eliminating £, this reduces to ir 


My « : 1 ; 

er has a maximum value = ae when cosa=1 or—1, that is, when 
a=0° or 180°. 

°> has a minimum value=cos@ when cosa=0, that is, when 


Oy 
a= 90° or 270°. 


_ the axis of the intermediate 
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_ Hence the ratio of the fluctuation of speed to the mean speed is 
“= hee #=sin @ tan @, assuming , to be constant. 
l= cos 6 


sin 

If », be assumed constant, and be represented graphically by the 
radius of the circle AXA,Y, and if , be calculated for various values of 
a and the results be measured off from O on the projections, such as OA 
of the axis of the arm oa, the polar curve shown dotted is obtained, which 
exhibits graphically the variations in the angular velocity of ob for all posi- 
tionsof the arm oa. It will be seen that the angular velocities of oa and 
ob are equal four times in each revolution. In Fig. 657, 0 is 45°. 


 @,=, when cos@ = 1 — sin? 0 cos® a, that is, when cosa = + 


Fig. 658. Fria. 659. 


The actual form of Hooke’s joint varies greatly in practice. One 
design is shown in Fig. 658, and a more compact form, known as 
Bocorselski’s universal joint, is shown in Fig. 659. 

By using a double Hooke’s joint, as shown in Fig. 660, the shafts A and 
C will have the same angular velocity at every instant, provided that their 
axes are in the same plane 
and make equal angles with rival rw me <8 


— - 4 


shaft B. This follows at ~\"Y=--W. ss Be + (J 

once from the formula al- : 
ready proved. Thus if the 

shafts. A, B, and C turn a 
through angles a, 8, and y respectively from the position shown in the 
same time, then tan a=tan B cos @=tan y, thereforea=y, It is however 
very important to observe that for the above to be true the axes of the joints 
in the forks on the intermediate shaft B must be in the same plane as shown 
in Fig. 660, Judging from the number of examples to be met with in 
practice on motor cars and machine tools, in which the forks on the 
- intermediate shaft are arranged wrongly, it would seem that the theory of 
Hooke’s joint is not properly understood by many who have to construct 
_ it. Assuming that o,, the angular velocity of the shaft A, is constant, it 
is easy to show that if the axes of the joints in the forks on the inter- 
mediate shaft B are arranged at right angles to one another, as is 
commonly but erroneously done, the fluctuation of speed of the shaft C is 
Oy 
cos*0 


single Hooke’s joint the fluctuation of speed would only be from = 3 to 


4 


from to w, cos? 0, whereas if C were coupled direct to A with a 


w, cos 0. 
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342. Oldham’s Coupling.—When the axes of two shafts are parallel, 
and the distance between them is small and variable, the shafts may be 
coupled, so that one will 
drive the other at the same 
speed by means of Oldham’s 
coupling, which is shown in 
Fig. 661. KL and MN are 
the axes of the shafts. A 
and B are flanges secured or 
forged to the shafts E and F 
respectively. C is an inter- Fic. 661. 
mediate piece. In one with 
C on its opposite faces are prismatic pieces a and b at right angles to one 
another. These pieces fit into grooves formed in A and B, as shown. It 
is evident that whatever angle A turns through C must turn through the 
same angle, and whatever angle C turns through B must turn through 
the same angle; hence A, C, and B must, at every instant, have the same 
angular velocity. 

343. Ratchets.—The principal parts of a ratchet mechanism are, a 
wheel or sector or rack having teeth, and a ratchet, click, or pawl, which 
engages with the teeth. In general the ratchet mechanism is used either 
to give intermittent motion in one direction, or to permit of motion in one 
direction and prevent it in the opposite direction. 

In Fig. 662 A is a ratchet wheel, and B a pawl carried on a pin 
attached to a lever C. The lever has an oscillating motion, in this case 


Fig. 662. Fig. 663. Fig. 664. 


about the axis of A. When the lever is moving in the direction of the 
arrow, the pawl B engages with a tooth on the wheel, and the lever and 
wheel move as one piece. When the motion of the lever is reversed the 
pawl B rides over the teeth of the wheel, which remains at rest, either 
because of some resistance, ‘such as friction, or because of the action of the 
pawl or catch or detent D, which is mounted on a fixed pin. 

In the arrangement shown in Fig. 663 an almost continuous rotation 
of the wheel A in the direction of the arrow is obtained by the use of two 
pawls B, and B, mounted on pins attached to arms on the lever C, 
which oscillates on a fixed pin E. In Figs. 662 and 663 the teeth of the 
wheel exert.a thrust on the pawls when the latter are in action,.but the 


MISCELLANEOUS MECHANISMS 409 


" eaee” be arranged to be in tension when in action, as shown in 
Fig. 664. 

__ If friction is neglected, the reaction of a tooth on the pawl acting on 
it will be perpendicular to the face of the tooth, and in order that the 
pawl may not slip out of gear the line of action of the reaction must 
evidently pass between the axis of the wheel and the axis of the pin 
which carries the pawl when the pawl acts with a thrust, as in 
Figs. 662 and 663 ; but when the pawl acts with a pull, as in Fig. 664, 
then the above-mentioned line of reaction must lie beyond the axis of the 
pawl pin away from the axis of the wheel. 

3 The limiting position of the line of the reaction of the tooth on the 
pawl, when friction is considered, is shown in Fig. 665 for a pushing 


Fia. 665. Fig. 666. 


” 


ratchet, and in Fig. 666 for a pulling ratchet. LN is the normal to the 
face of the tooth. When slipping is about to take place between the 
tooth and the pawl, LR, the line of action of the reaction of the tooth on 
the pawl, will make with LN an angle NLR equal to ¢, the friction angle, 
and when this force is just about to rotate the pawl on its pin, LR will 
touch the friction circle F, as shown. 

* In order that there may be no lost motion of the lever C in Figs. 662 
and 664, the angle through which it swings must be an exact multiple of 
the angle @ subtended by one tooth of the wheel at its centre, and the 
amount of possible lost motion or back lash will be slightly less than @ 
when the angle of swing of the lever is 


not an exact multiple of 6. The possible ffVP"—dllr 
back lash is therefore smaller the smaller Lo <<~ 


the pitch of the teeth of the wheel. 
Reducing the pitch of the teeth reduces 
their strength, and in order to reduce the 
possible back lash without reducing the 
pitch of the teeth, two or more pawls are 
generally used in the manner shown in 
Fig. 667, which represents the ratchet 
mechanism of the Williams universal 
ratchet drill. In this example the ratchet 
wheel has twelve teeth, and there are five 
pawls, but only one pawl at a time can Fig. 667. 
with the wheel. The maximum 

possible back lash is in this case just under one-sixtieth of a revolution, 
or just under 6°. 

Reversible ratchets are used when it is desired to drive the ratchet 
wheel in either direction. Fig. 668 shows a form of reversible ratchet 


DMSWW 
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used on a screw-jack. A common example of the reversible ratchet is to 


be found in the feed 
motions of planing and 
shaping machines. 

In the various forms of 
ratchet which have been 
illustrated, the ratchet is 
kept. in contact with the 
wheel either by the weight 
of the ratchet or by the 
action of a spring, and 
when the pawl is moving 
backwards over the teeth 
it drops from one tooth 


Fra. 668. 


on to the next with a clicking noise. . To avoid this clicking several forms 
of silent ratchet have been designed. In the form shown in Fig. 669, 


the pawl B has attached to 
it an arm C, at the lower 
end of which there is a 
recess containing a plug D 
pressed outwards by a spring 
against a facing E on the 
ratchet wheel A. When the 
relative motion between the 
wheel and the pawl would 
cause the latter to rise and 
fall on the teeth of the 
wheel, the friction between 


HH 


Fig. 669. 


E and D causes the arm C and pawl B to swing round until B comes in 
contact with the stop 8, and the pawl remains clear of the teeth on A. 
When the relative motion between the wheel and 


the pawl is in the opposite direction, the friction 
between E and D causes C and B to swing back 
until B engages with a tooth on A. Another 
method of operating the arm C is shown in Fig. 
670. An extension of the rim of the ratchet wheel 
has a groove cut in it into which is sprung a ring 


Fia@. 670. 


H, between the ends of which there isa gap to receive the lower end of the 
arm C. When C is pressing against one end of the ring H, the pawl is 
pressed against the stop, and is out of gear, and when C is in contact with 


the other end of H, the 
pawl is in gear with a 
tooth on the wheel. The 
friction between the ring 
H and the bottom of the 
groove into which it fits is 
sufficient to operate C when 
there is relative motion be- 
tween the wheel and the 
pawl. 


Fia. 671. 


Friction ratchets have been very successful, their application to 
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_ free-wheel ” bicycles being well known. In Fig. 671, A is a ratchet 
4 of special form connected to the hub of the driving wheel of the 
e. Cis a ring encircling A and forming part of the sprocket wheel. 
formed on A contain hard steel rollers B, which act as ratchets. 
@ recesses containing the rollers are of variable depth, and the rollers 
are pressed lightly forward towards the shallower ends of the recesses 
by light springs behind them. When C is driven forwards in the direc- 
tion of the arrow, the rollers are rolled up the 
slight inclines on A, and A, B, ard C are locked 
together ; but if C should stop, A will continue 
to move forward, or if A should tend to overrun 
C, it may do so because the rollers are then 
rolled back on the inclines and A is free from C. 
A slight modification of this gear is shown in 
Fig. 672, where the springs are spiral and are partly concealed within 
guide blocks behind the rollers, 
A form of friction ratchet, known as the awtoloc, has been applied in 
a number of ways. One application of this mechanism is shown in 
Fig. 673. A isa fixed case 
or cup which is mounted 


on a pin or stud, which 
also carries the separate 
levers B and E. Between 


the case A and the boss SZ 
H on B there is an an- 


nular space which contains o£, = 
LL“ fone i KER ~ rs 
two lugs FF formed on a7 Z| \ |} 
the lever E. The lever B Wize hee 
lies in the right-hand GENS 
between the lugs FF. Ne 


In the left-hand space Fic. 673. 
between the lugs FF there 

are two balls CC separated by a spiral spring D. The balls CC have 
bearings in a shallow groove in A and also on the boss H of B, but the 
surface of H in contact with the balls is not concentric with A, but is 
shaped so that the annular space containing the spring D and the balls 
CC gets shallower in both directions from the centre line XX. The 
object of the contrivance is to move the lever B through any angle, and 
then lock it in the new position automatically. In the position shown, 
the lever B is locked by the balls CC, which are wedged between A and 
H by the action of the spring D. If the lever E he moved, say upwards, 
the lower lug on E unlocks the lower ball, and the upper lug moves the 
lever B downwards, and as soon as the force actuating E is removed, the 
Spring again wedges the balls between A and H, so that no force applied 
to B will move it. 


Exercises XXV. 


1. A plane reciprocating cam has uniform motion and a stroke of 5 inches. 
The follower reciprocates at right angles to the line of stroke of the cam and in 
the plane of the cam. For the first 4 inch of the forward stroke of the cam the 
follower is at rest at the bottom of its stroke. For the next 2 inches of the 
cam stroke the follower rises 14 inches with uniform acceleration. For the 


412 APPLIED MECHANICS 


next 2 inches of the cam stroke the follower rises 14 inches with uniform re- 
tardation, and then remains at rest until the cam has completed its forward 
stroke. The follower is provided with a roller 1} inches in diameter, which 
works on the cam. Draw the outline of the cam. ; 

2. Same as Exercise 1, except that the cam has simple harmonic motion, 
instead of uniform motion. 

3. A straight lever oscillates in the plane of a sliding cam, about an axis at 


one end, though angles of 29° on opposite sides of a line parallel to the line of — 


stroke of the cam. The lever has simple harmonic motion, and one complete 
oscillation of the lever is performed during two strokes of the cam. The stroke 
of the cam is 5 inches. The cam works against a roller 1 inch in diameter, 
whose axis is at the free end of the lever and 6 inches from the axis about 
which the lever swings. Assuming that the cam has uniform motion, draw its 
contour. 

4. Same as Exercise 3, except that the cam has simple harmonic motion, 
instead of uniform motion. 

5. Draw the profile of a cam to do the following work :—It has to lift a bar 
vertically with uniform velocity, the length of the travel of the bar being 6 
inches; it then has to allow the bar to descend again with uniform velocity, 
but at one half the speed of the ascent. The two movements occupy one 
revolution of the uniformly rotating cam. The diameter of the roller working 
on the cam is $ inch, and the least thickness of metal round the cam centre 
must be 2 inches. The line of stroke of the moving bar passes through the 
cam centre. [B.E.] 

6. Set out the form of a plane cam, rotating with uniform velocity, to give a 
bar reciprocating motion of the following character. During each stroke the 
bar is to have simple harmonic motion. ‘The out stroke is to be performed while 
the cam makes one-half of a revolution, and the in stroke while the cam makes 
one-third of a revolution. There are to be equal periods of rest at each end of 
the stroke. Stroke of bar, 3 inches. Line of stroke, $ inch to one side of axis of 
cam. Diameter of roller which works on cam, 1 inch. Minimum distance be- 
tween axis of cam and axis of roller, 2 inches. If the cam makes 30 revolutions 
per minute, what is the maximum speed of the bar, in feet per minute, (a) 
during the out stroke, (5) during the in stroke? : 

7. O is the axis about which an arm OA swings. OA=3'5inches. A is the 
axis of a roller, 0°5 inch in diameter, carried by the arm, and this roller works 
against a cam which rotates with uniform velocity, and whose axis C is 4 inches 
from O. The greatest and least distances of A from C are 3°5 inches and 1°25 
inches respectively. Design the cam so that the arm shall have uniform 
angular velocity when swinging, and periods of rest at each end of the swing 
corresponding to one-twelfth of a revolution of the cam. 

8. A cam mechanism is shown in Fig. 674. The cam C rotates uniformly 
about O, and actuates the slider S by 
means of the bent lever LL. The slider 
has an intermittent motion as follows: 
(a) A period of rest while the cam turns 
through 150°. (5) The upward half of 
a simple harmonic motion from A to B- 
while the cam turns through the next 
129°. (c) The downward half of another 
simple harmonic motion while the cam 
turns through 90°. Set out the true 
shape of the cam profile, working to the 
given dimensions and not copying the 
diagram. [B.E.] 

9. A vertical bar with a flat horizon- 
tal foot (see Fig. €31, p. 397) is driven 
upwards with simple harmonic motion, 
and lowered with uniform acceleration, Fic. 674. 
by a cam mounted on a _ horizontal 
shaft, and having uniform angular velocity. The up stroke of the bar is per- 
formed while the cam turns through an angle of 180°, and the down stroke 
while the cam turns through an angle of 90°. The bar is at rest at the bottom 


‘ 


—————e eS 


a cam rotating about the axis C, the cam 
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of its stroke while the cam turns through anangle of 90°. In its lowest position 

the sole of the foot of the bar is 3 inches above the axis of the cam, and the stroke 
of the bar is 5 inches. Draw the outline of the cam, 

10. The arm EF (Fig. 675) swings about the axis O through an angle of 30°, 
In its lowest position the under surface of 

EF is inclined at 20° to the horizontal. 

The swinging motion of EF is controlled by 


always in contact with the under sur- 
face of EF. The cam has uniform angular 
velocity, and the arm has simple harmonic 
motion during its upward and downward 
swings. The time of each swing is one-third 
of a revolution of the cam, and the arm has 
ods of rest’ in its top and bottom 
positions. Design the cam. 

11. Design a cam to give reciprocating 
motion to a frame carrying a bobbin to be 
filled with yarn to the barrel shape shown in 
Fig. 676. The yarn is fed on to the bobbin at a fixed level A. There are 
two cases to be considered, namely, (a) the bobbin revolves at constant speed, 

-and (b) the yarn is delivered at a constant rate. 
[Hints.—Divide the bobbin into zones 1, 2, 3, etc., 
of equal height. Let r,, rg, 73, etc., be the mean 
external radii of these zones respectively. The 

e through which the cam turns while the zones 
1, 2, 3, etc., are passing the level A are proportional 
to(r,-1), (r2-7), (73-7), etc., respectively in case 
(a), and to (r?-7*), (r3-—r?), (73-17), etc., respec- 
tively in case (b)}. 

12. In the case shown in Fig. 643, Pp. 401, 
where a cam works against a flat-footed follower, 4 
show that, if the displacement of the follower is AP 
proportional to the displacement of the cam, the 
curve of the latter is the involute of a circle. 

13. Referring to the Hooke’s joint shown in a 
Fig. 657, p. 406, @=30°, and the shaft ¢ has a 
uniform speed of 200 revolutions per minute. 
Construct the angular velocity curve and also the polar angular acceleration 
curve! for the shaft d. 

14. In a single Hooke’s joint @ is the acute angle between the axes of the 
shafts. One of the shafts has a uniform speed. Express the fluctuation of the 
speed of the other shaft as a percentage of the speed of the first for values of 6 
from 0° to 50°, and plot the results. 

15. In a double Hooke’s joint (Fig. 660, 
p. 407) the axes of the joints in the forks of 
the intermediate shaft B are wrongly placed, 
being at right angles to one another instead 
of parallel. The shaft A has a uniform speed. 
Express the fluctuation of the speed of the 
shaft C as a percentage of the speed of A for 
a number of values of @ from 0° to 50°, and Fiq. 677. 
plot the results. 

16. Hooke’s joint is frequently made with the axes of the cross not inter- 
secting, as shown in Fig. 677. Examine this arrangement, and discuss its 
defects. 


dw, dw, da_ cos @ sin? @ sin 2a 
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CHAPTER XXVI 
BALANCING 


344. Centrifugal Force of Revolving Mass—Equivalent Mass at 
Different Radius.—If a mass A (Fig. 678) of weight W be attached to 
a straight arm OA at a distance 7 from an axis O about which the arm 
revolves with an angular velocity , the centrifugal force of A is bie 
(Art. 31, p. 19). If the mass A be 
removed and another mass B of weight 
W, be attached to the arm at a distance 
r, from the same axis O about which it 
revolves with the same angular velocity 
w, then the centrifugal force of B is 
W077, 


~~ \ 


~ 


- ue at 
actly | 


If the centrifugal force of B 


Fig. 678. 


g 
is equal to that of A, then 
2 2 
We ae Wet; , that is, W,7, = Wr, and when this relation holds, the mass 
g ; 


g : 
5B at the radius 7, is said to be equivalent to the mass A at the radius 7. 
345. Balancing one Revolving Mass by Another.—Referring - to 
Fig. 678, the centrifugal force of the mass A revolving about the axis O 
causes a tension in the arm OA, and this force will be transmitted to the 
bearings of the axle carrying the arm. As the arm revolves the direction 
of the forces on the bearings due to the centrifugal force of A will be 
continually changing, with the result that serious vibrations may be set 
up in the framing carrying the bearings, and through the framing the 
vibrations will extend to the foundations. If, however, a mass ©. of 
weight W, be placed on the arm produced beyond the axis O; and at 
a distance 7, from O, so that A and C are on opposite sides of O, and if 
W,r, = Wr, then the centrifugal force of C will cause a pull at O equal 
and opposite to the pull caused by the centrifugal force of A. The 
revolving masses will then balance one another, and there will be no 
straining actions on the bearings of the axle or the frame carrying them 
due to the centrifugal forces. 
346. Balancing any Number of Revolving Masses by means of 
one Mass, all the Masses being in the same Plane of Revolution.— 
Let A, B, C, ete. (Fig. 679), be a number of masses of weights W,, W., 
W3;, etc., respectively at distances 7, 73, 73, etc., respectively. from an 
axis O about which they revolve in the same plane with angular velocity 
; it is required to balance these by one mass in the plane of the others. 
Let W denote the weight of a mass X at a radius 7 which will 


balance the given masses. The centrifugal forces of the given masses 
; 414 
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A, B, C, ete., are W,0r,/9, W.w*r,/9, W,w"r,/9, ete., respectively, and the 
- eentrifugal force of the mass x 

_ the forces, it wil be 
sufficient to consider the 


is Ww*r/g. Since w?/y is common to all 


forces as represented in 
magnitude by W,?,, 
Were, Wr, ete., and 
Wr. The problem evi- 
dently reduces to the 
simple one of finding a 
foree Wr which will 
balance the forces W,7,, 
Wry, W,rs, etc., all the Fa. 679. 

forces acting in the same plane and at the same point. ‘This is easily 
done by drawing the polygon of forces shown to the right in Fig. 679. 
The closing line 2 gives the direction and magnitude of the foree Wr. 
The radius 7 may be chosen, and then W =2/r. 


347. Variation in the Pressure on the Road of an Unbalanced 
Rolling Wheel.—If the want of balance of a wheel carrying a load W 
(including the weight of the wheel) rolling on a road is equivalent to 
a weight w at a distance 7 from its axis, and if the angular velocity of the 
wheel is , there will be at every instant a radial force F equal to ww?r/g 
acting from the centre of the wheel, and the vertical component of this 
force will cause a variation in the pressure of, the wheel on the road. 
The greatest pressure on the road will be W+F when the centrifugal 
force is acting vertically downwards, and the least pressure will be W — F 
when the centrifugal force is acting vertically upwards. When the line 
of action of the centrifugal force F makes an angle 6 with its position 
when acting verti- 
cally downwards 
(Fig. 680) the ver- 
tical component of 
F is F cos 0, and the 

ressure on the road 
is then W + F cos 6. 
_ Fig. 681 shows 
the obvious con- 
struction for draw- 
ing the curve whose ry. 680. FIG. 681. 
ordinates represent 
the term F cos @ on a base CA, representing the distance travelled by 
the centre of the wheel during half a revolution. 

If F is greater than W, then once during each revolution the wheel 
will rise off the road and return with a blow. 

If D is the diameter of the wheel in feet, V the speed of the centre 
of the wheel in miles per hour, then the number of revolutions made by 

5280V _ 44V 
7™Dx60x60 307rD 


velocity of the wheel in radians per second, is aa x 44V  88V. 


the wheel in one second is , and », the angular 


307D 30D° 
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348. Balancing one Revolving Mass by two Others, all the Masses 
being in Separate Planes of Revolution.—Let A be the one mass, and B 
and C the other two masses (Figs. 682 and 683). Let the weights of — 
the masses be W,, W,, and W, 


respectively, and let the dis- A Cos 
tances of their centres of & 2 5 i 


gravity from the axis of = GY Ts; 
revolution be 7,, 7,, and 7, |ea | a —-C | ot 
respectively. Also let the —p—;4 S — ke Lol 
distances of the planes of = '-~|--€--|—>4 i i 
revolution of A and C from adem 3 ! é. 

the plane of revolution of B eit 4 Brat 

be a and c respectively. The &=s Cc 4 
centres of gravity of the three Fra. 682 Fic. 688 


masses must obviously lie in 
a plane containing the axis of revolution, and in Figs. 682 and 683 the 
plane of the paper has been taken as this plane. 


The centrifugal forces of the three masses A, B, and C are pro- — 


portional to W,7,, W.7,, and W,7, respectively, and the problem evidently 
reduces to the balancing of three parallel forces in the same plane. The 
conditions of equilibrium are, (1) for the case shown in Fig. 682, 

W,r, = Wer, + Wa73, and Wyr,a= Ware ; 
and (2) for the case shown in Fig. 683, 

W,r, + Wor3= Woo, and W,7r,a= W,r,¢. 
For each case there are therefore two equations from which two 
unknown quantities may be determined. 

If the planes of revolution of the masses B and C (Figs. 682 and 683) 
be the central transverse planes of the bearings of a revolving shaft 
carrying the given mass A, then when the given revolving mass is 
unbalanced by other revolving masses the centrifugal forces of the masses 


B and C determined as above will be the forces exerted by the bearings _ 


on the shaft due to the centrifugal force of the mass A. 

349. Balancing two or more Revolving Masses by two Others, 
the Masses being in Separate Planes of Revolution.—Let A and B 
(Fig. 685) be two given masses which have to be balanced by masses P 


1 


VR, 


‘ Aj rn 
if fig? 
Bi ch | ie AZ 
Fic. 684. BIg. 685. Fig. 686. 


and Q in the planes of revolution 1 and 2 respectively. Figs. 684 and — 
686 are face views of the planes 1 and 2 respectively, with the masses A — 
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and B, and the arms to which they are attached projected on to them. 
_ By the preceding Article the forces A, and A, acting in the planes 1 and 
2 which will balance the centrifugal force of the mass A are determined. 
Also by the same Article the forces B, and B, acting in the planes 
1 and 2 which will balance the centrifugal force of the mass B are 
F determined. By the triangle of forces (Figs. 684 and 686) R,, the 
resultant of A, and B,, and R,, the resultant of A, and B,, are determined, 
_. and R, and R, are the centrifugal forces of the masses P and Q respec- 
tively. Hence if the radii at which the masses P and Q act are fixed, 
the weights of P and Q can be found. 

Tf there are more than two given masses to be balanced the pro- 
cedure is the same, but instead of the triangle of forces, the polygon of 
forces will be used to find R, and R,. 

In solving this problem it is desirable to tabulate the working, as 
shown in the form below :— 


; Centri Balancing Forces 
foals Distance when w*=g. 
Weight : of Mass 
Mass. | of Mass. — ber from 
w=g Plane 2. | In Plane 1. | In Plane 2. 
Wr ¢ F,= Wt F,=Wr- Fy. 
A 
B 
Cc 
at ase Sra meee? 0: ten eg ee Se dl ei es we heh Ce lerece 0: 6; Meteiece eie.« 
P w, =R,/r r" wr, = R, U R, ears 
Q We = Ro/r T; Wo = Ro 0 petals Re : 


Care must be taken to give the proper signs to the forces in the last 
two columns. When the mass in the first column lies between planes 1 
and 2, then F’, and F, have both the same sign ; but when either plane is 
between the mass and the other plane, F, and F, have opposite signs. 

R, and R, are obtained from the polygon of forces in planes 1 and 2 
respectively. 

If the planes 1 and 2 (Fig. 685) are the central transverse planes of 
the bearings of the shaft carrying the given masses, then, when these 
masses are unbalanced by other revolving masses, the centrifugal forces 
of the masses P and Q, determined as above, will be the forces exerted 
by the bearings on the shaft due to the centrifugal forces of the given 

Masses. 


Exercises XXVIa. 


7 1. Three masses, A, B, and C, revolve in the same plane about an axis which 
cuts the plane of revolution at O. The centres of gravity of A, B, and C are 15 
_ inches, 18 inches, and 20 inches respectively from O, and the angle AOB is 90°. 
_ The weights of A and B are 80 Ibs. and 50 Ibs. respectively. Find the weight 
of a the angle BOC in order that the revolving masses may balance one 
another. 

__ 2, Two masses, of 10 lbs, and 20 lbs, respectively, are attached to a balanced 
disc at an angular distance apart of 90°, and at radii 2 feet and 3 feet respec- 

2D 


rN Pee 


ce 
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tively. Find the resultant force on the axis when the disc is making 200 turns — 
per minute, and determine the angular position and magnitude of a mass place 

at 2°5 feet radius which will make the force on the axis zero at all speeds, E) 2 
[Inst.C.] 

3. A, B, and C are the centres of gravity of three masses revolving in the 
same plane about a centre O in that plane. OA=18 inches, OB=25 oe 
OC=15 inches, angle AOB=90°, angle BOC=120°. The weight of the C3 
mass is 5) lbs, Find the weights of the first and second masses, so that the — 
three masses may balance. a 

4, A locomotive wheel 6 feet in diameter is out of balance to the extent of 
200 lbs. at a radius of 1 foot. The load on the wheel, including its own wei 
is 7tons. What are the maximum and minimum pressures of the wheel on the 
rail, in tons, when the speed of the locomotive is 60'miles per hour? Draw for 
a complete revolution of the wheel a diagram to show the variation of pS 
pressure of the wheel on the rail. At what speed, in miles per hour, would the 
locomotive have to run to make the minimum pressure on the rail zero? iy 

5, A wheel weighing 2100 lbs. has its centre of gravity0°4 inch from its axis. The — 
wheel is mounted on a shaft which runs in two bearings 5 feet apart on opposite 
sides of the wheel, one bearing being 2 feet from the plane of revolution of the 
wheel. What are the forces on the bearings due to the centrifugal force or oj 
unbalanced wheel when the latter is making 200 revolutions per minute ? 
weight placed at a radius of 3 feet 6 inches in the plane of revolution of the 
wheel will balance it ? re 

6. The crank shaft of a gas-engine carries two fly-wheels A and B, the planes — 
of revolution of which are 3 feet 6 inches apart. The plane of revolution of the 
crank is between the wheels, and 1 foot 7 inches from the plane of revolution of 
A. The crank arms and crank pin are equivalent to a weight of 108 lbs. at a © 
radius of 10 inches in the plane of revolution of the crank. What weights 
at a radius of 2 feet, one on each wheel,-will balance the. crank? a 

7. The centrifugal force of an overhung crank is equal to that of a weight 
644 Ibs. at a radius of 1 foot. The crank shaft is supported on two bearings 
5 feet apart, the one nearest to the crank being at a distance of 1 foot 6 inches — 
from the plane of revolution of the crank. Find the forces on the bearings due 
to the centrifugal force of the crank when the speed of the shaft is 150 revolu- 
tions per minute. What weights placed at 2 feet 6 inches radius, one in each 
of two planes 2 feet 6 inches apart, between the bearings, and equally distant 
from them, will balance the crank? 

8. The following particulars relate to an ordinary inside cylinder locomotive. 
There are two cranks at right angles, the left-hand crank leading. Distance — 
between centre lines of cylinders, 25 inches. Stroke of pistons, 24 inches, 
Distance between planes of revolution of balance masses in wheels, 60 inches. 
The revolving parts which have to be balanced are equivalent to 700 Ibs. at the — 
centre of each crank pin. Find the weights of the masses and their angular — 
positions in relation to the cranks to balance the revolving parts, the centres of © 
gravity of the balance masses being at a radius of 32 inches. . 

9. A shaft, 10 feet span between the bearings, carries two weights of 10 lbs. 
and 20 lbs. acting at the extremities of arms 14 feet and 2 feet long respectively, 
the planes in which the weights rotate being 4 feet and 8 feet respectively fre 
the left-hand bearing, and the angle between the arms 60°. If the speed of 
rotation be 100 revolutions per minute, find the displacing forces on the two 
bearings of the machine. Moreover, if the weights are balanced by two addi- 
tional rotating weights, each acting at a radius of 1 foot, and placed in planes 
1 foot from each ‘bearing respectively, estimate the magnitude of the two. 
balance weights and the angles at which they must be set relative to the two 
arms. [Inst.C.E.] 

10. A, B, C, and D are the planes of revolution, taken in order, of four 
masses connected to a shaft. The weights of the masses are 10, 16, 12, and 20. 
Ibs. respectively, and the distances of their centres of gravity from the axis 
‘the shaft are 2, 1-5, 1, and 1:25 inches respectively. The angular positions of 
the radii from the axis to the centres of gravity of the masses with respect to 
reference radius OX are 0°, 90°, 150°, and 240° respectively. The distances of 
the planes B, C, and D from the plane A are 10, 18, and 32 inches respectively. 
The given masses are to be balanced by masses at 1 inch radius, one in a plan 
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midway between A and B, and one in a plane Q midway between © and D. 

Find the weights of the balancing masses and the angular positions of the 

_ radii from the axis to their centres of gravity with respect to the reference 

— radius OX. 

‘4. Four masses, A, B, O, and D, weighing 70, 90, 120, and « Ibs, respectively, 
" revolve about an axis, each at a radius of 1 foot, in planes which are at equal 
intervals apart. Determine x and the angular positions of B, ©, and D in rela- 

_ tion to that of A in order that the masses may ce one another. 


} 350. Disturbing Forces due to Acceleration of Reciprocating 

Parts.—Consider the steam-engine mechanism shown in Fig. 687, where 
the connecting-rod is of the slotted bar type, which is the equivalent of 
_ the connecting-rod of infinite length. The resultant of the steam 
_ pressures on the cylinder ends is a force P, which tends to move the 
engine frame to the left. The 


+ 


_ resultant of the steam pressures ——— | Ry 
on the piston is a force Q, equal. & Z rR bly 
to P, which tends to move the call 9 7 fs sS 
piston to the right, J x 
If the piston is at rest,or 


VAM 


tr 
if it is moving with uniform J] a 
velocity, there will be a thrust iy. ei 
R on the crank pin equal to Q gh i 
and to P. If forces S and T, each equal to R, be applied to the crank 
_ shaft in the plane of revolution of the crank pin, as shown, then R and 
Twill form an effort couple whose moment is the turning moment on the 
_ shaft, and which will be balanced by the resistance couple. The remain- 
ing force 8 will be the thrust of the shaft on its bearings carried by 
_ the frame. Hence the frame is pushed to the right by a force S, and 
_ atthe same time it is pushed to the left bya force P, which is equal to §; 
there is therefore no tendency for the frame to move on its foundations. 
_ __- If, however, the piston is increasing or decreasing in speed, the force 
__R, and therefore the force §, will be less or greater than P, and there 
_ will therefore be a resultant force on the frame tending to move it to the 
left or right. The force tending to move the frame on its foundations is 
the difference between the forces P and §, and this is evidently the force 
necessary to accelerate the piston, and this force can be determined with- 
out any reference to the steam pressures within the cylinder. For the 
mechanism shown in Fig. 687, if the crank shaft is rotating with uniform 
velocity, the piston and the parts reciprocating with it have harmonic 
_ motion. When the piston is at a distance x from the middle of its stroke, 
_ the force in lbs. required to give the reciprocating parts the necessary 


] ‘acceleration is WV _ Wo% _ Wor cos ® (414 959, p, 298), where W 


; f J g 

is the weight of the reciprocating parts in lbs., V the velocity of the 
_ erank pin in feet per second, » the angular velocity of the crank in 
radians per second, r the radius of the crank or half the stroke of the 
_ piston in feet, and @ the inclination of the crank to the line of stroke 

ig. 687). 

: During the first half of a stroke the accelerating force on the piston varies 
_ uniformly from Ww*r/g to zero, and acts in the direction of the motion 
of the piston. During the second half of the stroke the accelerating force 
_ Varies from zero to Ww*/g, and acts in the opposite direction, that is, the 


YO 
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accelerating force becomes negative. The force tending to displace th 
frame of the engine is at every instant equal and opposite to the 
accelerating force on the piston. It follows -that if the engine frame ie 
not bolted down it will oscillate backwards and forwards, making one 
complete oscillation for each revolution of the crank shaft.  Bolti a ; 
down the engine frame will not eliminate the oscillations, but wil 
reduce their amplitude to an amount depending on the rigidity of the 
connections and the mass of the foundations. 

It is important to understand that the disturbing forces on the frame, 
as determined above, are independent of the way in which the reciprocat-— 
ing masses are driven, whether by the action of fluid pressure on the 
piston, as in a steam-engine, or by a torque on the crank shaft, as ina . 
pump or air compressor. 


351. Effect of Transferring Reciprocating Mass to Crank Pin 
Suppose that the reciprocating parts which are connected to the crank 
pin by a slotted bar connecting-rod are removed, and . 
that a mass C of equal weight W is placed at the 
crank pin (Fig. 688). The centrifugal force of this 
revolving mass at the crank pin is Wwr/g. Let 
this force be represented by OA, and let OX be , 
the line of stroke of the reciprocating parts (now ’ 
removed). Draw AB perpendicular to OX. The Fic. 688. > 
force OA is equivalent to two forces OB and BA acting at O, OB- 


Ww?2r cos a aud BA woual ti Wo?r sin 0 
in the preceding Article that the effect of the acceleration of the recipro- 


cating parts was to cause a thrust on the crank shaft in the line of - 
Ww? cos 0 


being equal to It was shown 


stroke, the magnitude of this thrust being Hence a mass — 


equal to that of the reciprocating parts, but placed at the crank pin, has 
the same disturbing effect on the frame in the line of stroke as the reci-— 
procating parts themselves have. 


352. Changing the Direction of the Disturbing Force.—If two 
masses DD (Fig. 689) be placed on the crank arms produced so as to — 
balance the mass C referred to in the preceding Article, then at every — 
instant the component of the centri- 
fugal force of DD in the line of stroke 
will balance the component of the 
centrifugal force of C im that line. 
Hence if the mass C be removed from 
the crank pin, and the reciprocating 
parts be again connected to it, the 
thrust on the frame in the line of 
stroke, due to the acceleration of the z 
reciprocating parts, will be entirely balanced. But the centrifugal force 
of DD has a component at right angles to the line of stroke, the magni- 


tude of which tee. Goa chien aed baal 


g 7 
The effect of the balance weights DD is therefore to balance the 
disturbing force in the line of stroke, and to introduce another disturb 


Fia. 689. 
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ing force at right angles to the first. The second disturbing force 
evidently goes through the same variations in magnitude as the first. 
- The first varies from Ww*r/g at the beginning of the stroke to zero at the 
_ middle of the stroke, and from zero at the middle it varies to — Wo*r/g 


at the end of the stroke. The second varies from zero at the beginning 


_ of the stroke to Ww*r/g at the middle of the stroke, and diminishes again 


to zero at the end of the stroke. 
If the mass of DD at crank radius, and opposite to the crank pin, as 
in Fig. 689, be less than the mass of the reciprocating parts, then the 


disturbing force in the line of stroke will be only partly balanced, and the 


disturbing forces will now be, first, a force in the line of stroke equal to 
(W — w)w*r cos 0 , : 
, and second, a force at right angles to the line of stroke 


equal to wor sin 0 
The obvious construction for finding R, the result- 
ant disturbing force for any position of the crank, FE 
is shown in Fig. 690, where 7, =(W — w)w?r/g, and at 
, = wwr'/9. / \ 

In some cases the kind of balancing just de- 
scribed, where the disturbing force in the line 
of stroke is entirely or partially balanced, may ¥ 
be ‘advantageous, as in locomotives, where a ~ 
horizontal disturbing force is generally more 
injurious than a vertical one, but in many other Fic. 690. 
cases there would be no advantage whatever. 

353. Distribution of Weight of Connecting-rod.—The part of the 
connecting-rod in the neighbourhood of the crank pin has almost» pure 
rotary motion with the crank pin, and the part in the neighbour- 
hood of the cross-head has almost pure reciprocating motion with the 
piston. If A is the centre of the cross-head end of the connecting-rod, 
B the centre of the crank pin end, and C the centre of gravity of the 


, where w is the combined weight of the masses DD. 


_~i— 


OF} PO O 


———_.. 


Fig. 691. 


whole rod, and if W is the total weight of the rod, then the usual prac- 


tice is to reckon -* . W as the part of the weight of the rod which is 


to be credited as a revolving weight at the crank pin centre, and the 
remaining part ae . W is to be credited as reciprocating with the piston. 


The position of the centre of gravity of an actual connecting-rod may 
be determined by balancing it in a horizontal position on a knife edge. 
The values of the weights to be reckoned as revolving and reciprocating 
respectively may, however, be obtained by direct weighing, as shown in 
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Fig. 691. The connecting-rod is supported on two knife edges place 1 
at right angles to its axis and passing through the centres of the fe 
of the end brasses. One of the knife edges is placed on the platform ¢ 
a weighing machine, and the other rests on a support on the groun ia 
When the crank or large end of the rod is on the platform, the weig 
indicated is the weight to be credited as revolving, and when the ere 
head or small end is on the platform, the weight indicated is the weig 
to be credited as reciprocating. 

In many cases in practice the weight of the part of the connecti 
rod to be credited as revolving is about two-thirds of the total ieee 
the rod. 


difficulties in the way of esr valent the reciprocating rar 
are so great, that in practice only an approximate solution is attempted. — 
If the horizontal disturbing forces due to the acceleration of the reci- 
procating parts be completely balanced in the manner explained in 
Art. 352, the vertical disturbing forces introduced may be so great as to. 
cause serious damage to the permanent way, to the bridges, and to the 
wheel tyres. As the result of the extensive experience of locomotive — 
engineers, the practice now generally adopted is to balance all the re- — 
volving parts completely and two-thirds of the reciprocating parts. i 
is to say, as regards the reciprocating parts, the horizontal disturbi 
forces due to the acceleration of two-thirds of the reciprocating parts are 
balanced by revolving masses, but it must be remembered that these 
revolving masses introduced cause vertical disturbing forces equal 

those which they balance horizontally. | re 

The balance weights are, in practically all cases, placed between ee 
spokes of the wheels near the rims, 

In what follows, the pistons are assumed to have harmonic motion. 

355. Inside Cylinder Uncoupled Locomotives. — These ae 
have two cylinders placed between the frames, and the driving axle is. 
cranked, the two cranks being at right angles to one another. The . 
important revolving weights which have to be balanced are, the crank — 
arms, the crank pins, and the parts of the connecting-rods, ivaleal 7 
as explained in Art. 353. All these should be reduced to equi 
weights at the crank pin centres. a 

To the equivalent revolving weight at each crank pin centre has to 
be added two-thirds of the weight of the reciprocating parts for one 
cylinder. The problem is then to find the weights to be placed in the 
wheels, at a given radius depending on the diameter of the wheels, oe 
order to balance the weights assumed to be at the crank pin cen 
This problem is a simple case of the one considered in Art. 349, 
on account of its importance the solution for this case will be give 
here. 

Since all the revolving masses have the same angular velocity, the 
centrifugal forces may be represented by the products of the weights of 
these masses and the radii of the respective circles described by heir 
centres of gravity. ; 

Referring to Fig. 692, 1 and 2 are the circles described by the centres” 
of gravity of the required balance weights. A is the left-hand and E Bo 
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i ‘the right-hand crank. P and Q are the centrifugal forces of the revolving 
masses and two-thirds of the reciprocating masses at crank radius, as 
- already explained. P and Q are in ar equal, 


Forces P, and P,, in the planes of the circles 1 and 2 respectively, 

which will balance P, are determined from the equations 
P,(2a +c) =P(a+e), and P,(2a+¢) = Pa. 

Forces Q, and Q,, in the planes of the circles 1 and 2 respectively, 

which will balance Q, are determined from the equations 
Q,(2a +c) = Qa, and Q,(2a +c) = Q(a +c). 

R,, the resultant of P, and Q,, and Ry, the resultant of P, and Q,, 
can now be determined. R,= Aan Oh and R,= JP +Q)). The 
angles 0, and @, are determined from tan =Q,/P, and tan 4, = P,/Q,: 

If P=Q, then P| =Q,, P,=Q,, R,=R,, and 0,=9,. 


Let w=weight at each crank pin, including equivalent revolving 
weight and two-thirds of the reciprocating weight for one cylinder. 
W=weight of each balance weight. r=radius of cranks. R=radius 
of circles described by the centres of gravity of balance weights. 


~ _wr(a+e) fe 
Then P=wr, P, re ae Q,= ret and 


V(a+c)?+a?, also tan =. 


356. Outside Cylinder Uncoupled Locomotives.—These engines 
have two cylinders placed outside the frames, and the two cranks, which 
are at right angles to one another, are placed at the ends of the driving 
axle, which is straight. Generally the crank arms are formed in the 
driving wheels. 

Referring to Fig. 693, 1 and 2 are the circles described by the centres 
of gravity of the required balance weights which are placed in the driving 


R,=WR= oh 


_ wheels. P and Q are the centrifugal forces of the weights which are 


considered as revolving at the centres of the crank pins A and B respec- 
tively. The weight considered as revolving at each crank pin includes 
two-thirds of the weight of the reciprocating parts for one cylinder, two- 
thirds of the weight of that part of the connecting-rod which is reckoned 
as reciprocating, the weight of that part of the connecting-rod which is 
reckoned as revolving, and the weight of the part of the crank pin which 
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projects from the crank arm. S and T are the centrifugal forces of the 
crank arms and the parts of the crank pins which they contain. “7 


Fra. 693. ' : 


Forces P, and P,, in the planes of the circles 1 and 2 respectively, 
which will balance P, are determined from the equations 


P(e — 2a) = P(c —a), and P,(¢ — 2a) = Pa. 


Forces Q, and Q,, in the planes of the circles 1 and 2 respectively, . 
which will balance Q, are determined from the equations 


Q,(¢ — 2a) = Qa, and Q,(c — 2a) = Q(e — a). 


Forces S, and §,, in the planes of the circles 1 and 2 respectively, 
which will balance S, are determined from the equations 


S,(c — 2a) =S(c - 2a +d), and 8,(c - 2a) =Sd. 


Forces T, and T,, in the planes of the circles 1 and 2 respectively, 
which will balance Tr are determined from the equations 


T,(c — 2a) =Td, and T,(c — 2a) =T(c- 2a4+d). ; 
P, and §,, P, and 8,, Q, and T,, Q, and T,, act respectively in the . 
same straight lines and in the same directions, as shown. F 
Ry= J(Py +81 + (Qi + Ty, and R,= /(P,+8,)? + (Q,+T2), 

+T. P,+8 
tan = Ppt and tan y= | 
If P=Q, and S=T, ise P,=Q,, P2o=Q,, 8,=T,, 8,=T,, B 1 =R,, 
and 6, =6,. 
Using the same notation as for inside cylinder engines, with in addition — 
w, =the weight of one crank arm and the part of the crank pin i ich i 


contains, reduced to crank radius, then P= wr, P, = mate a fe ,Q= 


oo 


c — q 


S=wr, 8,= ees g ), T,= id , 


and R, =WR= = J{wle— a) + wc — 2a + d)}? + (wa + wd ), 


also, tan 6, = ni Pi 
, what ts w(e—a a) +w{ce-2a+d) 
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$57. Coupled Locomotives.—In order to increase the adhesion or 
_ resistance to slipping, and thus enable a larger tractive force to be 
utilised, two or more pairs of wheels of a locomotive may be coupled 
a: The coupling together of two wheels is effected by a coupling- 
1 connecting the crank pins on two equal cranks, formed one in each 
_ wheel. The cranks may, however, be separate from the wheels and be 
fixed to the axles. It is obvious that coupled wheels must be of the 
same diameter. 
; So far as the coupling-rods affect the balancing of the engine they 
_ behave exactly as revolving weights at their crank pins, the amount of 
weight at any one crank pin being equal to the portion of the weight of 
the rod supported by that pin. Hence the coupling-rods with their 
eranks and crank pins may be completely balanced in the manner ex- 
plained in Art. 349 by weights in the wheels. In the case of driving 
wheels, the balance weights for the coupling-rod cranks, with their pins 
and the weights of the coupling-rods carried by them, may be combined 
with the balance weights determined, as in the two preceding Articles, 
and resultant balance weights found. The resultant balance weights on 
the driving wheels of a coupled engine may, however, be obtained directly 
by simply including in the planes 1 and 2 (Figs. 692 and 693) the forces 
which will balance the centrifugal forces of the coupling-rod cranks, crank 
pins, and the weights of the coupling-rods which they carry. 
Fig. 694 shows the arrangement of the various cranks in an inside 
cylinder engine with two pairs of wheels coupled. It will be observed 
that the cranks connected by the coupling-rod CD are at right angles to 


— Te Se QC aa eee Eo . ™ 


: Fia. 694, Fiq. 695. 


the cranks connected by the coupling-rod EF, also the crank pins C and E 
__ are opposite to the main crank pins A and B respectively. 
: In the case of an outside cylinder coupled engine (Fig. 695), the 
driving cranks serve also as coupling-rod cranks, each crank pin on these 
cranks being long enough to carry a connecting-rod end and a coupling- 
rod end. Here also the cranks on one side of the engine are at right 
angles to those on the other side. 

The coupling-rod cranks on an inside cylinder engine may be, and 
generally are, shorter than the driving cranks, but on outside cylinder 
engines all the cranks are of the same radius. 

358. Balancing Reciprocating Parts in Coupled Locomotives.— 
The reciprocating parts to be balanced in a coupled engine may be 
balanced in the driving wheels, or this balancing may be distributed 
amongst all the coupled wheels. All that is necessary is to consider each 
axle as a driving axle, with imaginary cranks parallel to the respective 
cranks on the real driving axle, the imaginary crank pins on a particular 


426 APPLIED MECHANICS 


axle carrying revolving masses equal to the portions of the reciprocating 
masses to be balanced in the wheels of that axle. The revolving masses — 
of the imaginary cranks are of course neglected. a ae 


Another way of proceeding is to find the separate masses necessary in 
the driving wheels to balance the reciprocating masses which are to be 
balanced and then divide these up into parts, which are placed in similar 
positions in the various wheels. For example, if A, and B, (Fig. 696) 
are the masses in the left-hand and right-hand driving wheels respectively 
which will balance, say, two-thirds ‘of . 
the reciprocating masses, and if equal 
portions of A, and B, be transferred 
to A, and B, in the left-hand and 
right-hand coupled trailing wheels, the 
radii from A, and B, being equal and 
parallel to the radii from A, and B, Fic. 696 
respectively, then this new distribution eae 
of balance weights will have the same effect horizontally in balancing 
the reciprocating parts, but vertically there will now be a less variation in 
the pressure on the rails per wheel. The balance weights thus found in 
the wheels to balance the reciprocating parts are then combined with the 
balance weights for the revolving masses, and the resultant balance weights 
determined. 

359. Complete Balancing of Reciprocating Parts having Harmonic 
Motion.—In Art. 351 it was shown that the disturbing forces due to 
the acceleration of the reciprocating parts are the same as those produced 
in the line of stroke by a revolving mass equal to that of the recipro- 
cating parts concentrated at the crank pin, but this revolving mass 
produces equal disturbing forces at right angles to the line of stroke. 

Now suppose a number of sets of reciprocating masses to be connected 
to the same number of cranks on a shaft. Next suppose that these re- 
ciprocating masses are removed, and masses equal to them are concentrated 
at their respective crank pins. The disturbing forces in the various lines 
of stroke will now be the same as before, but if the various imaginary 
revolving masses at the crank pins be of such magnitudes, and if their 
relative positions be such that they balance one another, then it is obvious 
that not only will the disturbing forces in the lines of stroke balance one 
another, but the disturbing forces in the directions at right angles to the 
lines of stroke will also balance one another. : 

The problem of the complete balancing of reciprocating masses there- 
fore reduces to that of balancing a number of revolving masses, a problem 
which was discussed in Art. 349, It must, however, be remembered that the 
revolving masses now being considered are imaginary, and that reczpro- 
cating masses can only be completely balanced by other reciprocating masses. 

A few cases will now be considered in illustration of the foregoing. 
First, take the case of a single-cylinder engine (Fig. 697), the piston 
being connected to a crank pin A revolving in a circle of radius 7. Let 
B and C be two other crank pins revolving in circles of radii r, and ry 
respectively, the planes of revolution of these pins being at distances 
6 and ¢ respectively from the plane of revolution of the crank pin A. 
Let w be the weight of the reciprocating masses connected to the crank 
pin A. Then, if the crank pins B and C be in the same plane with the 


ep i ee i 


7 


mass of weight w at A if w,r,\(b+c)=wre, 
and w,r,(d +c) = wrb. 


_ to the crank pins 


_ the crank pin A. Reciprocating masses, such 
as D and E£, introduced to balance other re- 


 eylinders would take the place of the bob- 


ry 
- 
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in A and the axis of the shaft, and if B and C are on the opposite 
the axis to A, revolving masses of weights w, and w, placed at 
B and C respectively will balance a revolving 


_ Hence if reciprocating masses D and E 
of weights «, and w, respectively be connected 
B and ©, as shown, the 

reciprocating masses D and E will completely 
balance the reciprocating masses connected to 


ciprocating masses are called bob-weights, and 
they serve no other purpose than that of 
balancing. Instead of the masses D and E, 
which are useless except for balancing purposes, 
two additional cylinders might be introduced, —b + > 
and the reciprocating parts belonging to these Fig. 697 


weights, and the reciprocating parts of this three-cylinder engine would 
then completely balance one another. 
' Tf the stroke of the bob-weights is small, they may be driven by 
eccentrics instead of ordinary cranks. The weights w, and w, of the 
bob-weights must of course include the weights of the reciprocating 
parts connected to them. 
As a second illustration, consider a three-cylinder engine with three 
cranks at definite angles apart, say, 120° each. A, B, and C (Fig. 698) 
are the three crank pins, and it is required to balance the reciprocating 
by bob-weights driven by cranks or eccentrics on the crank shaft in 

the planes 1 and 2. 

Imagine masses equal to the reciprocating masses to be concentrated 
at their respective crank pins. The centrifugal force of the mass at A is 


l 
Bd 


R 
$a 


Fria. 698. 


balanced by forces A, and A, in the planes 1 and 2 respectively, and 
these forces are determined as in Art. 348, p. 416. In like manner 
forces B, and B,, C, and C,, which will balance the centrifugal forces of 
the masses at B and C, are determined. R,, the resultant of A,, B,, and 
C,, also R,, the resultant of A,, B,, and C,, are determined by the 
polygons of forces shown. A crank pin d at radius 7, in plane 1, and a 
crank pin e at radius 7, in plane 2, will be the drivers for the required 
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bob-weights. If w, and w, are the weights of the bob-weights, including, 
the weights of the reciprocating parts connected to them, then w,7;=R,, 
and w,r,=R,, the various centrifugal forces being represented by the 
products of weight and radius. 7“ 

A four-cylinder engine with four cranks is one that lends itself to — 
complete balancing of the reciprocating parts without the addition of 
balance weights. The quantities to be considered are: first, the ratios 
the weights of the four sets of reciprocating parts to that of one of th 
(3 quantities); second, the ratios of the distances between the cen 
lines of the cylinders to one of the distances (3 quantities); third, 
angles between the cranks (3 quantities); in all 9 quantities, and if 
5 of these be given, the other 4 can be found. . 

In this Article reciprocating masses only have been referred to. 
Revolving masses, including any cranks or eccentrics introduced to drive 
bob-weights, must be balanced separately by other revolving masses. . 


ae 


.. 
a 
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Exercises XXVIb. 


1. The reciprocating parts of a single cylinder horizontal steam-engine we 
200 lbs., and the remaining parts of the engine weigh 6400 lbs. The stroke 
the piston is 16 inches, and the crank shaft makes 300 revolutions per minute. 
Assuming that the engine is not bolted down, but is free to oscillate, find the - 
amplitude of the oscillations, and the magnitude of the displacing force at the — 
end of each oscillation. Assume that the reciprocating parts have harmonic — 
motion. — 

2. After the engine of the preceding exercise is bolted down, suppose re 
is found that a force of 2000 lbs., applied to the crank shaft in the line of stroke, — 
displaces the engine frame 0:001 inch, and that the displacement up to five time: 
this amount is proportional to the displacing force. Assuming that all the yield ~ 
takes place between the frame and the foundations, what will now be the 
amplitude of the oscillations of the engine frame? ia 

3. A connecting-rod, 6 feet 2 inches long between centres, was found to — 
balance in a horizontal position on a knife edge placed at 244 inches from the 
large end centre. When a weight of 14 lbs. was placed at the small end centre, — 
it was found that the whole balanced in a horizontal position on a knife i 
placed at 26} inches from the large end centre. Find the weight of the rod 
the weights of the parts which should be credited as revolving and reciprocating 
respectively. 5 *: 

4. Find the balance weights at crank radius, in order to balance all the © 
revolving masses and two-thirds of the reciprocating masses of an inside sings nad 
locomotive, having given the following data. Cranks at right angles, left- 
crank leading. Distance centre to centre of cylinders, 2 feet, Distance between 
planes containing mass centres of balance weights, 5 fect. Mass of reciprocating — 
parts per cylinder, reduced to crank radius, 500 Ibs. Mass of revolving = 
per cylinder, reduced to crank radius, 700 lbs. [Inst.C.E.] — 

5. The reciprocating parts of an inside cylinder uncoupled locomotive weigh — 
550 lbs. per cylinder. The revolving parts are equivalent to 650 lbs. per 
cylinder at crank pin. The stroke of the pistons is 24 inches, and the distance — 
between the centre lines of the cylinders is 25 inches. Find the balance vee 
which must be placed in the driving wheels at 2 feet 6 inches radius, their 
planes of revolution being 5 feet apart, in order to balance the whole of the ~ 
revolving parts and two-thirds of the reciprocating parts. Oranks at righ 
angles, left-hand crank leading. Ag 

6. The following particulars relate to an outside cylinder uncoupled loco-— 
motive. Stroke of pistons, 26 inches. Length of connecting-rod, 78 inches _ 
Distance of centre of gravity of connecting-rod from centre of large end, 26 — 
inches. Weight of connecting-rod, 450 lbs, Weight of reciprocating parts | 
cylinder, 400 lbs. Equivalent weight of one crank arm and the portion of t 
crank pin within it, 130 lbs. at 13 inches radius. Weight of one overhanging — 


a 
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ank pin, 30 Ibs. Distance between centre lines of cylinders, 74 inches. 
Jistance between planes containing centres of gravity of balance weights, 
59 inches. Distance between planes containing centres of gravity of crank 
arms, 62 inches. Determine the balance weights to be placed in the driving 
sls at 3 feet radius. All the revolving parts and two-thirds of the recipro- 
rts are to be balanced. 

‘ e the data of Exercise 5 as applying to an inside cylinder engine with two 
sairs of wheels coupled, together with the following additional data, Radius of 
_ wheel cranks, 11 inches. Distance between planes of motion of coupling-rods, 
6 feet 3 inches. Distance between planes of rotation of wheel cranks, 5 feet 
2inches. Weight of each coupling-rod, 270 lbs. Weight of each wheel crank, 
ine iow the weight of the portion of the crank pin within it, reduced to 

pel 
Determin 


es radius, 120 lbs. Weight of each overhanging crank pin, 30 Ibs. 

a e the balance weights in the driving and trailing wheels, at 2 feet 
_ 6 inches radius, to balance all the revolving parts and two-thirds of the recipro- 
eating parts, one-third of the reciprocating masses being balanced in the 

* wheels, and one-third in the trailing wheels. 

___ 8. Determine, from the following data, the balance weights for an outside 

linder locomotive with two pairs of wheels coupled. Stroke of pistons, 26 
inches. Distance between centre lines of cylinders, 75 inches. Distance be- 
_ tween planes of motion of coupling-rods, 67 inches. Distance between planes of 

revolution of balance weights, 60 inches. Distance between planes of revolution 
_ of cranks, 60 inches. Weight of reciprocating parts per cylinder, 350 Ibs. 
_ Weight of one connecting-rod, 225 lbs, One-third of weight of connecting-rod 
_ to be considered as reciprocating with cross-head and two-thirds as revolving 
_ with crank pin. Weight of one coupling-rod, 230 lbs. Weight of one crank pin 
_ within coupling-rod, 15 lbs. Weight of one crank pin within connecting-rod, 
121lbs. Weight of one crank’ with part of crank pin within it, reduced to 13 
inches radius, 90 lbs. Centres of gravity of balance weights at 26 inches radius 
in driving wheels and 27} inches in trailing wheels. All the revolving and two- 
thirds of the reciprocating parts to be balanced, the balance for the reciprocating 
parts to be in the driving wheels only. 

9. Find the difference between the maximum and minimum pressures on the 
rail of a driving wheel of the engine in Exercise 7 when the speed is 60 miles per 
hour, the diameter of the wheel being 7 feet. 

10. Calculate the difference between the maximum and minimum pressures 
on the rail of a driving wheel of the engine in Exercise 8 when the speed is 
50 miles per hour, the diameter of the wheel being 6 feet 1 inch. 

11. The piston of a single cylinder direct-acting engine has a stroke of 
_ 2feet. The weight of the reciprocating parts is 300 lbs., and these parts are to 
be balanced by two bob-weights driven by cranks of 6 inches radius. The lines 
of stroke of bob-weights are 5 feet apart, and the line of stroke of the 

n is between the lines of stroke of the bob-weights and 2 feet from one of 

m. Determine the weights of the bob-weights. 

12. A, B, and C are the parallel lines of stroke of the pistons of a three- 
cylinder engine. B is between A and C, and is 25 inches from A and 80 inches 
from C. Each piston has a stroke of 24 inches. The reciprocating parts in the 
line A weigh 210 lbs. Find the weights of the reciprocating parts in the lines 
Band C, and show how the cranks must be placed so that the reciprocating parts 
_ of the engine may balance one another. 

13. The diagram (Fig. 699) shows the crank shaft of a three-cylinder triple 
expansion engine for a torpedo boat. ‘The cranks make equal angles with one 
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Fig. 699. 


another. The reci rocating parts connected to the crank pins A, B, and C 
weigh 150 lbs., 160 lbs., and 260 lbs. respectively, and they are to be balanced 
by bob-weights in the planes X and Y. ‘The one bob-weight in the plane X has 


& 
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a stroke of 4 inches, and the other in plane Y has a stroke of 5 inc 
bob-weights are driven by eccentrics on the crank shaft. Determine 
of the bob-weights and the angular positions of their eccentrics, = = 
14. A, B,C, and D are the parallel centre lines of the cylinders of a fi 
cylinder engine, taken in order. The distances between A and B, B and C, 
C and D are 5, 7, and 6 feet respectively. The angle between the cranks of 1 
first two cylinders is 150°, and the reciprocating parts connected to them we 
3500 and 4800 Ibs. respectively. Find the weights of the recip ng pé 
the third and fourth cylinders and the angular positions of their cranks in or 
that the reciprocating parts may balance one another completely. The f 
crank (A) leads. All the pistons have the same stroke. Assume that the 


have harmonic motion, ie 
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CHAPTER XXVII 
HYDROSTATICS 


$60. Fluids.—Fluids are of two kinds, Liquids and Gases. A fluid 
is not capable of resisting change of shape or volume unless it is con- 
strained by the sides of a vessel surrounding it. 
For instance, if a cylinder (Fig. 700), closed at one 
end and fitted with a frictionless piston, have the 
_ space between the piston and the closed end of the 
cylinder full of fluid, the piston will support a 
_ force P tending to push it further into the cylinder, 
but if a hole be made in the side of the lide FER: Dn FP TOK: 

: (Fig. 701), a force P, however small, will be sufficient to push the piston 
in and cause the escape of the fluid through the hole. 

, If a definite volume of a liquid be placed in a vessel of greater volume 
the liquid will only occupy a portion of the vessel equal to the original 
 yolume of the liquid, but if a quantity of a gas, however small, be 
introduced into a vessel, however large, it will expand and fill the whole 
of the vessel. 

A liquid when confined, as in Fig. 700, offers a very great resistance 
to decrease in volume ; in fact, for the purposes of the engineer, a liquid 
can in general be taken as incompressible. Water, for example, loses 
- 0:007 of its original volume for each ton of pressure per square inch 
_ applied to it, and the compressibility of mercury is only about one-tenth 
that of water. A gas, on the other hand, is, within certain wide limits, 
_ readily compressible. 

A fluid is said to be more fluid or more like a perfect fluid the less 
_ the friction of its particles on one another, or the less the resistance which 
it offers to a body moving through it. A fluid is said to be more viscous 
_ the greater the friction of its particles on one another, or the greater the 
resistance which it offers to a body moving through it. The viscosity of 
a fluid does not affect its equilibrium, but it does affect its motion. 
The branch of mechanics which treats of the equilibrium of fluids and 
the forces acting on them when at rest is called hydrostatics. That part 
of hydrostatics which deals with gases is called pnewmatics. 

_ 361. Direction of Fluid Pressure on a Surface-—The pressure of 
a fluid on a surface is perpendicular to that surface at 
every point (Fig. 702). This is true for viscous as well 
as for non-viscous fluids at rest. A viscous fluid in 
motion exerts a slight tangential force on a surface over 
_ which it is moving, and the pressure of the fluid on 
~ the surface will therefore not be perpendicular to the 
_ surface in this case. . Fre. 702. 
431 
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362. Transmission of Pressure.—If a fluid at rest have any pre “- rn 
applied to any part of its surface, that pressure is transmitted equ 
to all parts of the fluid. For example, if the vessel 4 
shown in Fig. 703 be full of water or air, and if 
it has attached to its sides equal cylinders fitted with ” 
frictionless pistons, which are kept at rest by suit- 
able forces, any additional force applied to one of 
the pistons will require that an equal additional force 
be applied to each of the other pistons to keep them 
at rest. 
It follows from this that if one of the cylinders be onleniaaly until t 
piston which fits it has double the area, this piston will require dov ble 
the force to keep it in equilibrium against the fluid 
pressure, and generally if a is the area of one piston [~¥ 
and qg the force pushing it in, and if A is the area [ILI] 
of another piston and Q the force pushing it in, then mie 
for equilibrium a/A=q/Q. This is the principle of = < 
the hydraulic press (Fig. 704), in which a compara- Fra. 704. 
tively small force P actifg on a small piston or 
plunger is able to balance a large force W on a large piston or ram, 


363. Pressure at any Point of a Liquid due to its Weight.—Let A 
(Fig. 705) be a very small horizontal dise of area a immersed in a li 
at a vertical depth h below its free surface. The pressure 
of the liquid on the top of the dise will not be altered if a = 
cylindrical tube, open at both ends, and having an internal : 
diameter equal to that of the disc A, be placed over it in a 
vertical position, as shown. This tube above the level of the 
dise contains a cylindrical column of liquid whose volume is 
ah and whose weight is ahw, where w is the weight of a unit 
of volume of the liquid. If the liquid surrounding the tube 
AB be removed, the pressure on the upper surface of the dise A will not 
be altered, because the pressure of the surrounding liquid on the tube is 
horizontal, the sides of the tube being vertical, and therefore se 
balancing. The load on the top of the dise is now ahi, and 
pressure per unit of area is ahw/a=hw =p, which shows that at 
point in a liquid the intensity of the pressure due to the weight 
of the liquid is directly proportional to its depth below the free surface 
of the liquid. a 

If the area a be in square feet, the height h in feet, and w the weight 
of 1 cubic foot of the liquid, then hw will be the pressure per squi we 
foot at the depth h. The depth h is called the head of liquid at A, and 
the head is evidently a measure of the pressure. = 

364. Total Pressure on a Plane Horizontal Surface Immersed in a 
Liquid.—From the preceding Article it follows that the total pressure 
a plane horizontal surface due to the weight of a liquid in which 
immersed is equal to the weight of a right prism of the liquid, whose . ye 
is the given surface, and whose height is the depth of the surface be 
the free surface of the liquid. 

365. Total Pressure on a Plane Inclined Surface Immersed ina 
Liquid.—Let MN (Fig. 706) be a plane inclined surface immersed i 
liquid, and let the surface be divided into a large number of narre : 
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horizontal strips, of which EF is one. Let y be the depth of the strip EF 
wlow the free surface of the liquid, and let a denote the true area of the 
By Art. 363 the intensity of the 
ssure at the depth y is wy, and there- 
» the total pressure on the strip EF 
8 yt and the total pressure on the 
» surface MN will be the sum of all 
on the separate strips, and 
Il therefore be equal to Zwya or wiya, 
ut by a property of the centre of gravity 
of a surface Yya=hA, where h is the 
_ depth of the centre of gravity of the surface below the free surface of the 
liquid, and A is the true area of the surface. Hence the total pressure 
a the surface MN is whA. But whA is the weight of a right prism of 
e liquid, whose base is the given surface, and whose height is the depth 
f the centre of gravity of the surface ‘below the free surface of the 
7 ho u id. 
a 366. Artificial Head.—In the three preceding Articles the effect of 
any external pressure on the free surface of the liquid has been neglected. 
= 1 the free surface of the liquid is exposed to the atmosphere, or to steam, 
as ina boiler, or if it support a loaded piston in a cylinder, then the 
pressure on the free surface will be transmitted to the surface immersed 
In the Hiquid: Let p, be the intensity of the pressure due to the weight 
f the liquid at a depth 4, below its free surface. Let p, be the intensity 
& of the external pressure on the free surface of the liquid, and let h, be 
the head of liquid, which, by its weight, would cause a pressure of 
intensity Py. Also, let p be the intensity of the total pressure at the 
_ depth hy and lastly, let h be the head of liquid which, by its weight, 


_ would cause a pressure of intensity p. Then p=p,+p,, and since h= £ 


Pat, 
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ee =f, = h, =", it follows that h=h, +h,. The head h,, which is the 
9.0 w 

a, of liquid equivalent to the external pressure, may be called the 
a us . al I 1. 


_ 367. Resultant of Pressure.—If a surface be exposed to pressure, 
either uniform or varying, the single force, acting at a point on the 
_ surface, which will produce the same effect on the surface as a whole as 
pressure over the surface, is called the resultant of the pressure. The 
‘magnitude of this resultant is, for plane surfaces, the same as what has 
been called the total pressure in preceding Articles, 


_ _ 368. Centre of Pressure.—If a surface be exposed to pressure, 
either uniform or varying, the point on the surface at which the 
Tesultant of the pressure acts is called the centre of pressure. In 
what follows, the surfaces exposed to pressure will be assumed to be 
ae surfaces. 

If the pressure is uniform over the surface, the centre of pressure is 

Berens at the centre of gravity of the surface. 
__ The other important case is where the pressure varies uniformly in 
one direction, and is uniform in a direction at right angles to this as 
when an inclined surface is immersed in a liquid. i 
E 
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Let MN (Fig. 707) be a plane surface immersed in a liquid, and k 
the straight line ‘in which the plane of the surface intersects the fre 
surface of the liquid be taken as 
the axis about which moments are 
to be taken. In what follows this 
axis will be referred to as the 
axis. ~ Consider a narrow _hori- 
zontal strip EF which is at a 
distance x from the axis, and let 
a be the true area of this strip. 
The total pressure on the strip EF is 
wax sin 0, where w is the weight of a unit of volume of the liquid, ai 
is the inclination of the surface MN to the horizontal, The Soa 
the total pressure on EF about the axis is wax? sin 6, and the sum of a 
such quantities for the whole area of the given surface is Dwax? sin 4, ¢ 
w sin 02ax?, and this must be equal to the moment of the esultant t 
pressure about the axis. i 

The magnitude of the resultant pressure on- the whole area 
wAx, sin 0, where A is the true area of the given surface, aad a ty t 
distance of its centre of gravity from the axis. If % is the distance of € the 
centre of pressure from the axis, then a 


FACE VIEW. 
Fig. 707. 


Yaa? 
ZwAx, sin 0=w sin Zaz", therefore = oie 
- AX 


But Sax? is the moment of inertia of the surface about the axis; call ing z 
: I = 
this'I,, #=—2. 
Te dn, Ait a 
If the moment of inertia of the surface about an axis parallel to the 


above-mentioned axis, and passing through the centre of gravity of the 
surface, be denoted by I, then (Art. 68) since I) =1+Az2, 


T+ Avg A+ Ach W+eh q 
Ax, Ax Ly a 


where é& is the radius of gyration of the surface voferred to the « 
through its centre of gravity. 

The foregoing demonstration shows that the position of the centre of 
pressure is independent of the inclination of the immersed surface if 1 
distances of the various points of the surface from the free surface 0! a 
liquid measured in the plane of the surface remain unaltered. aa 

The depth of the centre of pressure below the free surface of th 
liquid is obviously @ sin @. p. 

As to the lateral position of the centre of pressure; if the locus 0 
the middle points of the horizontal lines which can be drawn on fl 
surface is a straight line, this line will obviously contain the cent o ¢ 
pressure, and in practically all cases where the centre of pressure 
required in practice, the surface satisfies this condition. : _ 

369. Examples of Centre of Pressure.—The following are the SE 
of most frequent occurrence in practice. In the illustrations, ¢ is 
centre of pressure in each case. The distances d, h, and # are me 
in the plarie of the figure or surface. = 

Fig. 708. A rectangle or parallelogram, with its highest side belo 


z= 


| HYDROSTATICS 435 


and parallel to the surface of the liquid. ¢ is in the line which bisects 
_ the horizontal sides of the rectangle or parallelogram. 


Sh? + Bhd +d? ox pollen % 
i ). If h=0, = 24. 


Fig. 709. A triangle with its base below and parallel to the surface 


B= 3 


a a —————— 
ae = ’ == 
'% 
rar, 
' 
b teh 
+. 1 
Fia. 708. Fia@. 709. Fiq. 710. Fig. 711. 


of the liquid, the vertex being below the base. c¢ is in the line joining 
ane vertex and the middle point of the base. 

6h? + es +d? z 

_ Fig. 710. A triangle wi its base parallel to the surface of the 
liquid, the vertex being above the base and below the surface of the 


liquid. is in the line joining the vertex with the middle point of the 
base. 


B= 


_ 6h? + Bhd + 3d? 
Gh+4d 
Fig. 711. A circle entirely immersed, its centre being at a distance 
h from the surface of the liquid. 


a 
Baz h+ re If h= %= $d. 


370. Resultant Pressure on a 2 Immersed in a Liquid.—It is 
evident that the horizontal components of the pressures on the surface 
of the immersed body balance one another, there being no tendency to 
_ move the body horizontally, and the resultant pressure must therefore act 


If h=0, #=$d. 


Suppose the body to be divided into a large number of vertical prisms, 
of which AB (Fig. 712), having a horizontal sectional area a,isone. Let 
the upper end of AB be at a depth h,, and the lower 
end at a depth h, below the free surface of the liquid, 
and let w be the weight of a unit of volume of the liquid. 
The downward force exerted by the liquid on the top of 
AB is wah,, and the upward force exerted by the liquid 
on the bottom of AB is wah,. Hence the resultant 
upward force on AB is wah, — —h,), and this is the 
weight of a volume of liquid ‘equal to the volume of yg, 719, 
AB. This result will be true for each of the prisms 
_ into which the body is divided ; hence the resultant pressure of the liquid 
on the body is an upward force equal to the weight of a volume of the 
liquid equal to the volume of the body. 

_ Stating the foregoing result in another way: if the body is weighed 
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while it is immersed in the liquid, its loss of weve is equal to the weigl i 
of the liquid which it displaces. ‘f 
371. Floating Bodies.—A consequence of the result of the preceding} r 
. Article is that when a body floats in a liquid the weight of the body is 
equal to the weight of the liquid which it displaces. Another obvious _ 
result is that when the floating body is at rest, the straight line which — 
joins the centre of gravity of the body and the centre of gravity of the — 
displaced liquid is vertical. The centre of gravity of the displaced liquid q 
is called the centre of buoyancy. The resultant fluid pressure on the 
body acts vertically upwards in a line through the centre of buoyancy. 
Fig. 713 shows a floating body slightly displaced from its position — 
of equilibrium. CG is the line joining the centre of buoyancy and the” 
centre of gravity of the body when the body is in 1 
its position of equilibrium. ©’ is the new position 
of the centre of buoyancy. The body is now under 
the action of two vertical forces, each equal to the 
weight of the body, one acting downwards through 
G, and the other upwards through C’. If the vertical 
line through C’ meets the line CG or that line pro- Fig. 712 
duced at M, the point M is called the metacentre of oa 
the floating body. The equilibrium of the floating body is evidently q 
more stable the higher the point M is above G, the centre of gravity as 
the body, and the equilibrium is unstable when M is below G. “ 
372. Weight of Water.—The weight of a cubic foot of water varies — 
with the temperature, as shown in the following table :— 


— 


Temp. Cent. Bier seats S| 6, 4° | 16°67°| 40° | 60° | 80° | 100° | 
» ahr. : A . | 32° | 39-2° | 62° | 104° | 140° | 176° | 212° 1s 


Weight in Ibs, of 1 cubic foot | 62°34 | 62°35 | 62°28 | 61°87 | 61°31 | 60°59 | 59°76 a 
be : 


A 


The above weights are for pure distilled water free from air. 

At the temperature 62° Fahr., and the barometer at 30 inches, a cubic 
foot of distilled water, freed from air, weighs 0-046 lb. more than vies 7 
nearly saturated with air. : 

A gallon of water at 62° Fahr. weighs 10 Ibs. 


Exercises XXVII. 


1. Referring to Fig. 704, p. 432, if the diameter of the larger piston is 12 
inches, and the diameter of ‘the other is 14 inches, what is the force Ww when » 5 
is 150 lbs, ? = 

2. A vertical tube 3 feet long, and having an internal diameter of 1 inch, is” 
filled with equal volumes of water and mercury. Assuming that the weight of 
the mercury is 13°56 times the weight of the water, calculate the pressure il 
Ibs. per square inch at the bottom of the tube due to the head of liquid. A 
what is the weight of water in the tube? 

3. What pressure, in lbs. per square inch, corresponds to 160 feet head 
water, and what head of water, in feet, corresponds toa pressure, of 180 Ibs, per 
square inch? 

4. Feed water is pumped into a boiler from a tank. 4 ust before starting 
feed-pump the levels of the water in the boiler and tank are 38°5 inches 
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237 inches respectively above the floor level, and when the pump is stopped 

these levels have changed to 39-4 inches and 17°4 inches respectively above the 

floor level. A change of 1 inch in the level of the water in the tank corresponds 

to a change of 19°3 lbs, of water in the contents of the tank. The mean gauge 

of the steam in the boiler while the pump is at work is 80 lbs. per 

square inch. Neglecting friction, find the number of ft.-lbs. of work done by 
the feed-pump. , 

5. A tank of the form of a right circular cylinder 7 feet in diameter lies with 

its axis horizontal. Find the total pressure on one end when the tank is full of 


- 


6. A lock gate is 35 feet wide, and the heights of the water above the bottom 
of the gate on the two sides are 26 and 13 feet respectively. Find the resultant 
pressure and the height, measured from the bottom of the gate, at which it 
acts, the weight of the water per cubic foot being 64 Ibs. [Inst.C.E. ] 

7. The width of a lock is 12 feet, and that of each gate 6} feet. If the 
height of the water be 10 feet inside the lock and 4 feet outside, find the re- 
sultant fluid pressure on each gate, and also the pressure (assumed to be acting 
symmetrically) between the two gates. [Inst.C.E. } 

8. A box in the form of a cube, of internal dimensions 1 foot, has its base 
horizontal, and is half-filled with water. One vertical side is kept in its position 
by four screws only, one at each angular point. Find the tensions in these 
screws due to the water pressure. [Inst.C.E. } 

9. In the vertical side of a tank there is a rectangular opening 2 feet high 
and 1 foot wide, the shorter sides being horizontal. This opening is covered by 
a door held by two bolts placed in the middle of the width, one 13} inches 
aboye and the other 13} inches below the centre of the door. When water 
stands in the tank at a level of 10 feet above the centre of the door, what are 
the tensions in the top and bottom bolts? What would be the best positions 
for the two bolts so that they may be subjected to the same tension, and what 
would then be the tension in each bolt ? 

10. A vertical wall, 2 feet thick and 18 feet high, weighing 124 lbs. per 
cubic foot, supports the pressure of water on one side. How high may the 
water rise without causing the resultant force on the base of the wall to pass 
more than 8 inches from the middle of the wall’s width ? [Inst.C.E.] 

11. An opening in a reservoir dam is closed by a plate 3 feet square, which 
is hinged at the upper horizontal edge ; the plate is inclined at an angle of 60° 
to the horizontal, and its top edge is 12 feet below the surface of the water. If 
this plate is opened by means of a chain attached to the centre of the lower 

e, find the necessary pull in the chain if its line of action makes an angle of 
45° with the plate. The weight of the plate is 400 lbs. [U.L.] 

12. A dock entrance, whose level floor is 24 feet below the water, has a width 
of 62 feet at the water level and 50 feet at the floor, the side walls being built 
with a straight batter. The entrance is closed by a caisson, and on one side of 
the caisson the floor is dry. Calculate the total horizontal pressure upon the 
caisson, and the height of its centre of action above the floor. Take weight of 
water as 64 lbs. per cubic foot. [Inst.C.E.] 

13. A vessel of water is weighed on a parcel spring-balance, the reading of 
which shows that the vessel and water weigh 11 lbs. A 7 Jb. iron weight is 
suspended by a fine wire from the hook of an ordinary spring-balance, and is 
lowered into the water until it is completely immersed. “ Under these conditions 
find (i.) the reading of the spring-balance from which the weight is suspended, 
(ii.) the reading of the parcel spring-balance on which the vessel stands. Give 
the reasons for any change in the readings of the balances. (Specific gravity of 
iron =7°'5.) [Inst.C.E.] 

14. A rectangular wooden barge, without a deck, is 20 feet long, 11 feet 
wide, and 3 feet deep, outside measurements, and the sides, ends, and bottom 
have a uniform thickness of 3 inches. Taking the weight of the wood at 50 lbs. 
per cubic foot, determine the position of the water line when the empty barge 
floats in water weighing 63 lbs. per cubic foot. What load, in tons, will this 
barge carry when the water-line is 2 feet from the bottom ? 

15. If the area of the horizontal section of a ship at the water line is 15,000 
square feet, and the sides are vertical where they cut the water, find the extra 
depth the ship will sink when loaded in fresh water with 750 tons of cargo. 


ee ee ee eee 


ee a a ae 
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What depth would the ship sink if floating in salt water of specific la in 
when loading ? : 

16. A steamer loading 25 tons to the inch in fresh ‘water dock is thand 
ten days’ voyage, burning 52 tons of coal a day, to have risen 25 inches in 
water. Determine the displacement in tons, taking 35 and : 
36 cubic feet’ per ton as the specific volumes ‘of salt and fresh , 
water respectively. [U.L.] 

17. If a uniform triangular prism floats freely in water with -— 
one edge on the surface (Fig. 714), prove that the opposite face 
must be vertical. {Inst C.E.] 

18. A cube, edges 5 feet long, floats in water with half its 
volume immersed, the bottom face being horizontal, The Fic. m 
centre of gravity of the cube is 20 inches below its geometrical “es 
centre in a vertical line through it. A weight equal to one-fiftieth part of # 
weight of the cube is placed at the middle point of one of.the top edges 
the cube. Determine the angle through which the cube will tilt under 
additional weight. — 


~ 


CHAPTER XXVIII 
GENERAL PRINCIPLES OF HYDRA ULICS 


373. Energy of Water—Bernoulli’s Theorem.—In connection with 
hydraulics, the total energy in a given quantity of water consists of three 
_ parts: (1) The potential energy, or the energy due to the height through 
_ which it may fall, or the energy due to its position ; (2) the pressure 
energy, or the energy due to the pressure which the water exerts on the 
- sides of the containing vessel or pipe; (3) the ‘inetic energy, or the 


_ energy due to its motion. 


In what follows, the energy of one pound weight of the water will be 
considered. 
(1) The potential energy of 1 lb. of water which is capable of falling 
through a height of / feet is h foot-pounds. ER 
(2) The pressure energy of 1 Ib. of water which exerts a pressure of 
_ P lbs. per square foot is P/w, where w is the weight of a cubie foot of 
the water. For if 1 cubic foot of water be admitted into a cylinder 
which is fitted with a piston having an area of 1 square foot, then the 
piston will move through a distance of 1 foot ; and if the water exerts all 
the time a pressure of P Ibs. per square foot, the work done by the cubic 
foot of water will be P foot-pounds. Therefore the work done by 1 |b. 
_ of water is P/w foot-pounds. It is important to notice that in proving 
that the pressure energy of 1 Ib. of water is P/w, it is assumed that the 
_ full pressure P is kept up during the time that the 1 Ib. of water is being 


used to do the work P/w. 


(3) The kinetic energy of 1 lb. of water which is moving ;with a 
velocity of v feet per second is v?/2q. ! 

A portion of water may have all three of the above forms of energy, 
but one, two, or all of them, may be zero. Also, the energy in one form 
may be so small compared with the energy in another form, that it may 
be neglected. For example, in the transmission of power ‘by water 
pressure amounting to, say, 1000 Ibs. per square inch, the water will have 
a velocity seldom exceeding 5 feet per second. Here the pressure 


energy is a ft.-Ibs., and the kinetic energy when the 
velocity is 5 feet per second is 5 eA Oe = 0°39 ft.-Ib., a quantity so small 
compared with 2311 that it may be neglected. : 
If H is the total energy in one pound weight of liquid, then 
wonety S 
w 22g 


Tf all the particles of a 1 lb. mass of water are moving with the same 


velocity at any instant, and there is no frictional resistance to the motion, 
439 
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also if the liquid may be considered as incompressible, so that there is no 
internal work due to change of volume, then, if the mass of liquid ¢ 
sidered moves without doing external work or without having exten 


P 2 5 mn 


work done upon it, not only is H=h+—+4 5 at any instant, but H isa_ 
Ww J G 


constant quantity, although the quantities h, v, and P may vary. This 
is known as Bernoulli’s theorem. 3 
374. Flow through a Smooth Pipe of Varying Section.—Fig. 7 
shows a pipe of varying cross section 4 
conveying water from a tank to a 
datum level, say the level of the ; 
sea. The free surface of the water 
in the tank is at a height H above 
datum. Neglecting friction, and 
assuming that the motion of the ss 
water is steady, the total energy of \ 
a 1 lb. mass of the water will be é isi 
the same in every position. The — hy 
table below shows the amounts of es his 
the various forms of energy in a a 
1 lb. mass of the water in four 
different positions. Where P, and 
P, are the pressures of the pe $k at A, and A, respectively, w is the 


Ace T1153 


= Potential | Pressure | Kinetic 
Position. | “per gy. .| Energy. | Energy. Total Energy. 
A H nil nil H : 
? Py 
A P ee H=A 1 
hy Pe % | Haass Ps4%s 
w 29 aS a ag 
B nil nil if hy 
2y 29 


specific weight of the water, v,, v,, and v are the velocities of the water — 
at A,, A,, and B respectively. | 
If a,, 4, and a@ are the areas of the cross sections of the pipe at 
A,, A,, and B respectively, then, if the pipe is running full, the quanti 
of water passing through each cross section in a given time must be the | 
same, hence a0) = dav) = av. | 
375. Venturi Water Meter.—Bernoulli’s theorem has an importauill 
and interesting application in the Venturi water meter, by means of 
which the rate of flow of water through a water main may be deter-— 
mined without interposing any moving part in the flowing wat fe 
Figs. 716-719 * show the main parts of a Venturi meter. There are 
conical pipes AB and CD (Figs. 716 and 717), whose smaller ends are 
connected by a short pipe BC, forming the throat of the meter. This 
combination is introduced so as to form a part of the water main, : 


"* Figs. 716-719 have been prepared from working arene kindly supplied 
by Mr. George Kent, High Holborn, London, 
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deli of which is to be measured. The axis of the water main in the 
neighbourhood of the meter is horizontal. The water enters the meter 
at A, and leaves at D. A hollow belt is cast round the pipe AB at EF, 
and the interior of this belt communicates with the interior of the pipe 
by four small holes, the positions of which are shown in the cross section, 
. 718. These holes are bushed with vulcanite to prevent incrustation. 

_ A copper tube leads from the annular space at EF to the top of a vertical 
cast-iron cylinder containing mercury. ‘The throat is lined with a gun- 
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Fig. 719. 


metal casting, having an annular space round its centre which communi- 
cates with the interior of the throat. by four small holes arranged as at 
EF, and shown in Fig. 719, which is a cross section at the throat. A 
second copper tube leads from the annular space round the throat to the 
top of a second cast-iron cylinder containing mercury. The two vertical 
cylinders containing mercury communicate with one another at their 
bottom ends, so as to form the equivalent of a U tube mercury gauge, 
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the levels of the mercury being indicated by cast-iron floats with vei 
rods attached to them. 

It may be left as an exercise to the student £6 show that the quantit; 
of water flowing through the main in a given time is equal to ea/i 
where ¢ is a constant for a given meter, and & is the head of me 
equivalent to the difference between the pressures in the main and in» 
throat of the meter. 

The diameter of the throat of the meter is frequently one-thi 
of the diameter of the main. 

In order that Bernoulli’s theorem may apply without sensible e 
it is necessary-that the interior of the Venturi tube lying between t 
annular pressure chambers should be as smooth as possible. In pre 
the error in the Venturi meter does not exceed 2 per cent. E 

It is usual to fit a recording apparatus to the Venturi meter, e 
sisting of a clock-driven drum, upon which a diagram is traced by a p 
actuated by one of the cast-iron floats mentioned above. The abscisses 
this diagram represent time, and the ordinates rate of flow, and the at 
of the diagram between any two ordinates represents the quantity 
water delivered in the time represented by the distance between these 
ordinates. A mechanical integrator operated by a clock and the se 
float is generally added ; this shows on a dial the total quantity of we 
delivered.* — 

Venturi meters are suitable for mains of almost any diamet 
and have been made for mains as large as 10 feet in diame 
They are, however, not suitable when the velocity of the water is ve: 
small. 


376. Radiating Current.—Fig. 720 shows two horizontal co-ax 
discs whose distance apart is a. At the centre of the lower dise there is” 
an opening into a pipe, from which water flows into the space between he 
discs. Consider the flow acrossa ——~~,—~~-—~-— f---—--- = 
section of the water between the 4 8, 
discs made by the surface of a hon, | 
cylinder of radius 7 whose axis’ 
coincides with the axis of the 
discs. Let the velocity of the 
water across this section be v, and 
let Q be the volume passing per 
unit of time, then Q = 27rav, and 
rv=Q/27a. But for all values 
of r the quantity Q is constant, 
therefore rv =a constant, and if r 
and v be plotted in a plane con- 
taining the axis of the discs, the 
resulting curve is a rectangular 
hyperbola. 

Let P be the pressure of the water at radius r, as show wn 
by @ pressure gauge, then the pressure head is P/w, and » 
kinetic energy per unit of weight is v?/2g.. Let A be the height of 


* For an illustrated description of the recording apparatus of a Venti vari 
meter, see Engineering, Feb. 22, 1907. 
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horizontal stream between the discs above datum, then by 
i’s theorem 


a Pv P v2 2 
Bat 99 = Ha constant. Hence H — h — 7 "99 8gm2aPr2” and 


P Q? 
(Hr h-2)= Sgmigt = 9 constant. 


_ ‘If rand : be plotted in a plane Sintainih the axis of the disce, a 


curve wits is Barlow’s curve is obtained. 
The foregoing discussion will obviously also apply to the case where 
the current is reversed, flowing inwards instead of outwards, 

377. Vortices.—A mass of rotating fluid is called a vortex. When the 
motion is produced by the action of forces of weight and fluid pressure only, 
the vortex is called a free vortex. When the law of motion in a vortex 
is different from that of a free vortex, it is called a forced vortex. The 
- simplest form of forced vortex is that in which all the particles have the 
same angular velocity ; this form of forced vortex is considered in Art. 
380, under the heading of “ whirling liquids.” 

_ $78. Free Circular Vortex.—If instead of having simple radial 
motion the water between the discs in Fig. 720 moves in circular currents, 
i and at the same time moves slowly in a radial direction from one circular 
_ current to another, assuming freely the velocities proper to the currents 
_ which it enters, a free circular vortex is produced. 
| Consider a portion ABCD (Fig. 721) of a ring of the water in a free 
) circular vortex. Let r be the internal radius of 5 yap oP 
_ this ring, and dr its radial thickness. Let the ‘ 
length and depth of ABCD be such that the area 
of the vertical face AB is unity. The faces AD 
and BC are radial, and since the thickness dr of the 
ring “is very small, the area of the face CD may 
also be taken as unity. Hence the volume of ABCD ‘ 
_ is dr, and its weight wdr. Let Pand P+dP be the Fia. 721. 
fluid pressures, and v and v+dv be the velocities at the inner and outer 
_ faces of the ring respectively. 


The centrifugal foree of ABCD is , and this must be balanced 


_ by the difference between the fluid ‘eaahires on the outside and inside, 
wedr 


wedr 


namely, dP. Hence, dP= Again, by Bernoulli's theorem, 


gr 
. dP d vw dP vd 
| RES eee CJ ar Sipe » which gives the result —+"~=0, 
w 29 29 g 


| ra 
_ Substituting for dP its value ———, the result vdr +rdv =0 is obtained. 


Hence vr = constant, and v varies inversely as 7 as in the radiating current. 

_ It follows that the law of variation of hie a will also be the same as in 
the radiating current. 

379. Free Spiral Vortex. a superposing on the fluid particles the 

motions of a radiating current and of a free circular vortex, a free spiral 
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vortex is produced. Let A (Fig. 722) represent a fluid particle in a f 
circular vortex whose axis is O. Let AC at. right fo 
angles to OA represent the velocity of A in the free | oan 
circular vortex. Again, let A represent a fluid par- < 
ticle in a current radiating from O. Let AB on OA of Na 
produced represent the velocity of A in the radiating 7 
current. If the two motions be combined, A will Frid. 722 
have, when in the position considered, a velocity a 
represented by AD, a diagonal of the rectangle BC. Since a 
AC-AO=a constant, and AB-AO=aconstant, © 
it follows that AC/AB=a constant=tan 6. Hence the path of the flu 
particle will at every instant make the constant angle @ with the radi 
drawn from the particle to the axis, and this is a property of th 
logarithmic or equiangular spiral. a 
380. Whirling Liquids.—Let a cylinder of radius (Fig. 723), co 
taining a liquid, revolve about its axis YY,, which is vertical, with a 
angular velocity » Let P be a point on i 
the free surface of the liquid, and let w 
be the weight of a very small portion of 
the liquid at P. Consider the forces acting 
on the liquid at P in a vertical plane con- 
taining P and the axis YY,. There is the 
weight w acting vertically downwards, the 
centrifugal force Q acting horizontally, and 
the fluid pressure p, which must be per- 
pendicular to the free surface of the liquid, 
and which must balance the resultant R 
of Q and w. Let the horizontal through P be 
meet the axis at N, and let the line of action of R meet the axis at G. — 


w GN w wg g 
Q= Go°PN, and By = Q~ wo2PN PN’ 7 
Hence GN, the sub-normal of the free surface at P, is a constant, an¢ 
therefore the free surface is a paraboloid, and the section of the free surface 
by a plane containing the axis YY, is a parabola. 
The equation to the parabola, taking the axes as AX and AY, whe 
A is the vertex, is (Art. 11, p. 10) «?=4ay, where a is the focal distane 
of the vertex, PN=2, and AN=y. Now in a parabola the sub-norr 
constant and equal to the semi-latus rectum. But the semi-latus 
is the value of x in the equation a?=4ay when y=a, therefore GN = 2 


Fig. 723. 


wes Eh a 


but GN =5 , therefore 2a= J, , and the equation to the parabola is 
2 2 S 

2g o - 

a= Bh 8 Y= 5 j 

2 

If h is the height of the cup, then haar j 


The volume of a paraboloid is half the volume of the circumse ot vi 
cylinder, hence the volume of liquid in the cylinder above the level AX 
2h : Ja 
“5 If CD (Fig. 724) is the level of the liquid when at rest, th 


a 
= 


> 
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th a8 
k= a » and therefore k= 3h = ae » which shows that the depth of 


A, the bottom of the cup below the original level of the liquid, is pro- 
‘portional to the square of the angular 
velocity. : 
__ When the top of the cup reaches the top 
of the cylinder, as shown by the dotted 
parabola in Fig. 725, h,=2k,, where /, is 
“the depth of the original level of the liquid 
_ below the top of the cylinder. 
Suppose now that the top of the cylinder 

is closed, and that the angular velocity 

is still further increased. The cup will 
still be a paraboloid. ‘Let the total depth Fie. 724. 
_ of the cup be now y,, and its greatest radius ; 
z,; then, since the volume of the cup of height h, must be the same as 

2 


i that of the cup of height y,, hr? =y,27, or 2} = ae , but y, = ay xi , therefore 
1 


4 hy . : ; 
y= , and ¥,=,7 Dy? where o, is the angular velocity. This 

shows that after the cup touches the top of the cylinder its total depth is 
- directly proportional to the angular velocity. 

The preceding investigation gives the 
theory of a well-known instrument for 
indicating the speed of revolution of a 
shaft at any instant, The cylinder contain- 
ing the liquid is made of glass, and the 
_ spindle upon which it is mounted is geared 
to the shaft whose speed is required. A 

uated scale placed beside the cylinder 
shows the speed at a glance by indicating 
the position of the vertex of the paraboloid. 
From the level CD to the level EF (Fig. 725) 
the graduations of the scale are unequal, but below the level EF they 
are equal. 

Another problem on whirling liquids may be considered here. A tube 
AB (Fig. 726), of length 27, closed at both ends and full of liquid, revolves 
with its axis in a horizontal plane about an 


wth r? 
2g 


axis bisecting the axis of the tube with an aX, 
angular velocity w. It is required to find the Al IL___JB 
pressure exerted by the liquid on the ends of the x I 
tube. Let a be the area of the cross section of FIG. 726. 


the tube, and wthe weight of a unit of volume : 

of the liquid. Consider a small portion of the liquid between two planes 

oN Ai ie to the axis of a tube and ata distance apart equal to dz, and 
t the distance of this portion of liquid from the axis of revolution be @. 

i . wadrw* x 

he centrifugal force exerted by this position of liquid is : a and 
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the total force transmitted to each end of the tube will be 
| "wadxw*x  waw* | ; wan 7? 
0 g J Jo 
ww 
and the intensity of the pressure will be 5} . 
381. Torricelli’s Theorem.—Fig. 727 shows a tank containing 
liquid with jets issuing at a depth h below the 
free surface of the liquid and at a height h, above 
a datum line AB. 
Let P) be the pressure of the atmosphere, and 
v the velocity of the liquid as it leaves the orifice {i 
and issues into the atmosphere. At the free sur- -( 
face of the liquid in the tank the potential energy 
is h+h,, the pressure energy is Po/w, and the h . 
kinetic energy is zero, per pound of "liquid. The a H Be 
pressure of the liquid in the jet is P,, and its _ 
pressure energy is therefore P,/w, the potential FIG. Tats 
energy is h,, and the kinetic energy is v*/29g, per pound. If the loss © 
of energy due to friction be neglected, then 4 
h+h +t, 0=h eis % and thoselies leas 
Peg eke Oe ~ 2° 
That is, the velocity of the issuing liquid is that which a body would 
acquire in falling freely from rest under the action of gravity through a 
height equal to the depth of the orifice below the free surface of the 
liquid. If the jet be directed vertically upwards, as shown to the left in 
Fig. 727, the liquid will rise to nearly the level of the free surface of 
the liquid i in the tank. It will not quite reach the level of the free 
surface of the liquid, on account of the air resistance and the friction of 
the liquid on the sides of the orifice or nozzle. 
If the jet enters into a second tank (Fig. 728) in which the hq 
stands at a height h, above the jet, then the pres- _ 
sure of the liquid in ' the jet is P) + whe, and if v 
is its velocity, the total energy of the jet per 


2 
pound of liquid is h, pone ae a and as be- 


~ 


fore, neglecting friction, 


ee rh os 
+ 99? 
yw ‘ A 

and therefore h—h, 22g , which shows that the 

velocity is that due to a head equal to the 
difference of level of the liquid in the two tanks, and is independent of . 
the depth of the jet below the free surface of the liquid in the second 
tank. a 
In like manner it follows that if the jet enters a. vessel in which 
there is a partial vacuum, such as a steam-engine condenser, the head - 
due to the pressure in this vessel will be negative and easel to, say, — hg, 


2 
then h +h, == 
2g" 


hth +2240 = hy + 
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i “382, Influence of Velocity of Approach.—In the preceding Article 
th total energy per pound of the water at the free surface in the tank in 


g 127 was assumed to be h+h, Nel y the water being assumed to be 


ui ‘rest, But since the water is “iho at the orifice, the water in the 
tank above the orifice must have a downward velocity, called the velocity 
of oe. Let a denote the area of the cross section of the jet, and 
A the area of the free surface of the water in the tank, then if v is the 
velocity of the jet, and V the downward velocity at the free surface in 


re 2 
_ the tank, the energy per pound at the free surface is hehe ey, 
. 2 

‘and the energy of the jet per pound is byte also v=") hence 


ce eee res il fn Maat ——., 
; 29 * 997A? 2g 1 (4): 


Generally a/A is so smal] that a?/A? may be neglected. 
383. Flow through Sharp-edged Orifices.— When water issues 
h a sharp-edged orifice (Fig. 729) in the side or bottom of a tank 
‘it is found that the jet contracts to a minimum section, called the 
contracted section or vena contracta, which is a little distance in front of 
_ the orifice. This contraction of the jet is due to the fact 
that the water particles in approaching the orifice are not 
_ moving in parallel lines. For a circular orifice the 
_ distance of the contracted section in front of the sharp edge S===== 
of the orifice is about half the diameter of the orifice. The 
ratio of the area of the contracted section of the jet to the 
_ area of the orifice is called the coefficient of contraction. If ye, 799, 
_ A is the area of the orifice, @ the area of the contracted 
; __ Section, and & the coefficient of contraction, then a=kA. The value of 
_k for sharp-edged orifices may be taken as 0°63, but it varies slightly with 
_ the shape of the orifice and the head of water. The value of & in 
different cases may be determined from direct measurements of the jet. 
On account of friction the velocity of the water at the contracted 
_ section of the jet is less than ,/2gh, given by Torricelli’s theorem 
_ (Art. 381), and the ratio of the. actual 
velocity to the theoretical velocity is called ==={--7F 
the coefficient of velocity. If v is the actual 
_ velocity, and ¢ the coefficient of velocity, — 
then v=c,/2gh. An average value of ¢ is 
_ about 0°97. The value of ¢ may be found 
from observations on the path of the jet 
(Fig. 730). If the face of the orifice is 
vertical, then in ¢ seconds a particle of water Fia. 730. 
will travel a horizontal distance «=vt from 
the contracted section, and it will in the same time fall a distance 


y=4gt?. Hence oa act, and aE ot It will be seen from 
the equation #?=4c*hy that the path of the jet is a parabola whose 


> 
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vertex is at the contracted section, and whose directrix is horizontal and 
at a distance c?h above the vertex. ; 

If Q is the actual volume of water flowing through the orifice per 
second, then Q=av=kAc ,/2gh=CA ,/2gh, where C (which is equal to 
ck) is called the coefficient of discharge, and is the ratio of the actual dis- 
charge to the theoretical discharge. By the theoretical discharge is 
meant the discharge neglecting friction and the contraction of the jet. ~ 

The coefficients *, c, and C are called the hydraulic coefficients for 
an orifice. The coefficient C is the one which is of most importance in 


practice, and it is the one which is most easily determined by direct — 


measurements. Taking k = 0°63, and c= 0:97, then C = 0°63 x 0:97 = 0-61, 


which agrees with the mean value of C, as determined directly from ~ 


numerous experiments with sharp-edged orifices. 


384. Miner’s Inch.—In selling water in mining districts the water 
is frequently measured by delivering it through rectangular orifices 
under a small but constant head. The miner’s inch is the quantity of 
water delivered per minute through an orifice 1 inch square, in a vertical 
plane, under a head which varies in different localities from 6 to 9 
inches, measured to the centre of the orifice. With a head of 6} inches, 
measured to the centre of the orifice, the miner’s inch is equivalent to 
about 14 cubic feet of water per minute. 

385. Entire and Partial Suppression of Contraction of Jet.— 
Fig. 731 shows the form of the jet issuing through a sharp-edged orifice 
in a plate, the thickness of which is such 


that its outside face is in the plane of 

the smallest section of the jet. The NG _ NJ ; 
space shown in black is the empty space Sa — 

between the surface of the orifice and = 

that of the jet. It is obvious that if 


EE ———— 


eae a i 
the space shown in black be filled up, SSZZ== SS ; 
or if the orifice be shaped to the natural ia 


form of the jet within the plate, the ; 
smallest diameter of the jet will then be Fra. "731. FIG. 32, 
the same as the smallest diameter of the orifice, and the coefficient of con- 
traction will become unity. 

Rounding the inside edge of the orifice to a greater or less extent, as 
shown in Fig. 732, will evidently have the effect of diminishing the con- 
traction of the jet, and therefore of increasing the coefficient of contraction. 

An orifice which is to be used for the measurement of the water 
delivered by it should be sharp edged and of the form shown in Fig. 729, 
because the coefficient of contraction for an orifice with a rounded edge is 
uncertain, varying with the amount of rounding. 

386. Loss of Energy or Head.—When water is discharged through 
an orifice under a head h, it has been shown that the actual velocity at 
the vena contracta is equal to c ,/2gh, where c is the coefficient of velocity. 
The energy in 1 lb. of water at the vena contracta is therefore equal to ch. 
If the water lost no energy in reaching and passing through the orifice, its 
. energy at the vena contracta would be h. The loss of energy per Ib. 
of water is therefore h —c?h=h(1-—c?). This is also the expression for 


the loss of head, that is to say, the head which would produce the actual 4 


-_ 
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ocity c /2gh, if there were no friction, is less than the actual head 


y the amount A(1-c?), The ratio =O) _1— is called the 


a 


nt of resistance for the orifice. 
387. Drowned or Submerged Orifices.—It was shown in Art. 381 
. 728) that when the water stands above the orifice on both sides, 
2 effective head to be used in calculating the velocity through the 
fice, neglecting friction, is the difference between the levels on the two 
s. This is also the head to be taken in calculating the discharge 
hrough a drowned orifice when friction and the contraction of the jet are 
considered, but it has been found by experiment that in the case of a 
_ drowned sharp-edged orifice the coefficient of discharge is slightly less 
bo as per cent.) than when the discharge is directly into the 
atmo sp ere. 
$88. Time of Flow through an Orifice for a given Change of 
iter Level in a Vessel.—Let a be the area of the orifice, and & its 
coefficient. of discharge. 
___ The simplest case (Fig. 733) is where the level changes from AB to 
CD, the water flowing in under a constant head h. Let V denote the 
volume of water ABCD. The discharge through the orifice per second is 
_ ket ,/2gh, and therefore the time in seconds to discharge the quantity V is 
Vika /2gh. - 
A common case is that in which the level is to be raised from AB to 
‘CD (Fig. 734), the water passing through an orifice at O, the level EF 


4 Fig. 733. Fia. 734. 
of the water on the inflow side being at a constant height above O; or 
_ the level is to be lowered from AB to CD (Fig. 735), the water passing 
through an orifice at O, the level EF of the water on the outflow side 
being at a constant height above O. When the free surface of the water 
in the vessel is at a distance y from the level EF, let its area be Y. In 
_ the time dé let y change to y — dy, then 


ane H Vdy 
ka ./2qy:dt=Ydy. Hence t= \, ie toe 
where ¢ is the time required to change the level from AB to CD. In 
_ practical cases the vessel ABCD is generally either a vertical cylinder or 
4 2A 
: s Agboeesy prism, and Y is a constant = A, then ¢= ica J2g' JH - J/h). 
2F 


‘on one side of the orifice has been 
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An important application of the foregoing formula is to the filling ¢ 
emptying of a canal lock (Fig. 736). The upper and lower reaches 0 
the canal may be assumed to have 
constant levels during the operation — 
of filling or emptying the lock. When 
the gates are shut, communication “Thor 
between the lock and the upper or Reach. 
lower reaches of the canal is either 
through sluices in the gates themselves, . 
or through culverts in the walls of WSS 5s 
the lock. 

In the foregoing cases the head 


S37 Essay 


Fiaq. 736. 


assumed to be constant, but when one vessel of limited capacity dische 5 
into another, the level in the second rises as the level in the first falls. ; 
Assuming that the vessels (1) and (2), ; 
Fig. 737, have vertical sides, let A and 
B denote the areas of the free surfaces re 
of the water in (1) and (2) respectively, 1? 
and let the level in (1) fall from CD ER= 
to EF by discharging into (2) through H- 
the orifice O below the level KL of the : 
water in (2). Be 
When the free surface of the water 
in (1) is at the height y above KL, 
the level in (2) will have risen 
through the height y’ such that 
A(H-y)=By’. In the time dé let y change to y—dy, then 


ERT B)y - AH 
ka J2g(y —y/) dt = Ady, but yy = (A+ Y i 


therefore 
A JB: dy A /B { \e 
A+B)y-AH 
~ ka J2g J(A+B)y—AH ka, J Shi ad dy. 
Hence t= — te {: {( + B)y- AH} 7 


a SBE /BH- J(A+By—Au}. 


When the level has become the same in both vessels, % will become 


= af , and then f= 2AB /H 
A+B (A+ B)ka ,/2g° 


389. Large Rectangular Orifices——When the orifice in the side 
of a vessel is small compared with the head of water over it, the head 
may be assumed as the same for all parts of the orifice; but when the 
orifice is so large that this assumption involves serious error, the formula — 
for the discharge must be determined by taking into account ‘the variation 
of head. 

Large orifices are generally rectangular. Consider a rectangle 


» a 
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orifice (Fig. 738) of breadth , the upper and lower edges being at depths 
h, and h, below XX, the free surface of the water. Consider a narrow 
horizontal strip of the orifice of depth dy at a depth = 
y below XX. Neglecting contraction and all losses, “t-.—-+-.-f-_—” 


the discharge through this strip is dQ=tdy J2yy, }) ‘ Y 

and the theoretical discharge through the whole h, — 

orifice 18 | dy”* 
t-bh--4 


x Po he : 
— Q=] bay /27y=8 25 dy = 3b {i -n}) 
coh ay 2g) vdy= 3b a/2A Bs Ih win fen 


4 “If it may be assumed that the coefficient of discharge & is the same 
_ for all values of b, h, and hy, then the actual discharge is 


2kb we a id). 


_ Experiments on the flow through large vertical rectangular orifices 
however show that & depends on the proportions of the orifice, and also on’ 
_ the head of water over it. An approximate average value of & is 0°62. 
890. Rectangular Notches or Weirs.—If the head h, over the 
_ rectangular orifice of the preceding Article is zero, the orifice becomes a 
_rectangulcr notch or weir (Fig. 739); and if the formula of the preceding 
Article still applied, the discharge would be given by the expression 
kb ,/29 -h, where h takes the place of h,. This expression may be used 
_ in determining the discharge through a rectangular notch if the value of 
the coefficient / is known with sufficient certainty for the particular notch 
_ to which it is applied. 

When the vertical edges of the notch project into the stream, as in 
Fig. 739, the notch or weir is said to have end contractions. In Fig. 


Fig. 741. 


_ 739 the weir has two end contractions. In Fig. 740 there is only one 
end contraction, and in Fig. 741 there are no end contractions. 

__ In a weir with no end contractions, called a suppressed weir, the 
width of the outflowing stream is uniform, and the discharge is directly 
proportional to the width, and is given by an ex- 
pression of the form &,),A3. To prevent any lateral 
_ spreading of the stream as it flows over a suppressed 
weir, the sides should be prolonged, as shown in 
‘Fig. 742. 
_ The effect of an end contraction is to reduce Tic tae 
the effective width of the stream through the weir, py 
but the influence of the end contraction only extends over a limited 


it 
| Hh 


iit 


? 


POUR ad 


452 APPLIED MECHANICS 


width 6, of the weir, and the discharge over this portion is given by an — 
expression of the form k,b,h!. The width 6, will depend on the height h, 
and may be written 6, = mh. Hence for a ‘weir with » end contractions, 
where 7 is equal to 2, Ai or 0, 7 
Q = (hb, + nkyb,)hi = (kb — nkymh + nkymh)hi 
= {k,b — n(k, — k,)mh}hi = a(b — nBh)ai, 
where a and f are constants to be determined by experiment. 
The above formula Q =a(b—mfh)hi is known as Francis’s formula, 
and although it was first derived empirically from experiments, it 
will be seen from the foregoing that it has a rational basis. This 
formula is sometimes called the Lowell formula, from the fact that 
the experiments upon which it was founded were conducted at Lowell, 
in Massachusetts. The experiments of Francis were made on weirs — 
from 4 to 10 feet long, with heads varying from 0°6 to 1°6 feet, 
and the mean values of the constants « and £ were found to be 
3°33 and 0°1 respectively. Francis’s formula may therefore be written 
Q = 3°33(6 — 0-1mh)hi. F 
The head h in the discharge formule for weirs given in this Article — 
is usually taken as the head measured from the crest of the weir to- 
the still water level just above the weir, as shown in ‘ 
Fig. 743, and not as the depth over the crest. Generally 
the upper surface of the water drops and curves slightly 
before reaching the weir. In the experiments of Francis, 
the head was measured from the crest to the level of 
the water 6 feet above the weir. hol 
The effect of velocity of approach is considered in the next Article. 
391. Velocity of Approach in a Stream.—When the water in the 
stream has velocity before it reaches the weir, this velocity is equivalent — 
to an additional head at the weir. In order that 1 
the water in a stream may flow, its upper surface 
must slope downwards in the direction of motion, 
and the effective head at any point, neglecting 
friction, must be measured to the level of still 
water up-stream. Fig. 744 shows a longitudinal 
section of the stream in the neighbourhood of the Fic. 744. 
weir, and the horizontal line XX is the still water 
level up-stream. The height hy) is the additional head due to the 
velocity of approach. 
Reasoning as in the three preceding Articles, it follows that the 
ordinary formula Q = 2kb ,/2g-hi velocity of approach being neglected 


becomes Q = 2kb /2g{(h+h))'— 23} when velocity of approach is con: 
sidered. 
Also Francis’s formula becomes Q=3'33(b—0-1nh){(h + ho)? - ah 
when velocity of approach is considered. a 
Since hy is generally small compared with h+h , the term Aki is 0 ai ; 
neglected, and the ordinary formula then becomes Q = 3kb ,/2g(h + No)i 
and Francis’s formula becomes Q = 3°3(b — 0°1nh)(h + he). 
When it is not convenient to measure h, directly, the velocity of 
approach % may be computed approximately as follows. Let A denote 


a a ee 


 eross sections of the issuing streams will be 
similar, and the coefficient of contraction there- 
_ fore constant. 


SES i ee 
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‘the area of the cross section of the stream above the weir. Calculate 
Q, the discharge over the weir, neglecting velocity of approach, then 
2 


v= Q’/A approximately, and h)= e ; 


392. Triangular Notches.—A triangular or V notch has one great 
advantage over the rectangular notch. In the former the linear 


dimensions are in a fixed ratio to one another, whatever be the depth of 


water in the notch, and it follows that the 


Let the edges of the notch (Fig. 745) have 
equal inclinations to the vertical, and let the angle 
between them be 20. Neglecting in the first 
instance the contraction of the jet and the effect of friction, consider a 
strip of the notch at a depth y and of width dy. The length of this 
strip is 2(h —y) tan 0, its area is 2(h-—y) tan @- dy, and the velocity of 
the water through it is ./2gy. Hence 


dQ=2%(h-y) tan 0+ dy /2gy=2 tan 0 /2g(hy! — y!)dy, 


h 
and Q=2 tan 6 75) (hy — y? dy = 2 tan 6 ,/29(Zh! — Zh!4) 
0 
=; tan 0 /2g - hi. 

If & is the coefficient of discharge, then the actual discharge is 
Q =, tan 6 /2y-hi. 

The late Professor James Thomson found & to be 0°617 ; taking this 
value of &, and making 20=90°, which is the usual angle of the notch, 
Q =2°64h! = 2-641? /h. 

393. Partially Submerged Orifices.—When a rectangular orifice is 
partially submerged, as shown in Fig. 746, the orifice may 
be considered as made up of two parts, the upper of depth - 
h, —h, —h’, and breadth b discharging into the atmosphere 
under a head varying from h, —h’ to h,, and the lower of 
depth h’ and breadth } fully submerged and discharging 
under a constant effective head h,—h’. Let Q, and Q, 
denote the discharges from these upper and lower parts 
respectively, then, by Articles 389 and 383, 


Q, = $b J2g{(hg—h’)!—h3}, and. Q. = kbh’ ./2g(hy — h’). 
The total discharge is Q, + Q,. 
394. Drowned Weirs.—A weir is said to be drowned or submerged 
when the tail water level is above the crest of the weir, as shown in 
Fig. 747. The formule of the preceding Article .— 


Fia. 745. 


Fia. 746. 


may be applied to a drowned weir by putting }, “\’ 
h,=0 and changing h, to h, then the discharge he ert ! 
over the weir is D 

Q=Q) + Q. = kd J 2h —h’)i + koh’ J2gh — h’) Se 


= 2kb /2g(h -W)(h+ 4h’) 
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BF 
Exercises XXVIIIa. . 


1. A pipe whose axis is horizontal is full of water in motion. Ata section A 
the velocity of the water is 300 feet per minute, and the pressure is 20 De 
square inch. The pipe tapers gradually from 6 inches diameter at A to 4 inches 
diameter at B. Assuming that there is no loss of energy between A and ie 
determine the pressure of the water at B. What must be the diameter of the . 
pipe at B if the pressure there is reduced to 4 lbs, per square inch ? 1s 

2. A horizontal tube is tapered slowly from a diameter of 15 inches to a 
diameter of 6 inches. Neglecting friction, calculate the difference in the 
pressures in lbs. per square inch at the two sections when the cae is 
60,000 gallons per hour, [Inst. ie 

3. The diameter of a pipe gradually changes from 8 inches at a point A, 40 — 
feet above datum, to 5 inches at a point B, 20 feet above datum, The pressure — 
at A is 30 Ibs. per square inch, and the pipe delivers water at the rate of 5 cubic — 
feet per second. Neglecting friction, find the pressure at B. ay. 

4. A conical pipe varying in diameter from 4 feet 6 inches at the large end 
to 2 feet at the small end forms part of a horizontal water main. The pressure 
head at the large end is found to be 100 feet, and at the small end 96°5 feet. 
Find the discharge through the pipe. [Inst.C.E.] _ 

5. A Venturi water meter is 15 inches diameter in the main and 6 inches 
diameter in the throat. The difference between the pressures of the water in 
the main and in the throat is 9°2 inches of mercury. Find the discharge in 
gallons per minute. (Specific gravity of mercury, 13°56.) 

6. In a particular Venturi water meter the diameter of the main is 3 feet, — 
and .the diameter of the throat 1 foot. Q is the number of gallons of water — 
delivered per minute, and & is the effective head, in inches of mercury, in the — 
gauge showing the difference between the pressures in the main and in the 
throat. Taking the specific gravity of mercury as 13°56, find the numerical 
value of the constant ¢ in the formula Q =c,/k for this meter. 

7. Define and describe ‘‘ forced” and “‘ free” vortices. A glass tube 2 inches 
diameter, open at the top, containing a liquid, rotates about its axis, which is — 
vertical, at 700 revolutions per minute. What is the depression of the lowest — 
point of the surface below the surface of the liquid when at rest ? [U.L.] — 

8. A glass tube, internal diameter 2 inches, and length 12 inches, has its 
axis vertical; it is closed at both ends, and contains a liquid which fills three- — 
fourths of the volume of the tube. The tube is made to revolve about its axis. — 
Find the speed of the tube in revolutions per minute (1) when the top of the cup 
formed by the liquid is at the top of the tube, (2) when the bottom of the cup 
is at the bottom of the tube. Construct the speed scale, the gradations to show 
speed increments of 10 revolutions per minute. : 

9. A glass tube 3 feet long, of uniform cross section, bent into the form 
of three sides of a square (Fig. 748), and half filled with water, - 
rotates uniformly about the axis of one of the parallel limbs, 
which is vertical. Find the angular velocity if the other 
vertical limb is half full of water. 

10. Neglecting the effect of friction, with what velocity 
will water flow through an orifice in the shell of a steam i & 
boiler at a point 30 inches below the water level when the 
steam pressure gauge indicates 40 lbs. per square inch? “Faq. 748 

11. Water under a pressure of 7 lbs, per square inch is fed 7 : a 
into a tank containing water to a depth of 15 feet through an orifice in the bottom 
of the tank. Neglecting friction, find the velocity of flow through the orifice. 

12. A jet of water under a head of 3 feet enters a condenser where the 
absolute pressure is 5 Ibs. per square inch. If the pressure of the atmosphere 
is 14:7 lbs. per square inch, find the velocity of the jet, neglecting friction. _ 

13. A vertical pipe of 3 inches bore contains water which runs out through 
an orifice at the bottom of the pipe. The diameter of the issuing jet is 4 inch, r 
Neglecting friction, determine the velocity of the jet, in feet per second, when ~ 
the head of water in the pipe is 10 feet, (i.) neglecting the velocity of app } 
(ii.) taking the velocity of approach into account. Construct a curve showing 
the relation between the velocity of the jet and the head of water over it, 
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the velocity of approach, for values of the head between 10 feet and 


14. The following results were obtained during an experiment to determine 
the quantity of water which would be discharged t — a small circular orifice 
in the side of a tank. The diameter of the orifice, which had sharp edges, was 


Number of experiment . 


: , : : . ‘ 1 2 3 4 
| Duration of experiment ; : - minutes | 15 15 | 15 15 
e . lbs. | 57 660 | 733 827 


| Head of water above centre of orifice . _ inches | 15 20 | 25 | 827 


| Number of experiment . 


> ; ; ‘ ‘ 5 6 7 8 
Duration of experiment wy a hntw nlebesi 88 15 | 10 10 
Actual discharge . . . Ibs. | 915 | 1011 | 737 788 


g Head of water above centre of orifice f inches | 4°01 50 | 60 70 


Plot on squared paper a curve to show the relation between the discharge 
in lbs. per minute and the head of water above the centre of the orifice. From 
_ your curve determine the discharge in gallons per hour when the head of water 
_ was 54 inches. 

Plot also on squared paper a curve to show the relation between the discharge 
in tbs. per minute and the square root of the head of water above the centre 
of the orifice. From your curve, what would you consider the relation to be 
between the quantity of flow and head? 

Determine for each of the experiments in the above table the “ coefficient of 
discharge” for this orifice, and plot a curve to show the relation between 
* coefficient of discharge” and head of water. [B.E.] 

15. Water flows through a sharp-edged circular orifice 0°3 inch in diameter 
in the side of a tank, The head of water above the centre of the orifice is 4 feet. 
The jet poe through a ring whose internal diameter is slightly larger than 
that of the jet, and the centre of this ring is found to be 48 inches horizontally 
and 13°1 inches vertically from the centre of the vena contracta. In 5 minutes the 
weight of water discharged is 90°2 lbs. Calculate the coefficients of discharge, 
_ velocity, and contraction for this orifice. 

16. If the miner’s inch is defined as the flow through an orifice 1 inch square, 
in a vertical plane, under the head of 6} inches measured to the centre of the 
orifice, and if the flow is found to be 14 cubic feet per minute, what is the 
coefficient of discharge ? 

17. A tank 10 feet square and 10 feet deep has a circular orifice 4 inches 
diameter in the bottom, which may be regarded as a thin plate. Water is 
admitted to the tank until it is full, and is then shut off. In how many seconds 
will the tank be empty ? [Inst.C.E.] 
; 18. A rec ular chamber 120 feet square contains 15 feet depth of water, 
_ which is allowed to flow out through a vertical rectangular orifice 2 feet by 1 
foot, the top of which is level with the floor of the reservoir and tail-water. 
Calculate the time it will take to empty. [Inst.C.E.] 

19. Two chambers with vertical sides, each £0 square feet in area, are 
connected by means of a rectangular sluice, 3 feet by 2 feet, near the bottom. 
One chamber contains water to a depth of 25 feet, and the other a depth of 
10 feet. If the sluice is opened, find how long it will be before the water is 
at the same level in the two chambers. {Inst.C.E.] 

20. Find the answer to the preceding exercise when the chamber in which 
the depth of the water is 10 feet has an area of 80 square feet instead of 50 
Square feet, the other particulars being the same. 

21. A hemispherical cistern is 20 feet in diameter, and it is full of water. 
How many minutes will it take to lower the depth of the water 5 feet, if the 
water escapes through a 3-inch diameter sharp-edged hole in the bottom of 
the cistern? The coefficient of discharge for the hole is 0-60. [U.L.] 

22. A cylindrical tank 2 feet in diameter and 6 feet high is full of water. 
On opening an orifice 1 inch in diameter in the bottom of the tank it is found 
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that the water level is lowered 4 feet in 4 minutes. What is the coefficient 
of discharge ? = 

23. A weir 20 feet long has a head of 15 inches above the crest. Taking the 
coefficient =0°6, calculate the discharge in cubic feet per second. 

24. Assuming that the weir of the preceding exercise has two end c 
tractions, calculate the discharge, in cubic feet per second, by Francis’s form 

25. A rectangular weir with one end contraction is required to dischai 
500,000 gallons of water per hour with a still-water head of 10 inches. Deter- 
mine the necessary length of the weir. Use Francis’s formula, 

26. Find the quantity of water which will flow through a notch 9 fee 
long, the head of water over the sill being 10 inches, and the area of the app 
channel being 30 square feet. [Inst.C. 

27. Water flows from a pond over a weir 10 feet long, to a depth of 10 inch 
it then flows along a level rectangular channel 8 feet broad, and over a seco 
weir the width of the channel, its crest being 1 foot above ‘the bottom. Fi 
the depth of the water over the 8-foot weir. [Inst.C. 

28. What are the advantages and disadvantages attending the use of 
V-gauge notch, and for what purposes is it specially suitable? The still-wai 
surface level is at a height of 15:5 inches above the bottom of a right-angled 
V-gauge notch. Calculate the discharge in cubic feet per second, taking 0°6 as 
the coefficient of discharge. 

29. A measuring weir is constructed with a 90° angular notch, the edges 
being bevelled to 45° on the outside to a nearly sharp edge. Give the formula — 
you think best for the discharge over such a weir, and apply it to calculate the 
discharge in gallons per minute when the water depth above the apex of the 
angular notch is 9°36 inches, and the water level 5 feet back from the weir — 
is found to be 0-93 inch above that of the weir. [Inst.C E] 

30. A triangular notch, having an angle of 90 degrees, is bs to measure 
the flow ofastream. Read- 
ings at intervals of 1 hour 


are taken, as shown in the | Reading 1 2 3 4 5 
table. 
Draw a curve showing | Head, in inches 4 5 6 7 6 


the rate of discharge at any 
time, and show how you ; 
would determine the discharge between the time of the first and last ae i ] 
nst 
31. Water flows over a rectangular. notch 3 feet wide to a depth of 6 inches, 
and afterwards passes through a triangular right-angled notch, Find the depth ~ 
of water through this notch. The coefficients of discharge for the notches are 
to be taken as 0°62 and 0°59 respectively. 
32. A weir at the edge of a pond is 6 feet wide. The crest of the weir is — 
6 inches below the water level of the pond, and 3 inches below the tail-water — 
level. Compute the discharge over this weir, in gallons per hour, if the co- 
efficient of discharge k=0°58. 


395. Loss of Energy or Head due to Sudden Enlargement of 
Pipe.—Let a straight horizontal pipe (Fig. 749) suddenly enlarge in 
cross section from an area a, at A’B’ to an i 


area a. In passing from the smaller to the | ¥ 
larger part of the pipe the stream lines will be ; 
disturbed, and eddies will be formed as shown, F cc 
but at some distance forward in the enlarged A kya = 
part of the pipe the motion will again become a ae 
steady and the stream lines parallel. Where = 5 
the eddies form there is a churning of the ae 
water, and a consequent loss of energy. . F —e 
Consider a portion of water between the D 
sections AB and CD, the motion being steady Fig. 749. 


at these sections. . Let this mass of water move forward to the position 
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A’B’D’C’ in ¢ seconds. Let the pressure and velocity at AB be P, and »,, 
ind let the pressure and velocity at CD be P and v, Experiment has 
that in the enlarged part of the pipe where it joins the smaller 
part the pressure is the same as in the smaller part, namely, P,. 

The forces urging the mass of water ABDC forward are, P,a, at AB, 
and P,(a—a,) on the annular surface between A’B’ and EF. The force 
‘retarding the forward motion is Pa at CD. Hence the resultant force 
on ABDC in the direction of motion is P,a, + P,\(a-a,) - Pa=(P, - P)a. 
The impulse of this force is (P, — P)at, which must be equal to the change 
in the momentum of the mass of water ABDC in the time ¢ seconds. 
But since there is no change in the momentum of the mass of water 
between the sections A’B’ and CD, the change in the momentum of 
ABDC must be equal to the difference between the momenta of the 
masses AA’B’B and CC’D’D, that is, the change in the momentum of 
_ @ mass equal to v,a,t=vat. Hence 

(P, - Pat = mala ~ v,), therefore ie fe °(0— %) 

Php mi P(e) 

w 2g w 229g 29 


) from which it follows that 


Rut if there had been no loss of energy in passing from the smaller to 
2 

the larger part of the pipe, Bernoulli’s theorem shows that P, + = would 
: w 2g 

P 


have been equal to = =, therefore the loss of energy due to the sudden 


_v/? 
enlargement of the pipe is oe per lb. of water passing. 


In the foregoing discussion no account has been taken of the effect of 
friction, but in the short length of pipe considered the effect of friction 
would be very small. 


396. Loss of Energy or Head due to Sudden Contraction of Pipe.— 
_ In passing from the larger to the smaller part of the pipe (Fig. 750) the 
) stream follows the contour of the larger part 
_ almost right up to the smaller part, and then 
contracts to a cross section of area a, at a 
section AB within the smaller part, a, being ; 
less than a, the area of the section of the : 
smaller part of the pipe. The only loss up 
to AB is due to friction, and may here 
be neglected. After passing AB the stream 
expands and fills the remainder of the pipe, as shown. In passing 
from AB to CD there is a loss due to the sudden enlargement, as 
in the case considered in the preceding Article. Using the formula of 
the preceding Article, the loss of energy or head between AB and CD is 


@,-) - e( = 1) a ms . If kis the coefficient of contraction at AB, 


¥Fia. 750. 


then 4% — iz The coefficient & varies with the ratio of a to a), where ay is 


ba | 
the area of the section of the larger part of the pipe. If ay is very large 


’ 
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compared with a, the value of m is about 0°45, which makes k=0°6. 7 f 
a = 10a, the value of m is about 0°36, which makes £= 0-625, a8 
397. Loss of Energy or Head due to Obstructions in Pipes.—An 


Z| 
UASTLPS 17 


‘ 


4 


=v =U 


Fig. 751. Fie. 752. Fig. 753. 


expression for the loss of energy or head obtained in the preceding 

2 2 2 
Article, namely, 5 pies 1) me ma may be used, where a is the area of 

J\% ; y. 
the section of the pipe, v the velocity of the water through it, and a, the ~ 
area of the section of the contracted stream as it passes through the 
hole in the diaphragm. If a, is the area of the hole in the diaphragm, 
the ratio a,/a,= will depend’ on the ratio of a, to a. Values of m ~ 
corresponding to various values of a,/a are given in the following table 
on the authority of Weisbach :— 


: 
aja | O01 | O2 | O8 | O4 | OF | O6 | OF | O8 | OD 


i lo 


m 226 47°8 30°8 7°80 3°75 1°80 | 0°80 | 0°29 | 0°06 | — 


_ The above values of m are also approximately true for a sluice partly — 
open (Fig. 752). i. 
For a cock in a cylindrical pipe (Fig. 753), the loss of energy or head — 

2 


is also given by the expression me Weisbach gives the following q 


values of a,/a and m for various values of 6, a being the area of the — 
pipe, and a, the effective area through the cock when turned through the 
angle @ :— | 


6 5° 10° | 20° | 30° | 40°. | 45° | 60° | ‘60° | Go" 
aja | 0:93 | 0°85 | 0°69 | 0:54 | 0:39 | 0:32 | 0:25 | 0-14 | 0-09 | ~ 
m 0:05 | 0-29 | 1:56 | 5:47 |17°3. | 31:2 |526 | 206 | 486 


398. Flow through a Cylindrical Mouthpiece.—A short pipe or — 
mouthpiece AF (Fig. 754), having a length of from two to three times — 
its diameter, projects from the side of a tank, as shown. The water on — 
entering the pipe converges, as in sharp-edged orifices, to a jet of sectional 
area a, at AB within the mouthpiece, and then expands until it has a 
sectional area a equal to that of the mouthpiece. 


Let P and a be the pressure and velocity of the jet at EF, and let P, 


a 
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v, be the pressure and velocity of the jet at AB. P, the pressure of 
the water at EF, will be the same as that of the atmosphere. 
The coefficient of contraction at AB is 


k 
Between AB and EF there is a loss of energy 
or head (Art. 395) equal to 
J (v, put oy y2 1 1) 
29 g\k SO) 
| If ¢ is the coefficient of velocity at AB, 
then v, =c¢ ,/2gh, and the energy at AB is 


~ se ai, 
E k, and », “s 


h 


Fia. 754. 


The energy at EF is ¥ Hence c%h = ?— + ¥ € 
si 2g ~ 29° 2g\k 

it follows that 
¢ /2gh ¢ 


v= 
pea VeG=)} 
| af {l+(5-1 1+(7-1 
is the coefficient of velocity and also the coefficient of discharge at EF, 


since the jet fills the pipe at EF. 
Taking c= 0°97, and k= 0°63 for a sharp-edged orifice, 


C= ont = 0-836. 
Ieee) 

_ Experiments with mouthpieces having lengths from two to three times 
the diameter gave C=0°82. It should be noted that in the foregoing 


investigation the effect of friction in the pipe has been neglected, but 
__ the pipe being short, this effect will be small. 
. 


- 1). From which 


=C ,/2gh, where C = 


. P, vw? P w wv/il 2 
By B Bor Pw De bi H 
By ernoulli’s theorem = He 29 hs aq* 55k 1 ence 
Ae 1). Tpetiiia fore ita value C./IGh, 13 = acea(t . 1). 
w gk 7 w k 


» P-p, #0 
7 

| If a vertical tube be inserted into the mouthpiece at B, and its lower 
end be placed in a vessel open to the atmosphere and containing water, 
water will rise in this tube to a height A’, given by the equation 

| 1 

- Zhi x 

P-P (: ) 2e%A( 1) 


Mme e 30s 1a 
w l 
1+(;-1) 


k 
Taking c=0°97, and /=0°63 as before, the above reduces to 
h'=0°82h. By experiment h’ is about 3h, which corresponds to C = 0°82, 
and k= 0°64. 
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Taking the height of the water barometer at 34 feet, then, whe 
h' = 34 feet, there will be a perfect vacuum round the jet at AB, and for 
aX St = 454 feet. For a greater value of 4 than 
this the jet will break up, and the mouthpiece will not discharge full — 
bore. 

399. Borda’s Mouthpiece.—The reason for the contraction of a jet — 
issuing from an orifice being that the water entering .the orifice flows — 
towards it in various directions inclined to the axis of the orifice, it is” 
obvious that the greater the angle between the extreme stream lines, the — 
greater the contraction of the jet. In the case of a simple orifice in a 
flat plate the angle between the extreme stream lines is 180°. Evidently 
the maximum contraction will oceur when the * 
angle between the extreme stream lines is 
360°, which is the case in Borda’s mouth- 
piece. This mouthpiece consists of a thin 
tube projecting into a tank, as shown in 
Fig. 755. The jet contracts within the 
mouthpiece to a diameter LN. Let A be 
the area of the section of the mouthpiece, and 
a the area of the contracted section of the 
jet. Let XX, the free surface of the water 
in the tank, be at a height h above the axis [| . 
of the mouthpiece. The entrance to the Fra. 755. 
mouthpiece being removed from the walls of 
the tank, it may be assumed that the motion of the water does not — 
affect the pressure on the walls, which will therefore follow the hydro- — 
static law, and, excepting the portion EF of the wall exactly opposite to — 
the mouthpiece, the horizontal pressures on the walls will balance one 
another. The resultant pressure on EF is whA, and this will also be the 
resultant horizontal force on the water entering the mouthpiece. 

Consider the mass of water between XX and LN. Let this mass 
move into the position X’X’L’N’ in ¢ seconds, then since the momentum 
of the mass X’X’LN does not alter, the change in the momentum of the 
mass considered is the difference in the momenta of the masses XXX‘X’ 
and LNN’L’. But the momentum of XXX’X’ is entirely vertical, therefore 
the change in momentum in a horizontal direction is equal to the momen- 
tum of LNN’L’, and this is due to the action of the force whA. 


2 
The mass of LNN’L’ is oo and its momentum is 22 


this condition “2= 


, where v is 


g $ 
the velocity of the water in the contracted jet. The impulse of the 
force whA is whAt. Hence equating impulse to change of momentum 


whAt = avtw 


, therefor one But v?=2gh very nearly, therefore 


in 4, or the coefficient of contraction for Borda’s mouthpiece is $. 
Various authorities have obtained values of a/A by direct experiment 


varying from 0°515 to 0°555, which confirms the foregoing theory. — 


400. Fluid Friction.—Fluid friction is the resistance experienced 
when a body moves through a fluid, or when a fluid moves ‘over the 


| 
) 
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surface of a body. The following, laws of fluid friction have been 


established on the results of numerous experiments by Froude* and 


others. (1) The frictional resistance is independent of the fluid pressure. 
(2) The frictional resistance depends on the amount of surface of 
‘contact between the fluid and the body, and in general it may be taken 
a8 proportional to the area of contact surface. (3) The frictional re- 


sistance is proportional to the mth power of the relative velocity of the 


- fluid and body, where » is equal to 1 for very small velocities, but for 


velocities which occur in practical hydraulics varies from about 1°7 to 
about 2°2, and has an average value of 2. (4) At very small velocities 
the frictional resistance is independent of the nature of the surface of the 
body, but at ordinary velocities the frictional resistance increases very 
rapidly with the roughness of the surface of the body. (5) The frictional 
resistance is proportional to the density of the fluid. 

401. Wetted Perimeter—Hydraulic Mean Depth.—That part of the 


_ boundary of the cross section of a channel or pipe which is in contact 


with the water in it is called the 
wetted perimeter, and the area of the 
cross section of the stream divided by 
the wetted perimeter is called the 
hiudraulic mean depth, or the hy- 
aiutic mean ae Ne or the hydraulic WIG. (66°, Wig, 15. Bea. 768 
radius. In this work the hydraulic mean depth, or hydraulic mean 
radius, will be denoted by m. For example, in a channel of rectangular 


section (Fig. 756), having a breadth } and depth of water d, ma ‘ 


In a circular pipe (Fig. 757) of diameter d, running full, m = "42/rd = 4 
In the same pipe, running half full (Fig. 758), m =? / 57 =5 as for the 


full pipe. 

Some writers restrict the term hydraulic mean depth to channels, and 
apply the term hydraulic mean radius to circular pipes. 

402. Usual Velocities of Water in Pipes.—'The usual velocity in 
water mains is less than 5 feet per second. Unwin gives the formula 
v=1'45d+2 as the expression of a fair rough rule for the velocity of 
water in pipes used in town’s supply, where v is the velocity of the water 
in feet per second, and d is the diameter of the pipe in feet. A velocity 
of 10 feet per second is fairly common in the pipes of centrifugal pumps. 
Velocities greater than 15 feet per second are very unusual in pipes. 
High velocities involve great loss of energy in friction when the pipes are 
long, and since the loss of energy per lb. of water delivered is greater the 
smaller the pipe, the velocity should be lower the smaller the pipe. 

403. Critical Velocity of Water in Pipes.—Professor Osborne 
Reynolds made most interesting experiments on the flow of water in 
pipes with apparatus roughly shown in Fig. 759. AB is a tank 6 feet 
long, 18 inches deep, and 18 inches wide, containing water. CD is a 
glass tube provided with a trumpet-shaped mouthpiece at C, and pro- 


* For the results of Froude’s experiments see British Association Reports, 
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jecting horizontally into the tank from an iron pipe EF at one 
Water flows from the tank through the glass tube and thence through 
the iron pipe. The iron pipe descends 
vertically to about 7 feet below the ~ = 

tank, and at its lower end it is pro- | Cas===—=—===— 
vided with a cock, by means of which | K ‘C 
the rate of flow through the glass tube 
CD may be regulated. Fia. 759. 

A glass tube HK communicates 
with a reservoir containing deeply-coloured water and terminates at i 
lower end in a pipette, the axis of which coincides with the axis of he 
tube CD. A jet of coloured water may thus be sent into the gle 
tube CD to flow with the water going through that tube. 

At velocities below a certain velocity, called the critical velocity, 
jet of coloured water travels in a straight unbroken stream along the axis — 
of CD, but when the critical velocity is exceeded the coloured stream 
breaks up within CD, and when photographed with an electric spark it is 
seen that the coloured water is whirling and eddying, showing that the 
motion of the water within the tube is no longer steady and in parallel 
stream lines, but sinuous or turbulent. o 

In the experiments described above, the water is still before ente: 
the experimental tube. Professor Osborne Reynolds experimented cn 
other apparatus, in which he caused turbulent water to flow through a 
long smooth pipe, and he found that below a certain critical velocity the — 
turbulent motion became non-sinuous, but this critical velocity was much 
lower than the critical velocity first referred to. The first critical velocr 
is called the higher critical velocity, and the second is called the loin 4 
critical velocity. For example, in a smooth pipe 1 inch in diameter, with — 
the water at 0° C., the higher critical velocity is about 3 feet per second, “4 
while the lower critical velocity is only about 4 foot per second, 

The critical velocities vary inversely as the diameter of the pipe, and — 
they are lowered by raising the temperature of the water. 

‘For further particulars of Osborne Reynolds’ researches see the q 
Transactions of the Royal Society, 1884, or Dunkerley’s Hydraulics, — 
vol. i. chap. vii. 4 


404. Loss of Energy or Head due to Friction in a Pipe. —At : 
velocities below the critical velocity, the motion being non-sinuous, ws 9 
experiments of Osborne Reynolds showed that the loss of energy 
directly proportional to the velocity, directly proportional to the length of — 
the pipe, and inversely proportional to the square of the diameter of the — 


ne 


pipe, or h’ es where h’ is the loss of head, » the velocity of the water, — 
Z the length, and d the diameter of the pipe. But when the er 
velocity was exceeded, the motion being then sinuous or turbulent, the 
loss of energy was proportional to the 1:72 power, or nearly as ; 
square, of the velocity, directly proportional to the length, and faverely : 


yi? 
proportional to the diameter of the pipe, or h’ = e - 


In practical cases the velocity is greater than the critical velocity, and 
the pipes in use have varying and uncertain degrees of roughness, so that 
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jount of turbulence in the water is a varying and uncertain 
itity. The consequence is that there is no exact theory of the loss of 
zy in practical cases, and the formul in use are therefore to a large 
ctent empirical. 
_ Experiment has shown that in practical cases the loss of energy is 
proximately proportional to the square of the velocity of the water and 
) the amount of the wetted surface, and inversely proportional to the 
of the cross section of the stream. The wetted surface is s/, where s 
s the wetted perimeter, hence the loss of energy is approximately pro- 
a sl 
A 
und * — 1 i, the reciprocal of the hydraulic mean radius. 
A m 


- The head or energy due to the velocity v is 


v?, where A is the area of the cross section of the stream, 


= and the loss of head 
2g 


_ may be written h’=/ - Ks . 5 where / is a coefficient to be determined by 


eriment, and is called the coefficient of friction for the pipe. This co- 
efficient f is not simply a coefficient of friction between the water and 
the surface of the pipe, but includes a coefficient of resistance due to 
eddying motions in the water itself. 


For a cireular pipe running full m=d/4, hence h’=/-—- 


If A and B (Fig. 760) are two sections of a pipe at a distance / apart, 
the heights of A and B above datum being h, and h, respectively, and 
the pressures P, and P,. If the pipe be of uniform section, then the 
velocity v will be the same throughout.» The total energy or head of the 


P 


er at A is 45 +h and the total energy or head at B is 


Ty +h, The loss of energy or head between A and B is 


29 
’ tL # ‘St a P, , 
= = — —— —_ a | =n h, h 
h’=f 3 Hence so rh wrt lg th’, 
P 


z 
and /’ = Fin *ey (hy —h,), which suggests the experimental method of 


finding h’. Knowing h’, if v is determined, f can then be found for the 
particular pipe experimented with. 

_ 405. Darcy’s Formula.—Darcy found from numerous and careful 
‘experiments on the flow of water in pipes up to 20 inches in diameter 
that the coefficient f varied with the velocity of the water, and also with 
the diameter of the pipe. Since the variation in the velocity in ordinary 
cases is comparatively small, its effect on the value of / may generally be 
“neglected, but the range of pipe diameter in practice being considerable, 
Darcy allowed for it in the formula f= 0-005(1 + - for new clean 
ipes, where d is the diameter of the pipe in feet. For old and incrusted 
pipes Darcy found the value of / to be double that for new clean pipes. 

_ 406. Hydraulic Gradient.—Referring to Fig. 760, A and B are 
two sections of a straight uniform pipe at a distance / from one another, 


* 
. 


(a 
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h, and h, are the heights of A and B above datum, and P, and P, re 


the pressures at A and B. ‘If pressure tubes, called plezometers, 
be inserted in the pipe at A : ; 

and B, the water will rise in these HG_____ _Horvzoniar ear 
tubes to height P,/w and P,/w, Aran} 

as shown. The line CD join- ~z 


~ 
~ 
~"< 


ing the tops of the water- 
pressure columns is called the 
hydraulic gradient or virtual 
slope of the pipe, and fh’, the JI" ---->>> 
difference between the levels of 
‘C and D, is called the virtual be 
fall of the pipe AB. Thethy: 57 SAS ae ne ba 
draulic gradient or virtual slope ic oes 
is measured by the ratio h’/l, and is denoted by 7. 
The virtual fall h’ is evidently given by the equation 


Himh, hob aoe 


> 


and is equal to the loss of head between A and B. In Art. 404 it was 
shown that h’ is given by the equation h’=/- ai Es 
m 2g 
Since the loss of head is proportional to the length of pipe, it follows | 
that for a straight uniform pipe the hydraulic gradient is a straight line, — 
When the pipe is not straight, points in the line of hydraulic gradient — 
. 
e , taking successive — 
values of 7, the length of pipe, between the points considered. D 
In water mains the curvature in the direction of the length is generally 
small, and its effect on the hydraulic gradient is generally neglected. For 
example, in Fig. 761 is shown 
a pipe AEB leading from a 
tank or reservoir at A to 
another at B at a lower level. 
The hydraulic gradient is 
shown straight, and with the 
amount of curvature shown on 
the pipe, this will be found 
to be approximately true. It 
will be noticed that the upper 
end of the line of hydraulic gradient is below the level of the water 
in the tank A, which is accounted for by the loss of head at the 
entrance to the pipe at A. 
Another point illustrated by Fig. 761 is that a part CD of the pipe 
is above the hydraulic gradient, which shows that in that part of the — 
pipe the pressure is less than atmospheric. If there is a leaky joint in~ 
CD air will rush in, and while the pipe from A to E will run full with 
a hydraulic gradient FE, the pipe from E to B will not run full, and the 
discharge will be reduced. Water pipes should therefore be arranged, if 
possible, so as to lie below the hydraulic gradient. 
When a valve or other obstruction occurs in a pipe there is a sudden 


‘4 


may be determined from the equation h’=/:- E. 
m 


Fig. 761. 


. 
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ul in the hydraulic gradient at the obstruction, due to the loss of head 
used by it. 

407. Chézy’s Formula for Flow in Pipes.—From the equation 
ht oss Ea Be = RN en 
Waf-5 5, of Art, 404, » NE m= 6 /mi, 


where ¢ stands for 29 


This formula, v =¢ ./mi, is generally called the Chézy formula for the 
flow in pipes, 

408. Examples on Flow of Water in Pipes.—-The following ex- 
amples show the application of the formule which have been discussed 
to practical cases. 

(1) A pipe 18 inches in diameter and 6 miles long connects a storage 

_ reservoir A with a service reservoir B. The difference between the levels 

_ in the two reservoirs is 100 feet. It is required to find the rate of dis- 
charge through the pipe and the hydraulic gradient. 

Let v= velocity of water through the pipe in feet per second. 


2 
The loss of head at the entrance to the pipe is 0°45 os (Art. 396). 


~The loss of head due to friction in the pipe is 


-.) a ? _ 445-872. 
12x 1°5 


The head equivalent to is is lost at the outlet into the lower 
_ reservoir. 
Total loss of head = py (0°48 4445-87 +1)= UT 325 
Hotico uur 32 = 100; from which 0= 3°79, 


Discharge in cubic feet per second =7 x 1:52 x 3°79 = 6°697. 
Discharge in gallons per day 
=6°697 x 60 x 60 x 24 x 6°23 = 3,604,808. 


Applying the equation of energy to 1 Ib. of water at the surface of 
the water in A and to the same quantity at a point in the pipe near to 
the entrance, and taking the level of the water in B as the datum level, 


. P y? ABy2 
100=- +—.+0°45—. Hence 100 —- -= ——— = 0°32 foot. 
w 2g 29 g 
The hydraulic gradient may now be drawn as a straight line joining 
a point in the surface of the water in B immediately over the outlet end 
of the pipe, with a point immediately over the inlet end of the pipe and 
0°32 foot below the surface of the water in A. 
It is obvious that in examples of this kind, where the pipe is very 
long, the only important loss of head is that due to friction in the pipe, 
and the other losses may generally be neglected. 


ee 


~~ 
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(2) Required the diameter of a pipe to connect two reservoirs whiel 
are 10 miles apart. The discharge is to be at the rate of 4,000, ) 0 
gallons per day, and the available head is 350 feet. 

4000000 x 10 1000000 a ; 
62°3 x 24x 60x 60 623x216 

Let d=diameter of pipe in feet, and v= velocity of water through the 
pipe in feet per second. 


Discharge in cubic feet per second = 


™ 72. 1000000 . 14 ,,. 1000000 
4°” 623 x 216’ 623 x 54rd? Ed 
Neglecting all losses except that due to friction in the pipe, then ee 
4i wv? . 4x 10x 5280 1000000? 
cc a med d * 623? x 542n 2d! x 2g’ 


from which d5= 839/. 
1 kf ; 
If be «pat equal to 0-005(1+ 55), then} dita 4195(d-+ 35) 


iat 


which is an awkward equation to solve, and it is simpler to assume a 

value for /, say in this case 0-006, then d= 839 x 0°006 = 5-034, and by 

logarithms d= 1°38. : 
Using this approximate value of d, a more approximate value of 7 is 


1 . 
12 x rh sale 

A more approximate value of dis then d= 3/839 x 0°0053 = 1°35 feet. — 

(3) Reservoirs A and B (Fig. 762) discharge into a reservoir C- 
through pipes AD, BD, and DC, as shown. The lengths of the Pipes 
AD, BD, and DC are 10, 000 feet, P 
6000 feet, and 8000 feet respec- 
tively, and their diameters are 
18 inches, 12 inches, and 21 inches 
respectively. The water levels of 
B and C are 40 feet and 100 feet 
respectively below the water level 
of A. It is required to find the 
rates of flow from A and B. 

Let Q,, Q,, and Q, be the rae, 708 
rates of flow through AD, BD, and DC respectively, in cubic feet per . 
second. 

If h is the loss of head in feet in a pipe of diameter d fect and length — 

1 feet, v the velocity of flow in feet per second, and Q the rate of discharge — 
in cubic feet per second, then 


4b had 
h=f> 7" 99° onVlZ Wee 
hd? . 
= d%y=_al % 
= de wins . 
An average value of / for the pipes in this example may be ere at 


IQ 
about 0-0054, then Q= 43%, and h= a3, 


determined, namely, f= 0-005(1 + 
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~§ In order that the water may flow from B towards D, it is evident 
if the pipe BD be closed the loss of head A between A and D 


that if 
must be greater than 40 feet. 


_ 10000Q? _ 7, — 8000Q? 
ha Torcrgs? ond 100- hm ta T5? 
where Q is the rate of flow through AD and DC when the pipe BD is 
closed. From these two equations, i =73 feet, nearly. Therefore if the 
_ pipe BD be open, water will flow from B towards D. 

Now let h,, h,, and h, be the losses of head between A and D, 
. B and D, and between D and C respectively, then 


_ 10000Q ya TOOUOs 
A 48? x 1:55’ pate ach 432 x 15’ 


8000Q2 


These equations are sufficient to determine Q, and Q,, but their 


solution is somewhat cumbersome, and it is really simpler and quicker 
to proceed by approximation, as follows :— 


hy, x 1-5 
=43,/"1 =1: 
| Qi = 48.4/-1 A = 1185 hy 


No x 15 
=4 =" 
Q 33500 O°555 hy, 


he x 1°75° 
=—4 cat’ Witla ee . 4 i] 5 
Q,=43,/ R000 71 88 wha 


Select values of h, (which must lie between 40 and 73) and 
calculate the values of Q;, Q,, and Q, from the equations just given, 
_ until values are obtained which make Q,+Q,=Q,. The work may 
be tabulated as follows :— 


: h,= 100 - hy, = 
4 


h, | 60 61 62 63 62°1 62°2 * 62°25 
hy 7746 | 7°810 | 7:874 T'937 7889 T'887 7890 

hg | 20 2h > | 23 23 221 22-2 22°25 
AVhy 4°472 | 4583 | 4690 | 4796 | 4-701 4°712 4-717 

hg | 40 | 89 38 37 37°9 37°8 37°75 
nJhs 6325 | 6°245.| 6164 | 6-083 6156 67148 6°144 


Q 9179 | 9°255 9°331 9-405 9°338 9°346 9°350 
Q. 2°482'| 2°544 2-603 2°662 2°609 2-615 2°618 
Q 12°321 | 12°165 | 12-007 | 11°850 | 11°992 | 11°976 | 11-969 
Q, +0 11°661 | 11-799 | 11-934 | 12-067 | 11-947 | 11°961 | 11°968 


The answers required, as found above, are Q, = 9°350, and Q, = 2°618. 
For practice, and to illustrate more fully the working of this example, 
the student would do well to find the answers directly by solving the 
- equations already given. 
- 409. Power Transmitted through a Pipe.—Case I. The pipe 
(Fig. 763) is provided with a nozzle at its delivery end, as for a Pelton 
wheel, and there is a valve by means of which the area through the nozzle 


. 
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may be varied. Diameter of pipe=d feet, length of pipe =/ feet, total 
head at nozzle=h feet, and v=velocity of water through the pipe 
in feet per second. Neglect the loss of ~ 
energy at the entrance to the pipe and at : 
the nozzle. 
Energy delivered at the nozzle per lb. of 
4i 
water per second =h—/- =a 39° 


Total energy delivered at the nozzle per second 
Al v 
atm 

i” aul - I-43 sa) 


Fie. 763. 


g 
: m7d?vw Al 
€ =H= ei J Vea ee 
Horse-power delivered at nozzle = H = TxbE fas fd ot dy 
To find when H is a maximum 
dH __7d*w wah _ 3f. 4] £). 
dv 4x 550 d 29 
ic > 
Hence H is a maximum when 3/: a om =h, or when v= nee 
d’wh |ghd 
The maximum horse-power is therefore = a 550 se . 
If there were no friction, the horse-power delivered would be 
_ Tavwh | 
14x 550 
H 4l # 
The efficiency is therefore Hi, 1-/f- id’ Ey 


When H is a maximum, the efficiency is 3. 
If P is the pressure of the water in lbs. per square foot just before . 
passing the valve at the nozzle, a the area of the cross section of the pipe, — 
a, the area through the valve or through the contracted nozzle, and v, 
the velocity of the water through the contracted nozzle, then . 


a ot ere ee 
therefore — aki if tay 29” and — » »/ Qghd — 4flv2/° 


1 


coiate ta _  Ighd Oh d 
When H is a maximum, v= af 6fl then aR ef Sil . 
ExampLe.—Let d=0°5 feet, 7= 400 feet, h = 300 feet, and f= 0°006. © 


dw Al v 
Th H= fom ( :. 
en rea a ee = 0:0667r(100 — 0:099402). 


, ; ghd _ 
H is a maximum when v= oe fl 
Maximum horse-power = 0°0667 x 18°31(100 — 0°0994 x 18°312) =81 “4. 


Efficiency per cent. = 100(1 = 7" 5)" 100 — 0-099402, 


= 18°31 feet per ‘ge0ond, . 


—————————— lO 
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The horse-power and the efficiency per cent. are shown plotted on a 
velocity base in Fig. 764. 


The maximum possible velocity is when the area through the nozzle 


is equal to the area through the 
44 vy yw 


_ pipe, then h -f. — - —- = —,and 


d 2g 2g 


this maximum velocity the horse- 
power is 10°17, and the efficiency 


_ 49 per cent. 


When the horse-power de- 
livered is a maximum, a,, the 
necessary area through thenozzle, 


G 0161 a. 


is a gil 


100 | Hoo 
60 SRN 0 § 
Boo Hg PEN To 
40 
er S420; 
WZ i 
Velocity U- (Feet: per Second.) 


Fia. 764, 


Case II. The pressure energy of the water is so great compared 
with the kinetic energy that the latter may be neglected, also the effect of 
variation in the level of the pipe may be neglected. 

Let p, and p denote the pressures in lbs. per square inch at points A, 
and A in the pipe at a distance / feet apart. Let H, = horse-power enter- 
ing the portion A,A of the pipe at A,, H=horse-power delivered at A, 
v=velocity of water ‘in feet per second, and d=diameter of pipe in 


feet. 


Loss of energy between A, and A per Ib. of water passing 


6 eeeen, | © iankeee 


and H = 


therefore p =p, — 


La thas 
144° d 2g" 


144prd*%7__— rd*v 


Al ‘ 
ES i Of: = ey 
4x 550 rete Eg ee 


To find when H is a maximum, 


dH _ 7d 
dv 4x 550 


2 
3uf+—- 3g 144p,, or when v= 


The maximum value of H is therefore = 0-483,/ 


(144p, — Buf - - . x) hence H is a maximum when 


24p,9d 
wfl © 
fl 


All the power is lost in friction in the pipe, and H=0, when 


4l v 72p,gd 
ws 997 Aah orv= “ae : 
The efficiency is T =l1- Hoge ; 


When H is a maximum, the efficiency is $. 
ExampLe.—Let p, = 1120 Ibs. per square inch, 7 = 1 mile = 5280 feet, 


d=0°5 foot, and f= 0°006, 
Hae 


4] y* 
cao ~uf At) = (57-58 —0-08750%). 
cess (14 ws 5) ww asin 
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H is a maximum when v “6 af ae = 14'8 feet per second. 


Maximum value of H=14:8(57:58 —0-0875 x 14°8?) = 568. 
H is zero when v=0, and when 


0 Sat 600 
= af Pee = 25:6 feet per second. S00 1A PK 
Efficiency per cent. 8 400 Dae: és 
flv? St tet & 
=100(1- )= 1000-1520, Es00Lp4 KH 
T2p,gd Ee rk : ; 
The horse-power and the effici: SAY am 
ency per cent. are shown plotted on _—'00 Nh) 20 
a velocity base in Fig. 765. In 9 


mH Pe x 
hydraulic mains the velocity of the 4 8 12 6 20 4 
water seldom exceeds 5 feet per Velocity Bie per Second.) 
second, and in the example just 1G. 765, 
considered the efficiency at this velocity is 96°2 per cent. 


410. Flow of Water in Channels.—When water flows in an open — 
channel, or when it flows in a pipe or closed channel without filling the 
pipe or channel, the water will have a free surface, and the hydraulic 
gradient will be the longitudinal slope of the free surface, and, since in 
most cases the depth of the water will be uniform in the direction of flow, 


the hydraulic gradient will be the same as the longitudinal slope of the 
channel. 
Reasoning as in Art. 404 on the loss of head due to friction in a pipe, — 
2 


it follows that for a channel (Fig. 766) the loss of head h’=f - é . me and 


v= 4 *4,/ ied =c ,/mi, whichis the Chézy formula. 


It must be kept in mind that the coefficient 
of friction f and the coefficient c, which is a 
function of jf, depends on the roughness of the 
surface of the channel, and also on the form and 
slope of the channel. 


411. Bazin’s Channel Formula.—The eminent French hydraulic 
engineer Bazin examined the results of a very large number of experiments 
on the flow of water in channels of varied forms and dimensions, and in ~ 
1897 he published a formula based on these results. 


TOR6. CR a 
The Bazin channel formula is » = y /miy 
Pit 
. Jm 
where y is a coefficient depending on the roughness of the channel. The — 
unit of length in the formula is the foot. 


The formula may be written v=c ,/mi, where ¢ is the quantity in the — 
large bracket above. 
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A few examples of the value of y are given below :— 


Character of the Wetted Surface, ¥ 
| Very smooth.—Smooth cement or planed wood dota ® ures. Gt) 0100 
| Smooth.—Planks, brick, or cut — < > ‘ ; : 0°290 
; h.—Rubble masonry F , ‘ ; oF ee 0°833 
| Very rough.—Ordinary earth canals iw Ween ete ‘ - | 2°B55 


412. Kutter’s Channel Formula.—Two Swiss engineers, Ganguillet 

and Kutter, devised a formula, generally known by the name of the 

latter, which has been largely used, notwithstanding the fact that it is 

somewhat cumbrous. The use of the formula is, however, facilitated by 
published tables. The formula is 


| 


41-6 4. 1811 4 0°00281 
. a ~ 900381 oft 
1+ (4 1-6 4.200 \ 
; a/m. 
where n is a coefficient depending on the roughness of the channel. 
A few examples of the value of ” are given below :— 
Character of Wetted Surface. n 
; Well planed timber . , , : 7 ; - | 0-009 
| Smooth cement, or coated clean pipes . ‘ - : ; - | 0010 
Rough planks , -| 0-012 
Ashlar, good brickwork, or fron pipes in ordinary condition ‘ - | 0013 
| Rough brickwork, or incrusted iron pipes . Pe PC 
Rough rubble in cement, canals in ae firm gray el. ; . - | 0°020 
Rivers or canals in good order . . d - - | 0°030 


413. Depth for Maximum Discharge in a Channel of Circular 
Section.—Let r= radius of section of channel (Fig. 767), and @ = angle 
_ subtended at the centre by the wetted perimeter. 
_ Assume that ¢ in the formula v=c ,/mi is constant for 
. different depths of stream. 

Wetted perimeter =r. 


| Area of section of stream = “(0 —sin ). 


CE ——_—_———— ae 


Therefore m= =2(2= ~ °), Fia. 767. 

And the discharge = "(0- sin 0)c er op Ni 
_ N(9—-sin 08 re 

JO ae 7" , 

The discharge will be a maximum when ora is a maximum. 
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Let y= a (dan eye? 
dy _* (0 sin 6)\(1- cos 8)6* .' 0 *(6—sin 0)? 


3/8 —sin OA 1/0 — sin 0™\3% 
coo (1-208 6) — (==) 


y is a maximum when @ q 7 = 0, that is, when 


3/6 — sin 0\4 1/0 —sin 0\% 
(g(t 008 0) —3(“— 5 


which reduces to sin 6 = 6(3 cos 6 — 2). 4 
The value of 6, found by trial or by plotting, which satisfies this , 
equation, is 308° to the nearest degree. 
The depth of water in the channel is then 


+r cos (180 — °) = r(1 + cos 26°) = 1°8997, 


or practically 0°95 of the diameter. 


Exercises XXVIIIb. 


1. A horizontal pipe 3 inches in diameter suddenly enlarges to a pipe 4 inches _ 
in diameter. Water is flowing from the smaller to the larger pipe at the rate — 
of 90 gallons per minute. What is the loss of energy at the enlargement, in 
ft.-lbs. per minute ? 4 

2. If the water flows through the pipes of the preceding exercise at the same 
rate as before, but in the opposite direction. What is the loss of energy at the — 
sudden contraction, in ft.-lbs. per minute? Assume that the coefficient of — 
contraction (%) of the stream on entering the smaller pipe is 0°7. 

3. A pipe of 3 inches diameter conveying water is suddenly enlarged to 
5 inches diameter. A U-tube containing mercury is connected to two points, 
one on each side of the enlargement, at points where the flow is steady. Find 
the difference in level in the two limbs of the U when water flows at the rate of 
3 cubic foot per second from the small to the large section, and vice versd. The 
specific gravity of the mercury is 13°6. [U.L.] 

4. State briefly the laws of fluid friction deduced from the experiments « 
Froude. ‘Taking skin friction to be 0°4 1b. per square foot at 10 feet per second, 
find the skin resistance in pounds of a ship of 12,000 square feet immersed 
surface, at 15 knots. Also the horse-power to overcome skin friction. _ 

[Inst.C.E. 


5. The friction of a thin plate when moved edgewise throngh water is foun 
by experiment to be 4 Ib, per square foot of surface in contact with the water, 
when the velocity of rubbing is 600 feet per minute, and that it varies as the 
square of the velocity of rubbing. How many ft.-lbs. of work per minute will 
be expended in overcoming the skin friction in the case of a ship steaming at 
183 knots, if the immersed surface of the ship when floating at her load line is 
27,620 square feet? If this skin friction is 70 per cent. of the total resistances 
encountered by the ship, what is the total horse-power usefully expended in 
propelling the ship? [B.E.] 

6. Calculate the hydraulic mean depth for (1) a channel having a bottom 
width of 6 feet, side slopes of 2 vertical to 1 horizontal, and a depth of water 
5 feet; (2) a channel whose section is an arc of a circle of 4 feet radius, the 
greatest depth of water being 2 feet. 

7. Ina water main 3 feet in diameter the velocity of the water is 3 feet per 
second; Find the head lost in friction in feet per mile, using 0°005 as the 
coefficient of friction, 
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____ 8. Find the head lost in friction in a pipe 15 inches in diameter and 4 miles 
cop, Benen the discharge is 2,000,000 gallons in twenty-four hours. Take 0-0054 
_ as the coefficient of friction. : 
9. A set of pumping engines has to force 3,000,000 gallons of water per day 
through a pipe 18 inches in diameter and 5 miles long to a height of 210 feet. 
Taking “v4 coeflicient friction as 0°0053, what is the effective horse-power of the 
nes 

10. Two reservoirs, 10 miles apart, are connected by a pipe 3 feet in 
_ diameter, the difference in their water levels being 40 feet. If the inlet valve 
to the lower reservoir is partially closed, so that the water rises in a vertical 
tube let into the pipe on the inlet side of the valve 20 feet above the level of the 
water in the reservoir, what would be the discharge of the pipe? [Inst.C.E.] 

11. Assuming a coefficient of friction equal to 0°006, what must be the 
diameter of a pipe 12 miles long to discharge 40,000 gallons of water per hour, 
the available head being 600 feet ? 

12. A Pipe, 9 inches diameter and 1 mile long, connects two reservoirs. The 
pipe has a slope of | in 80. The level of the water is 25 feet above the inlet 
end, and 6 feet above the outlet end. Neglecting all losses except skin friction, 
find the discharge, and draw the hydraulic gradient. Determine the pressure 
head in the pipe at a distance of half a mile from the inlet. The coefficient of 
friction may be taken as 0-007. [Inst.C.E.] 
13. A pipe 30 inches in diameter branches into two pipes of equal diameter 
J 


whose combined area equals that of the 30-inch pipe. Compare the loss of head 

in a mile of the latter Pipe with that in a mile of the two pipes, the rate of flow 
being 4 feet per second. [Inst.C.E.] 
fi _ 14. Two reservoirs are connected by a pipe 1 mile long and 10 inches 
_ diameter, the difference in the water surface levels being 25 feet. The value of 
¢e in the formula v=c,/mi is 120, feet and seconds being the units. Determine 
the flow det the pipe in gallons per hour, and find by how much the 
discharge would be increased if for the last 2000 feet a second pipe 10 inches 
diameter is laid alongside the first and coupled to it so that the water flows 
equally along the two pipes. [U.L.] 
15. A pipe consists of half a mile of 12-inch and half a mile of 6-inch pipe, 
and slopes at 1 in 100, The discharge is 2 cubic feet per second. Find the 
difference in pressure head at the two ends of the pipe. [Inst.C.E.} 
16. A line of piping has, in the upper portion of its length, a diameter of 15 
inches for a length of 5000 feet, sat an inclination of 4 per 1000. A tapering 
pipe then reduces the diameter to 12 inches, which remains constant for a length 
of 2000 feet, throughout which length the inclination is 3 per 1000. Find the 
' rate of discharge in cubic feet per second when the pipe is fully charged and is 

_ delivering freely at its termination. The equation of discharge may be assumed 


as Q=42 a fl where Q denotes cubic feet per second, h the head lost in 


length 7, and d the diameter in feet. [Inst.C.E.] 
17. A pipe AB is fully charged with water at A. ‘Two smaller pipes BC and 
BD convey the water from B to two points C and D. The length and diameter 
respectively of AB are 10,000 feet and 15 inches; of BC, 10,000 feet and 12 
inches; of BD, 10,000 feet and 9 inches: Points Cand D are respectively 50 feet 
and 80 feet below A. At all points the piping is under pressure except at C and 
D, where the water issues freely. Find the discharge at C and D, using the 
equation of discharge in the preceding exercise. [Inst.C.E.] 
18. A reservoir A supplies water to two other reservoirs B and C (Fig. 768). 
The difference of level between the surfaces of A and B is 75 feet, and between 
A and C 97°5 feet. A common 8-inch cast-iron main 
supplies for the first 850 feet to the point D. A 6-inch A 
main of length 1400 feet is then carried on in the same 


straight line to B, and a 5-inch main of Jength 630 feet B 
branches off at D and goes to C. The entrance to the C 

8-inch main is bell-mouthed, and losses at the pipe 

exits to the reservoirs and at the junction of the Fia. 768. 


pipes may be neglected. Find the quantity of water 
discharged per minute into the reservoirs Band C. Take the coefficient of fric- 
tion as 0°01. [U.L.] 
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19. A 4-inch fire main is connected to a storage tank, the length of the pipe 
being 800 feet. If the main ends in a nozzle 14 inches in diameter, and if ee 
head of water in the storage tank is 150 feet above the nozzle, to what height 
will the nozzle be able to deliver water? The coefficient of friction is 0006. _ 

[U.L.] 

20. A pipe 8 inches in diameter and 1000 feet long leads from a reservoir, 
terminates in a nozzle open to the atmosphere. The nozzle is 600 feet below 
the free surface of the water in the reservoir. Determine the diameter of the — 
nozzle when the kinetic energy of the jet is a maximum. ‘Take the coefficient — 
of friction as 0°006. 

21. Referring to the preceding exercise, calculate the velocity of the water in 
the pipe and in the jet, also the horse-power of the jet and the efficiency, for 
nozzles of 1, 2, 3, 4, 5, 6, 7, and 8 inches diameter, and plot the results on a base — 
representing the diameters of the nozzles. it 

22. Prove that when power is transmitted hydraulically through a pipe the 
maximum horse-power is transmitted when one-third of the original head is 
wasted in friction. You may assume that the loss of head due to friction is — 
proportional to the square of the velocity. - 

What will the maximum horse-power be if the diameter of the pipe is 6 
inches, its length 1200 feet, the original pressure 700 lbs. per square inch, and — 
the coefficient of friction 0°0075 ? ([U.L.] 

23. Calculate the percentage loss of horse-power per mile, when power is 
hydraulically transmitted in cast-iron pipes, 6 inches in diameter, for velocities 
of flow of 120, 150, and 180 feet per minute, and for pressures of 250, 750, and — 
1250 lbs, per square inch, 

Draw curves to show the results of your calculations, and from your curves 
obtain the total loss of horse-power when the 6-inch pipe is 4500 yards inlength, 
the velocity of flow 175 feet per minute, and the pressure 1000 lbs. per square 
inch. Use the formula—tloss of head =0:03lv?/2gd (feet second units). [B.E.] 

24. One hundred horse-power is to be transmitted to a distance of 5 miles 
with a loss of 15 per cent. of the head due to an accumulator pressure of 750 Ibs, 
per square inch. The beginning and end of the pipe are at the same elevation. 
Find the diameter of the pipe. The equation of discharge in Exercise 16 may 
be used in this case, but with a coefficient of 36 instead of 42. [Inst.C.E.] 

25. Some hydraulic machines are served with water under pressure by a pi 
1000 feet long, the pressure at the machines being 600 lbs. per square inch. 
The horse-power developed by the machines is 300, and the friction horse-power 
in the pipes 120, Find the necessary diameter of the pipe, taking the loss 
of head in feet as oros! : i and 0°43 lb. per square inch as equivalent to 1 foot 
head. Also determine the pressure at which the water is delivered by the pump, 

What is the maximum horse-power at which it would be possible to work the 
machines, the pump pressure remaining the same ? [U.L. 

26. The cross sections of four channels are shown in Fig. 769. They are al 


Fie. 769. 


equally smooth, they have the same slope and the same rate of discharge. Find 
the dimensions s, d, and b. 

27. If the faces of an open channel are plane and they are tangential to 
the surface of a cylinder whose axis is in the free surface of the water in the 
channel, show that the hydraulic mean depth is equal to half the radius of the 
cylinder. 

: 28. A semicircular channel 10 feet in diameter flows full of water. Compare 
its discharge with that of a rectangular channel of the same cross sectional area 
9 feet wide, lined with the same material, and having the same inclination. 

. [Inst.C.E.] 


ee eee 


i al i ee 
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29. A channel, with a bottom width of 30 feet, and side slopes of 2 hori- 
zontal to 1 vertical, flows full of water to a depth of 7 feet. Find the velocity 
flow in, and the discharge of, the channel, the inclination being 1 in 5000, 


of 
and ¢ in the Chézy formula 100. [Inst.C.E.] 


30. A channel with cement sides is 4 feet wide at the bottom, and its sides 
ag at 2 vertical to 1 horizontal. The slope of the channel is 1 in 500. 
will be the depth of the water for a discharge of 12,000 gallons per 
minute. Take the coefficient of friction as 0-006. (U.L.] 
$1. A channel in which the water is to run 3 feet deep has to discharge 
60 cubic feet per second, the velocity of flow being 2°5 feet per second. The 
sides slope at 1°5 vertically to 1 horizontally, and the value of ¢ in the formula 
v=c,/mi may be taken as 110, feet and seconds being units. Find the width of 
the el at the bottom, and the hydraulic inclination necessary. (U.L.] 
2. Apply Kutter’s formula to find the rate of discharge in cubic feet per 
second of a channel having a bed width of 20 feet, side slopes of 14 horizontal 
to 1 vertical, depth 6 feet, and longitudinal slope 1 in 5000. Take n, the co- 
efficient of roughness, = 0°02. 

33. Water flows in a pipe without filling it, Show that the velocity of flow 
for a given slope is a maximum when the wetted perimeter subtends an angle 0 
at the centre given by the equation @=tan 0, and that @=2574 degrees nearly. 

$4. The cross section of a closed channel is a square with a diagonal vertical. 
is the side of the square, and y is the depth of the water line below the apex. 
obra for maximum discharge y=0'127s, and that for maximum velocity 

=0° 
, 35. A cast-iron pipe 18 inches in diameter is laid with a slope of 1 in 1000. 
Water flows through this pipe with a depth of 135 inches, Taking ¢ in the 
formula v=c,/mi as 125, find the discharge in gallons.per hour. 


414. Impact of a Jet on a Flat Vane.—Casz I. Direction of jet 
perpendicular to vane. Vane at rest (Fig. 770).—A =sectional area of 
jet. v=velocity of jet before impact. W-=weight of liquid reaching 
vane per second. w=weight of unit of volume of liquid. P= total 
normal pressure on vane due to impact of jet. 

Since the motion of the liquid in the direction 
in which the jet is moving is entirely destroyed, the 


loss of momentum per second in that direction is v—=S====4qe-P 
ae and therefore 
2 . 
pa We_ war? _ ows. v  QwAh, Fra. 770. 
Sees 29 


where hf is the-head due to the velocity v. But wAh is the static 
pressure on an area A due to a head h. Therefore the total dynamic 
pressure due to the impact of the jet on the vane is equal to twice the 
static pressure on an area A due toa head h. In 
other words, the total dynamic pressure of the jet 
issuing under a head h will balance a_ static 
peas on an area due to a head 2k. This may 
demonstrated by the apparatus shown in Fig. 
771, where B is a tank containing water to a 
constant height h above the axis of a tube pro- 
jecting from the side of the tank. C is another 
tank containing water to a height 2h above Fic. 771 
the axis of a projecting tube of the same size and eS 
shape as that projecting from B. A flat plate D is suspended loosely 
against the mouth of the tube on C, and is held there by the force of 
the jet from B, as shown. Experimentally, the head in C will be slightly 
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less than 2h on account of the loss of energy in the jet from B due to 
friction. = 

As to the distribution of the pressure on a flat plate struck normally 
by a jet, this is shown approximately in Fig. ‘ 
772, where the intensity of the pressure due to 
the impact of the jet is plotted on the back 
of the plate. At the centre the pressure h, in 
feet of water, is slightly less than the head due 
to the velocity v, that is to say, h is slightly less 
than v?/2q. 

Case II. Same as Case I., except that the 
vane is moving in the same direction as the jet 
with a velocity v,—Loss of momentum of 
water impinging on vane per second in direction 


of motion of jet = —(v — v,), therefore 
g 


tea: Ww s. 0). Fia. 772. 
g 
But W=wA(v—v,), therefore P= whe —v,)?. 
g 


Useful work done per second = Py = 20-0) 


- Kinetic energy of jet per secon A 


mn ce ves Oe 20,(v— v,)? 


Efficiency = 

For a given ae of v the efficiency will be a maximum when : 
v,(v —v,)? is a maximum. 

Let y =0,(v—v,)? = 0,0? — Qvv? + v3. 


pa NE 
w=” 4vv, + 3x4. 


y is @ maximum when 8Y-229, i.e. when v¥,=v or ° Obviously 
dv, 3 4 
vy =5 is the result to take. Therefore the velocity of the vane should be © 

one-third of the velocity of the jet for the highest efficiency. 


u(o- 2) 

3\° 3) 8 
Pan & 

Case III. Direction of jet makes an angle 0 


with vane. Vane at rest (Fig. 773).—Loss of 
momentum per second in direction of normal to ae 


Maximum efficiency, = or 29°6 per cent. 


vane = —vsin 6. ; 6 


Therefore P= ue sin 0. Fig. 773. 


= Nesin o- —v, sin $) =P, 


second. OD=v,, and OE=velocity of 
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Casz IV. Same as Case III., except that the vane is moving parallel 
to itself with a velocity v, in a direction making an angle } with the 
vane {Fig, 774).—Loss of ‘momentum per 
second in direction of normal to vane 


‘Let the vane BC move to B/C’ in 1 


vane in direction of jet. 
OE sin @=OD sind. Therefore 


OE-= OD sin } _ », sin p Fig. 774. 
sin 6 sin 0° 
Relative velocity of jet and vane in direction of jet =v — fens. 
sin 
x _ysingd\_ wA, . 7 | 
a W wA(» Ts ) on AG sin 0 —v, sin ¢), 
wa . F 
ae 6— 2 
and aaa ae’ sin 6 —v, sin ) 
Useful work done per second 
ia -  wAysingd, -» 9 «ino 
= Pv, sin = meagre v, sin $)*. 
Kinetic energy of jet per second = casi 
: _ wAr, sin p 9— 2, wArs 
Efficiency rune 1 (v sin 0 —v, sin ¢)? + > 
_ 2% 8in $y, sg _y. si $y? 
= San OO” sin 6 —v, sin $)?. 
In the same way as in Case II. this efficiency can be shown to be 
, sin 0 
a maximum when died vr & 
The maximum efficiency = fd sin? 0, 


27 


Case IV. is the general case from which the others may easily be 
deduced. For example, Case II. may be deduced from Case IV. by 
putting 6 and ¢ each equal to 0. 

In the foregoing demonstrations the losses due to friction and the 
production of eddies have been neglected. 

415. Impact of a Jet on a Succession of Vanes.—In the preceding 
Article the jet was supposed to impinge on a single vane, and it was seen 
that the amount of water arriving at the moving vane was less than the 
amount delivered by the nozzle. If, however, a series of vanes come in 
turn in front of the jet, each vane entering the jet at the same point, 
the vanes will receive the whole of the water discharged by the nozzle, 
and the useful work done will be increased, and the efficiency therefore 
raised. For example, consider Case IT. of the preceding Article with a 
succession of vanes instead of one, 
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The weight of water eeipate the vanes is now W=wAv, and the 


total pressure on the vanes is P=Te —v,)= “co 0). 


Useful work done per second =Puv,= WENA, — 04). " 


2 
Kinetic energy of jet per second =wAv- on 


o 20, ae 
red ear 


For a given value of v the efficiency will be a maximum when 


Efficiency =o — 0) + wAv - 


v,(v—v,)isamaximum. Let y=v,(v—,), then be =v—2v,, therefore — 
s 

the efficiency is a maximum when v = 2v,, and the maximum efficiency is 

S(0- 4v) =4, or 50 per cent. rs 


The action of a series of vanes will perhaps be better undetstgil 
by reference to Fig. 775. . This does 
not represent a practical contrivance, 
and it is designed to illustrate the 
principle only. A frame, carrying 
a series of vanes at intervals q¢ apart, 
travels parallel to the jet, and each 
vane in turn is swung into the jet 
at the same point. The vanes are 
perpendicular to the axis of the jet. 
At (a) the first vane has just come 
in front of the jet. At (d) the 
second vane has just come into 
action, cutting the jet in two. The 
forward part of the jet will continue 
moving until its rear end B overtakes 
the vane in front of it. At (c) B, 
which is moving faster than the 
vanes, is overtaking the vane in 
front of it, and at (d) B has over- 
taken the vane in front of it, and 
that vane therefore ceases to act. 

Referring to (0), let a be the dis- 
tance which the front vane will have 
to travel before it ceases to act : 
after the second vane has come into 
action. Then g +z is the distance travelled by a point in the jet while 


: +2 v 
a vane travels the distance x Hence a at in ae and the number 
1 ' 
ev 


| oat 


2 5 iy 
of vanes in action at one time = a =]+ 


The total pressure on one vane is, by Art. 414, “ae — 0). Therefore 
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the total pressure on all the vanes is “0v- 0)? x — - = (0 - 1), as 


already shown in another way. Fig. "715 is drawn for the case where 
v= 2v,. 

“Tt is easy to show that in the general case, Case IV. of the preceding 
Article, but with a succession of vanes instead of one, the total normal 


— on all the vanes in oe at one time is 


P= (osind v, sin $), 


and that the efficiency is a8 Bo sin @—v, sin ¢), also that the maxi- 


mum efficiency is } sin? 0 Eas vsin 0 = 2v, sin ¢. 

416. Impact of a Jet on a Cup.—The axis of the jet is supposed 
to coincide with the axis of the cup, 
and the effect of friction will be 
neglected. 

Case I. Cup at rest.—The water will 
leave the cup in a direction tangential 

to the surface at the lip of the cup, as 
_shewn in Fig. 776, and the velocity of the 
water as it leaves the cup will have the Fi. 776. 
Same magnitude v as the velocity of the 
jet, but its direction will have been turned through an angle 180° — 6°. 
Loss of momentum of water te second in the direction in which it 


_is moving before striking the cup= -~ + cos 6). 


Therefore P =~ + cos 0) = “nl + cos 6). 


It 0-0, pa vA 


Case II. Cup moving in same direction as jet with velocity v,.— 

_ Relative velocity of jet and cup=v—v,, and this will be the relative 
_ velocity of water and cup as the water leaves the cup. Hence the loss 
of momentum of water per second in the direction in which it is moving 


before striking the cup is aC —v,) (1+ cos 4), and this is equal to P. 


But W =wA(v —»v,), therefore P= we —v,)? (1 + cos 6). 
Useful work per second = Pv, = wg yet (1 + cos 8). 


Eificieney = "(9 — —,)?(1 + cos 0) + wAv: 5 sy ae —v,)?(1 + os 6). 


The efficiency str be a maximum when v= ed 
8 0 
Maximum efficiency = 971 +cos 0) = = cos? = - 


417. Reaction of a Jet.—When a jet of cross sectional area A issues 
from a vessel with a velocity v, the momentum given to it per second is 
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bal eae , and this requires that a force Pale 


v2 : 
shall act on the jet 


a4 the direction of its motion. As a consequence of this there must be — 
another force F equal and opposite to P acting on 
the vessel, as shown in Fig. 777, and unless an 
external force be applied to the vessel the latter will 
move under the action of the force F. 

If the vessel moves under the action of the 
force F in the direction of that force with a velocity 
v,, the magnitude of F and P remain the same, 


namely Pape wav Fig. 777. 
J 
2 
Useful work done per second = Fv, = peli 


Total energy = useful work + lost work | 


2, 2 
CAO py) = Ant 3. 
29 29 


Ge at + Oy fe” 
299 Ut v2 


418. Deviation of a Jet in one Direction by a Vane without 
Shock.—In the examples on the impact of a jet on a vane which have — 
hitherto been considered, the jet has struck the vane and been deviated — 
abruptly. A consequence of this abrupt deviation is a shock, and there-_ 
fore a loss of energy in agitating the water. The full force of the 
impact may, however, be obtained and the shock avoided by so shaping — 
the vane that the jet on meeting it glides along its surface and is 
deviated gradually. 

Case I. Vane at rest (Fig.778).—At B, where the jet first meets the vane, 
the direction of the surface of the vane coincides with the direction of the jet, 
that is, the jet meets the vane tangentially. 
The jet is then gradually deviated by the 
curved surface of the vane, and leaves 
it in a direction tangential to the vane 
at C. 

The velocity of the water at B is equal 
to v in the direction BD, and the velocity 
at C is equal to v in the direction of the 
tangent to the vane at C. Draw BE 
parallel to the tangent to the vane at C, 
and make BE and BD each equal to ». 
Join DE. Then DE is the change in the 
velocity of the water, in magnitude and direction, while it passes over — 
the vane. If 6 is the interior angle between the tangents to the vane at 


B and C, then DE=2 vcos . The change in the momentum of the 


2 
a 6 : 
water per second in passing from B to C is had *DE= a 008 3 3? and this" 


wAv Oy 


Efficiency = 


Fig. 778. 


is equal to R, the resultant force on the vane due to the impact of 
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The line of action of R passes through O, the intersection of the 
of the jets at B and C. | 
The foregoing result may be obtained in another way. At B the 


reaction of the jet on the vane is F = We in the direction CO. The resultant 
of these two forces, obtained by the parallelogram of forces OHKL, is 


Case II. Vane moving parallel to itself in a given direction with a 
welocity v, (Fig. 779).—The jet moving in the direction BD with velocity 
wv meets the vane BC at B. The vane is 
moving in the direction BE with velocity 
4) Make BD=v, and BE=v,. Com- 
q ete the parallelogram BEDH. Then 
_BH=v, is the direction and magnitude 
of the relative velocity of the water and 
vane ; therefore in order that there may be 
no shock at entrance, BH must be the 
- direction of the tangent to the vane at B. 
The water moves over the vane with 
| the relative velocity v,, leaving the vane at 
C, where it has a velocity v, in the direction 
CK tangential to the vane at C, and a 
velocity v, in the direction CL parallel to FiG. 779. 

BE. Make CK=v,, and CL=v,. Com- 

_ plete the parallelogram CKNL. The diagonal CN =», is the direction 
_ and magnitude of the absolute velocity of the water leaving the vane at C. 
3 Draw BS parallel and equal to CN. Join DS. Then DS is the 
_ change, in magnitude and direction, of the velocity of the water while 
_ passing over the vane. If R is the resultant force on the vane due to 


the impact of the jet, then R=" - DS, where W is the weight of water 


impinging upon the vane per second. Draw ST perpendicular to and 
_ meeting DH produced at T. Then if P is the component of R in the 


direction of the motion of the vane, p=" -DT. | 


; 

| CN, the absolute direction in which the water leaves the vane, should 
_ be perpendicular to CL, the direction of motion of the vane. CN has 
_ then no component in the direction CL. The component of CN in the 
_ direction CL in the case of a revolving vane is called the velocity of whirl 
_ at exit, and for maximum efficiency this should be zero. 

; If CN is perpendicular to CL, then BS and ST are in the same 
straight line, and DT =v cos 8, where 8 =angle BDT =angle DBE. Then 
) 
) 


W 
Ba-7 vcos 8. But W=wA(v—v,cos f), where A is the area of the 
section of the jet, and v, cos 8 is the velocity of the vane in the direction 
of the motion of the jet. Hence P= “mae — v, cos Byv cos P. 
2H 


ia 
r Sea 
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A. 
Useful work per second = Py, = 7 — v, cos B)v,v cos B. 


. v wAv ; 
Energy of jet per second = wAv - aS apie: : F 
Avs 2 a 
Efficiency = “A- v, cos 8)v,v cos B + tne (0 - v, cos 8) cos B. 


2g 
For given sass of v and P the efficiency will be a maximum ¥ 


v ; BY 
v,(v—v,cos 8) is a maximum, that is, when 0, = ‘Zeos B’ Hence th 


pee ptt efficiency is 3, or 50 per cent. It is obvious that w ta : 
= F008 B? V, =, and, = 0. 

It is evident that unless Bi is a small angle a single vane of Ii 
length BC could only remain in action for a very short time, wig 
the vane is receiving water, that part of it upon which the jet is impir 
ing must be straight and parallel to BH in order that there may nal 
shock at entrance. 

For a succession of vanes, with CN perpendicular to CL, the tot 


pressure on all the vanes in action at one time is P=— vcos B, where V 


is now the total weight of water delivered by the jet per second, and is 


wAv? cos B 


equal to wAv. Therefore P= , and the useful work per se 


Avy? 
ei ihe - It would therefore seem that the useful woe 
creases indefinitely with v,, but if the vanes are driven by the jet, tl 


useful work cannot exceed the energy of the jet. Hence the maximul 


wAv? - » 
useful work = “ag? the efficiency is then unity, and v, = Zeos 8’ 


is Pv, = 


419. Action of a Jet on a Revolving Vane.—A case of great im \- 
portance in connection with turbines and certain forms of water wh eels 
is that in which the vane upon which the water impinges is a 


a revolving wheel. Referring to Fig. oO 

780, O is the axis of the wheel which Rr Ri 

is perpendicular to the plane of the foe 
figure ; the acting surface of the vane aX ‘\ i hetthe 
is also perpendicular to that plane. v we 


The inner and outer edges of the vane 
are at distances 7, and r, from the 
axis of the wheel. In what follows 


, LE" \ a 
fer Ne 
F . rs ij DB} , 
the wheel is assumed to be moving if bee ‘ 
with uniform angular velocity. The 
linear velocities of the inner and outer uy Sx 


edges of the vane are c, and ¢, re- 
spectively. Evidently c¢,/r, = ¢,/r,. 
At entrance the axis of the jet makes 
an angle 6, with c,. The absolute Fie. 780. 
velocity of the water at entrance is v,. Completing the parallelogram 
of velocities at B,, the relative velocity u, of the water and vane a 
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mtrance is found, and its direction determines the direction of the 
fangent to the vane at entrance, so that there shall be no shock there. 
At exit the relative velocity uv, is in the direction of the tangent to the 
vane at that point. v,, the absolute velocity of the water at exit, is the 
diagonal of the parallelogram, having c. and uw, for adjacent sides. The 
‘angle between v, and cy is 45. 


. 


_ Consider a small portion of the water of mass m. At entrance the 
velocity of this mass in the tangential direction c, is v, cos 9, ; this is the 
velocity of whirl at entrance. At exit the velocity of whirl is v, cos 4,. 
Taking moments about O, the angular momentum of the mass at entrance 


is mv,7, cos 9,, and at exit its angular momentum is mygr_cos A. Hence 
he loss of angular momentum of the mass in passing over the vane is 
m(v,7, cos 9, — v7". cos 0). If W is the weight of water impinging on 
the vane per second, then the angular momentum lost by the water per 


" ow ; : 
‘second is —(v,7, cos 9, — vgr,cos 6,). If there is a succession of vanes, 


then W is the weight of water supplied by the jet per second, and the 


turning moment on the wheel, due to the action of the water on the vanes, 
i -M=—(0,7; cos 4, — vyr cos 63), since the angular momentum gained 


by the wheel is equal to that lost by the water. In the foregoing discus- 
sion the effect of friction has been neglected. 

If @ is the angular velocity of the wheel, then the work imparted to 
the wheel per second is 


Mo= Cow cos 6, — Yg7Q cos A) = Hore cos 6; — V_Co COs 9). 


= Exercises XXVIIIc. 

1. A jet of water 2 inches in diameter, and having a velocity of 30 feet per 
‘second, impinges upon a fixed flat plate. Find the total pressure on the plate 
‘due to the impact of the jet, (2) when the plate is perpendicular to the axis of 
the jet, (6) when the plate is inclined at 30° to the axis of the jet. 

_ 2. A jet of water 3 inches in diameter, and having a velocity of 40 feet per 
‘second, strikes a flat vane which is perpendicular.to the axis of the jet. Deter- 
ee ne the total pressure on the vane, (a) when it is fixed, (b) when it is moving 
in the same direction as the jet with a velocity of 15 feet per second. 

_ 8. A fixed nozzle discharges 2 cubic feet of water per second. The jet, which 
has a cross section of 10 square inches, impinges on a flat vane which is moving 
in the same direction as the jet with a velocity of 10 feet per second. Find the 
_work done on the vane in horse-power. 

4. A series of flat vanes come in turn into a jet of water 4 inches in diameter. 
The vanes when in action are perpendicular to the axis of the jet, and they are 
driven forward by the jet with a velocity v, feet per second, The velocity of the 
jet is 50 feet per second. On a base representing values of v, from 0 to 50, plot 
the horse-power delivered to the vanes. State the value of the maximum horse- 
power, and the corresponding value of 1. 

5. A jet of water has a sectional area of 20 square inches, and delivers 1869 
gallons of water per minute. The jet impinges at right angles on a flat vane, 
which is driven in a direction inclined at 30° to the axis of the jet with a 
velocity of 12 feet per second. Find the work done on the vane in ft.-Ibs. 
per second, and the efficiency. 

_ 6. Taking the data of the preceding exercise, except that the jet impinges 
on the vane at an angle of 30° to its normal, find the work done on the vane in 
ft.-lbs. per second, and the efficiency. 

__ 7. Same as Exercise 5, except that there is a succession of vanes at equal 
distances apart. 
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8. A jet of water 1 inch in diameter, coming from a reservoir at a hei 
200 feet, strikes a fixed hemispherical cup so that the direction of its motion 
reversed. Find the force it exerts upon the cup, assuming that the jet ha 
90 per cent. of the full velocity due to its head. 

9. A jet of water 2 inches in diameter, moving with a velocity of 40 feet 
second, strikes the interior of a cup. The axis of the jet coincides with the 
of the cup. The interior surface of the cup is part of the surface of a sp 
whose radius is 6 inches, and the depth of the cup is 3 inches. Find the ' 
pressure on the cup, (a) when the cup is fixed, (6) when the cup is movin 
the same direction as the jet with a velocity which makes the work done pe 
second on the cup a maximum. “4 

10. Taking the data of the preceding exercise, except that there is a succes 
sion of cups instead of one cup. Find the work done on the cups in ft.-lbs. pe 
second when the efficiency is a maximum, and determine the maximum efficient 

11. A small steam-boat is provided with two jet propellers, one on each 
of the vessel. The combined area of the two jets is 2 square feet. The 
for the jets is taken from the sea and driven astern, below the water line, by 
centrifugal pump. ‘The velocity of the jets in relation to the vessel is 25 fe 
per second, and the speed of the vessel is 9 knots. Determine the resistance | 
the motion of the vessel, also the horse-power developed in the cylinders of f 
engine, assuming that the useful work done by the jets in propelling the vess: 
is 40 per cent, of the work done in the cylinders. Take the weight of 1 c 
foot of sea water =64 lbs., and 1 knot =6080 feet per hour. ‘ 

12. The cross section of a jet of water is a rectangle 6 inches wide and 1 ine 
deep. This jet impinges upon a vane without shock. The cross section of 
vane is a quadrant of a circle. The velocity of the jet is 30 feet per seconc 
Find the component of the total pressure on the vane in the direction of th 
motion of the jet, (a) when the vane is fixed, (b) when the vane is moving in th 
same direction as the jet with a velocity of 15 feet per second, ‘= 

13. AB and AC are two lines inclined at 30°. A jet of water moves in th 
direction AC with a velocity of 24 feet per second, and a vane in the directio 
AB with a velocity of 12 feet per second. Show how to find the form of a ya 
so that the water may come on it tangentially, and leave it in a direction per 
pendicular to the direction of motion of the vane. Determine the pressure ¢ 
the vane in the direction of motion due to each pound of water striking th 
vane, [Inst.C. oF 

14. Indicate how a vane, moving with a velocity of 25 feet per second in ¢ 
horizontal direction, must be shaped in order to abstract the maximum amoun 
of energy from a jet of water impinging upon it at an angle of 45° to the 
horizontal with double the above velocity. What pressure would be exerte 
on the vane per cubic foot of water impinging per second ? {Inst.C. E. 

15. A jet of water, area 1 square inch, velocity 160 feet per second, has it 
axis inclined at 15° to the direction of motion of a bucket upon which | 
impinges, the velocity of the bucket being 70 feet per second. Find the 
direction and magnitude of the total pressure and the pressure in the direction 
of motion, if there is no loss due to shock at entrance, and no velocity of whi 
at exit from the bucket. Find the maximum possible hydraulic efficiency of | 
wheel provided with such buckets, and find also the speed corresponding. ‘tu de 

16. The rim of a turbine is going at 50 feet per second; 100 Ibs. of fiuic 
enter the wheel each second, with a velocity in the direction of the rim’s mo ate 
of 60 feet per second, leaving it with no velocity in the direction of the wh 
motion, What work is done per second upon the wheel ? [B 

17. A wheel having curved vanes is driven by a jet of water delivered 
to the vanes, as shown in Fig. 780, p. 482. 7,=2 feet, 72=2} feet. The 
delivers 2 cubic feet of water per second. The absolute velocities of the w 
at entrance and exit are 100 feet per second and 10 feet per second respective! 
If 0,=20°, and #,=85°, what tangential resistance will this wheel overcom 
at uniform speed and at a radius of 10 inches, neglecting friction? 7 

18. A locomotive going at 40 miles per hour scoops up water from a trough 
The outlet to the tank is 8 feet above the mouth of the scoop, and the deliver 
pipe has an area of 150 square inches. If half the available head at entrant 
is wasted, find the velocity at which the water is delivered into the tank, am 
the number of tons lifted in a trench 500 yards long. What, under these cot 
ditions, is the increased resistance to the motion of the train; and what is th 
minimum speed of the train at which water can be delivered to the tank ? 


CHAPTER XXIX 


WATER WHEELS AND TURBINES 


_ 420. Water Wheels and Turbines are prime movers, which utilise 
the potential and kinetic energy of water. In one class of water wheels 
the wheel acts by the direct weight of the water delivered to it. In a 
second class the wheel acts partly by the weight of the water and partly 
by the impulse due to the weight and velocity of the water striking the 
wheel. In a third class the action is entirely by impulse. In a fourth 
class the action is entirely due to the reaction of the moving water on 
the wheel. 

In a water wheel there are usually a considerable number of buckets 
or vanes placed round the periphery, and the water is delivered to the 
wheel on a part of its circumference, filling or striking one or a few 
buckets only at one time. 

In a turbine the revolving wheel has numerous buckets or vanes, 
which are all supplied with water simultaneously. Turbines have 
almost entirely superseded the slow-moving and cumbrous vertical water 
wheels. Turbines occupy less space, and are cheaper to construct than 
the older vertical wheels of the same power; they are also highly 
_ efficient, and suitable for large or small falls. 

421. Overshot Wheels.—An overshot water wheel is shown in Fig. 
‘781. The water is led to the wheel by a head race, and the quantity 
entering the buckets is regulated by a 
sluice A, which is operated by hand, or -gay-pae 
controlled by a governor driven by the S=s4-32h., 
wheel. The water enters the buckets at 
or near the top of the wheel} and acts 
almost entirely by its weight, descending 


in the buckets on about one half of the z 
wheel. The buckets empty themselves, ' = 
_ when near their lowest position, into the h © 
| 


tail race. A small part of the effort on i 
the wheel is due to the impulse of the 
_ water as it enters the buckets. 
| If h is the total fall in feet, and Q the 
_ number of cubic feet of water delivered i 
_ to the wheel per second, and w the weight 
_ of 1 cubic foot of water, then the avail- 


able horse-power is ~ : Fia. 781. 
To utilise as much as possible of the available power an overshot 


wheel must have a diameter nearly equal to the fall 2, but to obtain 
485 


* 


486 APPLIED MECHANICS 


sufficient velocity of water the top of the wheel requires to be abot 
2 feet below the head race. Hence for high falls the overshot wheel 1 
of large diameter. Wheels over 70 feet in diameter have been used. — 
The velocity of the buckets is from 3 to 6 feet per second, or abou 
half the velocity of the entering water. The efficiency of overshot wat er. 
wheels is from 70 to 85 per cent. when well designed and prope 
constructed. It is interesting to notice that the hydraulic eficency of 
the overshot wheel is greater at lower loads when the buckets carry le 
water, because then the buckets do not begin to empty until a g 
part of the descent has been made. 
422. Breast Wheels.—The feature which gives its name to 
breast wheel is the casing, apron, curb, or breast between the boa 
and tail race, which enables the 
buckets to retain the water for a 
greater portion of the fall. This 
breast fits as close to the wheel as 
is consistent with security from 
actual contact. Wheels with breasts 
are also termed high-breast, breast, 
and low-breast wheels, according as 
the water is delivered to the wheel 
above, at, or below the middle level 
of the wheel. Fig. 782 shows a 
high-breast wheel as made by Fair- 
bairn. The regulating sluice and 
its seat are curved, so as to fit close 
to the wheel. The water passes over 
the top of the sluice through guide 4 
passages designed to deliver the water to the buckets without shod c. 
The sluice is operated by a rack and pinion under the control of the 
governor. v7 
The power is taken from the wheel by a pinion gearing with a large’ 
internal toothed wheel attached to the rim of the wheel, as shown. ee 
position of the pinion is such that the downward thrust, due to the 
weight of the water in the buckets, is taken by the pinion without being | 
transmitted to the axle of the wheel, and no torque is carried by the 
arms, which have only to carry the weight of the wheel. The arms are 
comparative slender rods, and are in tension like the spokes of a bieyele 
wheel. ; 
The buckets are of iron, and it will be observed that they stand out 
a little way from what is called the sole of the wheel, permitting a free — 
circulation of air over the water in the buckets, which facilitates a 
discharge of the water from them when they reach the lower end of t 
breast. With this arrangement for the admission of air to the buckets, 
the latter are said to be “ ventilated.” 
The high-breast wheel, like the overshot wheel, acts almost entirely. 
by the weight of the water, and its efficiency is about the same. ¥ 
In low-breast wheels the water acts on the wheel partly by impuls 
and partly by weight. 
Breast and low-breast wheels have efficiencies varying from 50 to 8 
per cent., being greater for large than for small wheels. ‘i 


a 


Q 
a * 
ono oe 


Fig. 782. 


30 per cent., the maximum theoretical efficiency 
“being only 50 per cent., the velocity of the 
vanes being then half that of the impinging : 
“stream (see Art. 415, p. 477). 


by Poncelet, who curved the vanes, as shown 
in Fig. 784. In the Poncelet wheel the water 


_ 419, pp. 480-483, and the obser- 
vations there made apply to Fig. 


_ parallelograms of velocities as the 
water enters the wheel at B and 
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_ 423, Undershot Wheels.—The undershot wheel acts entirely by the 


of the water on its vanes. The older undershot wheels had 

vanes, as shown in Fig. 783, and on 
account of the loss of energy, due to shock, the 
efficiency of these wheels was only from 20 to 


The undershot wheel was greatly improved : 


enters without shock, leaves it with a small Ba 788. 


_ velocity in a nearly vertical direction, and during the whole time that 
_ the water is in the wheel it exerts an impulse on the vanes. The 


supply of water is regulated by a 
eurved sluice A. The theory of 
the form of the vanes has ~been 
discussed in Articles 418 and 


785, which shcws the vanes of a 
Poncelet wheel in action, with the 


Fig. 784. 


leaves it at C. BD=v is the direction and magnitude of the velocity 


_ of the water in the impinging stream. BE is tangential to the wheel at 


B, and equal to v,, the velocity of the 

outer circumference of the wheel. est 
Completing the parallelogram BEDH, 

the vane at B must be tangential to 

BH. The water glides up the vane 

with the relative velocity v,, and re- 
turns, gliding down the vane, leaving Fic. 785 
it at C. At C the water has a velo- aoe 

city v, in the direction CL tangential to the wheel at C; it also has a 
velocity in the direction CK tangential to the vane at C, and slightly less 
than ¥,, on account of loss by friction. Neglecting this loss, if CL be 
made equal to v,=BE, and CK=»,=BH, and if the parallelogram 
CKNL be completed, then CN is the absolute velocity of the water as 
it leaves the wheel at C. 

The efficiency of the Poncelet wheel is about 60 per cent. 

Common undershot wheels with radial vanes should not be used 
a greater than 5 feet. Poncelet wheels are suitable for falls up 
to 7 feet. 

A suitable diameter for undershot wheels is from two to four times 
the head due to the velocity of the impinging stream, and the linear 
velocity of the tips of the vanes should be about half that of the 
impinging stream. 

424, Pelton Wheel.—The Pelton wheel is a development of the old 
hurdy-gurdy, which was introduced into the mining districts of California 
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about 1865. The hurdy-gurdy was a vertical wheel, having flat radial 
vanes, upon which a jet of water with high ‘velocity impinged. ' 
maximum theoretical efficiency of the hurdy-gurdy is only 50 per ce 
and its actual efficiency from 25 to 35 per cent. a 
The substitution of curved buckets for the flat vanes was the gre 
improvement which converted the hurdy-gurdy into the Pelton wh 


—> 


Fig. 786. 


which the buckets are attached. The jet issues from a nozzle at the end ~ 
of a pipe and strikes against the buckets, as shown. ‘The form of the 
Pelton bucket is shown in Fig. 787, from which it will be seeu that the 
jet is divided by a sharp ridge in % 
the bucket, and is then gradually 
deflected through an angle slightly 
less than 180°. It is necessary to 
make the angle through which the 
jet is deflected less than 180°, in 
order that the returning stream 
may clear the bucket which 
follows. The Doble bucket, shown 
in Fig. 788, is an improvement 
on the Pelton bucket. The im- 
provement consists in making the 
two compartments of the bucket 
of ellipsoidal form, and in cutting 
away a part of the outer lip to 
into action. ¥ 

The disc of the wheel may be of cast-iron or steel, and the buckets 
may be of cast-iron or hard bronze. 4 

Assuming a complete reversal of the jet, it is evident that if the 
velocity of the buckets is half that of the jet the absolute velocity of the 


clear thé jet as the bucket comes | 


Ee 
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water on leaving the buckets is zero, and the hydraulic efficiency is unity. 


The actual efficiency of Pelton wheels is from 70 to 90 per cent. 
The Pelton wheel is suitable for situations where a comparatively small 
amount of water at a high pressure or under a great head is available. 
There are difficulties connected with the governing of Pelton wheels 
which may be here referred to. The opening through the nozzle may be 
varied by a curved stopper at the end of a screwed rod, which works in a 


nut, as shown in Fig. 786. The area through the nozzle, for a given 


energy of jet, depends, however, on the friction of the supply-pipe as well 
as on the head of water, and is determined in the manner discussed in 


Art. 409, p. 467. The central stopper, or needle as it is sometimes called, 


may be operated by a governor driven from the shaft of the wheel. A 
sudden throttling of the jet due to the action of the governor when there 
is a sudden reduction in the power required causes a sudden check on the 
flow of the water in the supply-pipe, and if this, pipe is long the result is 
a water-hammer action, which may unduly strain the pipe. This difficulty 
may be got over by providing a spring-loaded relief valve. In another 
system of governing the nozzle is at the end of a short pipe, so jointed as 
to permit of the jet being deflected so that only part of it strikes the 
buckets. A difficulty with this system of governing, however, is that a 
very considerable force is required to deflect a jet moving at a high velocity. 

The power of a Pelton wheel may be increased by having two or 
more nozzles, instead of one, directing jets in tangential directions at 
different parts of the circumference of the wheel. 

425. Girard Impulse Wheel.—One form of the Girard impulge 
wheel is shown in Fig. 789. This wheel is mounted on a horizontal 
shaft A. The water enters through a pipe B, which bends over and 


= 4 


Fra. 789. 


terminates opposite to one or more guide passages C, which direct the 
water on to the vanes D of the wheel. The quantity of water entering 


4 
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the wheel is regulated by a sluice E, which has teeth on its upper face 
gearing with a pinion. F, which is secured to the shaft H. A worm K 
gears with a worm wheel L, which is fixed to the shaft H. The worm K 
is fixed to a shaft operated by a governor or by hand. 


The rim of the particular wheel illustrated runs at a high speed, over 
100 feet per second, and it is strengthened by steel hoops M shrunk on. — 


In some wheels of this type these steel hoops are made of much larger 


section than shown in Fig. 789, in order to increase the fly-wheel action, — 


preventing a too rapid change of speed with charge of load. 


Owing to the greater obliquity of the vanes at exit than at entrance, the — 
distance d between two consecutive vanes at exit is less than the distance © 
between them at entrance, and to prevent the choking of the passage by — 
the water the passage is widened transversely towards the circumference — 


of the wheel, as shown in the left-hand view in Fig. 789. oe 
In impulse wheels the water flows over the vanes under atmospheric 


pressure, and to ensure free access of air ventilating holes e are made — 


through the sides at the back of the vanes, as shown. 


426. Speed, Power, and Efficiency of Girard Impulse Wheel.— 
Referring to Fig. 790, 7; and ry are the inner and outer radii respec- — 


tively of the wheel. 
¢,=B,C, is the tan- 
gential velocity of the 
wheel at radius 7. 
Cy = BC, is the tan- 
gential velocity of the 
wheel at radius 79. 
Obviously ¢,/7, = 9/75. 
v,=B,V, is the ab- 
solute velocity of the 
water as it enters the 
wheel. t,=B,V, is 
the absolute velocity 
of the water as it 

leaves the wheel. pisos 

0, =angle CB, V,. 0, = angle C,BoVo. B,C, V,U, and B,CoV2U_ are 


the parallelograms of velocities at entrance and exit respectively. — 


u,=B,U, is the relative velocity at entrance, and B,U, is the direction 


of the tangent to the vane at entrance. %,=B,U, is the relative velo- — 
city at exit, and B,U, is the direction of the tangent to the vane at exit. 


, =angle C,B,U,. ¢,=the supplement of the angle C,B,U,. 


As the water in entering and passing through the wheel is under 
atmospheric pressure, the velocity v, depends only on the effective head — 
at B,, and is to be calculated from the formula »,= ,/2gH,, where — 


H, is the effective head. 


If W is the weight of water entering the wheel per second, then, neglect- : 
ing friction, the energy given to the wheel per second is 5,07 — 03). 
But by Art. 419, p. 482, the energy given to the wheel per second is ; 

Ww 
also equal to gia cos 4, — UxCq COs Oy), a 


‘ 
i 
4 


Lt 
a 
« 
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PI 
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Therefore vj — vj = 2(v,c, cos A, — ve¢q cos O,). 


But vt = c] + Wt + 2c,u, cos d,, 
and Uy = Cy + UZ — cot. COs po, 
also % cos A, =c, +% cos dy, 
and Vy COS A, = Cy —Uy COS do. 


Substituting these equivalents in the equation 

y Ui — vz = 2(v,c, Cos A, —VgCq cos 4), 

_ the result is “@—-wg=c-d. 

It is evident that the efficiency of the wheel will be greater the 
smaller v, is, and v, will be smaller the smaller ¢, is. But since there 

must be a sufficient area of passage between the vanes at exit, ¢. cannot 

__ be made indefinitely small. For a given value of ¢, the velocity Vg will 

have nearly its minimum value when vz is equal to cy, and if wu be made 

equal to c., this leads to very simple relations between the various 

quantities. For since uj — aj =cj — &, it follows that if ug=c,, then 


U =cy, and ¢,=20,. Hence c,= Tee B," and the angular speed of the 


The energy given to the wheel per second = 3° (04 — v3), but since 


rv, sin a 
Ug = Cg, Ve = 2c, sin 3 zy eae , therefore energy per second 
ry sin % ‘ 
I , and the horse-power of the wheel is this 
r, cos 0, 


Biccecivn divided by 550. ° 


The energy in the water per second as it enters the wheel is he 


ty sin #2 3 F 
Se 6," The efficiency is 
1 


therefore greater the smaller the angles ¢, si 6,. 

In practice the angle @, is generally between 20° and 25°, and ¢, 
is generally between 15° and 20°. The ratio of r, to r, is is generally 
between 1°15 and 1-25. 

Taking friction into account the efficiency is about 80 per cent., and 
the efficiency is not reduced by diminishing the sluice opening when 
there is a reduction in the load. 

The axis of the wheel may be either horizontal or vertical. 

427. Jet Reaction Wheels.—The simplest form of the jet reaction 
wheel is that generally known as Barker’s mill. Fig. 791 shows a 
Barker’s mill constructed of ordinary wrought-iron or steel tubing. The 
vertical central tube AB has jointed to it two horizontal tubular arms 
CD and EF, which are opposite to one another. These arms are closed 


: Hence the efficiency of the wheel is 1 sh 
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at their outer ends. A “bend” H leading from the tank K enters a 
short distance into the tube AB, and serves as a bearing for AB, — 
permitting the latter to rotate freely. A : 
footstep bearing is arranged at the lower 
end of AB, as shown. 
Water flows from the tank K through 
H into AB, and thence into the arms CD 
and EF. In CD and EF are orifices L 
and M, through which the water issues 
in jets perpendicular to the arms and 
horizontal, as shown. The reactions of 
the jets on the arms cause the latter to 
rotate, driving the central tube AB. The 
power developed may be taken off at the 
pulley N, which is secured to AB. Leak- 
age at the joint at the upper end of AB 
is prevented by a simple gland and 
stuffing-box, as shown. | 
In Whitelaw’s turbine, sometimes called 
the Scotch turbine, instead of the straight 
arms of the Barker’s mill, there are casings 
of a more or less spiral form leading the 
water to the orifices, the casings contract- Fia. 791. 
ing as they approach the orifices. 
Jet reaction wheels are not now in practical use, but they are 
interesting from the student’s point of view. 7 
The theory of the jet reaction wheel is as follows. Referring to . 
Fig. 791, let 
h=static head of water at orifices. 
7 = distance of orifices from axis of wheel. 
c=linear velocity of arms at radius 7. 
w= velocity of jets relative to arms. 
W = weight of water passing through wheel per second. 4 
The pressure exerted by the water in the neighbourhood of the — 
orifices is due to the static head / and to the centrifugal force of the 
revolving water in the arms. The head, due to the centrifugal pressure — 


2 
at the orifices, is 5: , and the total head at the orifices is therefore 


"a ——,; : 
h+ 29° Hence w= ,/2gh +c?, neglecting losses. 


The reaction of the jets on the arms at radius r is iC —c),and the — 


work imparted to the wheel per second is a (w —c)e. 


: . W (w—c)e 
The efficiency is — (w—c)c+ WA =S—_~ .. 
ve eae = 


2__ 92 . =. 
Tf w= /2gh+c?, then ha and the expression for the — 


: 2c 
efficiency becomes ——— . 
U+C 
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A loss which is inevitable is the kinetic energy in the water as it 


leaves the wheel, and this amounts to es per second. 


428. Classification of Turbines.—A turbine consists of two main 
parts, the wheel or runner, and the stationary guides. The wheel consists 


of two plates or rings called crowns, between which lie numerous vanes. 


The guides direct the water on to the vanes of the wheel. 

Turbines may be divided, according to the manner in which the 
water acts on the moving vanes, into two classes, namely, impulse 
turbines and reaction turbines. In impulse turbines the water does not 
fill the passages between the wheel vanes, and there being free access of 
air to these passages, the velocity of the water as it enters them is that 
due to the head. Also the energy of the water as it enters the wheel is 
entirely kinetic. In reaction turbines the water completely fills the 
passages between the guides and between the wheel vanes, and the 
velocity of the water at the entrance to the wheel may be greater or less 
than that due to the head there. Also the energy of the water as it 
enters the wheel is partly kinetic and partly pressure energy. 

An impulse turbine must discharge into the atmosphere, and 
must therefore be clear of the tail race, but a reaction turbine may be 
completely immersed or drowned. 

Another classification of turbines is according to the direction in 
which the water flows through the wheel. This leads to four classes. 
(1) Outward flow turbines, in which the direction of flow is radial and 
outwards. (2) Inward flow turbines, in which the direction of flow is 
radial and inwards. (3) Parallel flow or axial flow turbines, in which 
the direction of flow is parallel to the axis of the wheel. (4) Mixed jlow 
turbines, in which the direction of flow is 
partly radial and partly axial, changing 
from one to the other on the vanes inside 
the wheel. 

The various types are also frequently 
referred to by the names of the engineers 
who were identified with their introduction 
or improvement, as the Fourneyron turbine 
(radial outward flow), the Francis turbine 
(radial inward flow), and the Jonval turbine 
(parallel flow). Mixed flow turbines,. in 
which the water enters in a radial inward 


direction and leaves in an axial direction, Fig. 792. 


are largely used in America, and this type 
is often called the American turbine. Fig. 792 shows the wheel or 
runner of the Victor (American) turbine. 

The Girard turbines are impulse turbines, and they may have either 
radial or axial flow. 

429. Formule for Reaction Turbines.—The notation to be used in 
this Article is partly shown on Figs. 793, 794, and 795, which represent 
outward flow, inward flow, and parallel flow turbines respectively, and 
is the same as was used for the impulse wheel, Art. 426, p. 490. 

Values of the Angles.—The angles 0, and ¢, are assumed in designing 
a turbine. 6, varies from 10° to 25° in inward flow turbines, and from 
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15° to 25° in outward flow and parallel flow turbines. ¢, varies from = 
10° to 25°. ¢ ae 
Areas of Passages.—A, and A,=areas of guide passages and wheel 4 
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passages respectively at exit, measured at right angles to direction of 
flow. 

If m is the number of passages, and b the distance between the 
crowns, then, referring to Fig. 796, the area of 
the passages referred to above is A=ndb. If t 
denotes the thickness of the guides or vanes, 
then, approximately, 


n(d + t) = sin 6, and A = (2rr sin 6 ~ nt)b. 
2rr 


The ratio A,+A, may be assumed in 
commencing the design of a turbine. A,+A, varies from 0°5 to 1 in 
outward flow turbines, and from 0°6 to 1°5 in inward flow turbines. 
In parallel flow turbines A,~+ Ag, is usually about 1. 


Fig. 796. 
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Ratio of Radius r, to Radius r,.—The ratio 7, +7 is also assumed, 
For outward flow 7,+7, varies from 0°7 to 0°85, and for inward flow 
een m 12 to 2. In parallel flow turbines take r,=7r,=7, the mean 


Result of Continuity of Flow.—Since the water completely fills the 
in flowing through them, it follows that v,A, = 

elocities of Whirl.—At entrance to wheel the velocity ‘of whirl is 
2 cos @,, and at exit v, cos 4. 

_ Work Imparted to Wheel. —It W = weight of water passing through 
the wheel per second, then by Art. 419, p. 482, the work imparted 
to the wheel per second is 


Ten cos, — Cy C089). 


| Efficiency.—The energy available per second is Wh, where h is the 
available head of water. Hence the efficiency is 


E= alc cos 0, — csv, cos 9). 


_ The efficiency varies from 75 to 85 per cent., and may be taken, 
_ when unknown, at 80 per cent. 
___ Velocity of Flow from Guide Passages (v,).—First assume that the 
s wad of whirl at exit v, cos 0, =0. 


The angle 9, is then 90°, and foc 


_ Work imparted to wheel per second = weit cos 4. 


. a vy A, % 
a Eificioncy E= 5 11 C08 0,= pst hairs . cos 4, cos py. 
E 
Hence » = za Ba jy -PR— Ks Aah 


z 
where K,= NES , “1 cos 4, cos py may be called the coefficient of velocity. 
2 


If instead of assuming that 6,=90° it be assumed that w= cy, then 
it may be left as an exercise to the student to show that 


E 
—A/gAi(%1 -3) 
K, q Z(B 00s 6 + cos dy A,)" 
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Wheel Speed.—Assuming 0,=90°, it has been shown that 


’ 


pile a Pe: o: e008 , therefore c ea gi: cos pK, ./2gh= ) 
1 1 2 1 ethy a! ae 
Ag 1 Ag 1g 
E 
A,” Avir 
where ba has : =F oy 2a, : i . cos 4, cos dy 


= f _E.. ; AY cos dy may be called the coefficient of wheel speed. 
2cos@, Ag 1 we 
If instead of assuming 0.=90° it be assumed that w)=ca, then it 

7 


follows that K, = Bd (3 3 “\ cos 6, + cos dy — 1). 
2 a 


Effective or Brake Horse-power =. 


430. Use of Suction Tube for Reaction Turbines.—Since a 
turbine works full of water, it is not necessary that it should be placed” 
at the level of the tail water in order to utilise the full head. A ion. 
turbine may with advantage be placed at a height, less than the height 
of the water barometer, above the tail water, provided that it discha 
into a pipe which, running full, opens under the tail water. The ady 
tages of this arrangement are that a shorter shaft is necessary, and 
turbine is more accessible. 


Exercises XXIX. 


1. The effective horse-power of a vertical water wheel is 28, and its efficiency — 
is 70 per cent. If the total fall is 20 feet, how many gallons of water must be 
delivered to the wheel per minute ? i 

2. The head race of a vertical water wheel is 5 feet wide, and the water in 
it is 6 inches deep, and has a velocity of 10 feet per second. ‘The total fall is — 
30 feet, and the efficiency of the wheel is 75 per cent. What is the effective — 
horse-power of the wheel ? y 

3. The stream impinging on the vanes of a common undershot water wheel — 
passes through a sluice opening 6 inches deep and 5 feet wide. The head of 
water is 4 feet 6 inches. Taking the coefficient of discharge for the sluice 
opening at 0°62, and the efficiency at 30 per cent., what is the useful horse-— 
power of the wheel ? q 

4. If in a Poncelet wheel the water enters in a direction bisecting 
angle @ between the tangents to the wheel and vane at the tip of the latte 
and if the points of entrance and exit are at the same level, show that, so far 
as the action of the water on the vanes is concerned, the efficiency is equal to 


1 — tan? > the friction of the water on the vanes being neglected. . ‘ 


5. The centres of the buckets of a Pelton wheel move ina circle 3 feet i 
diameter. The actual head of water for the jet is 2000 feet, and the diamet« 
of the jet is } inch. The wheel makes 1000 revolutions per minute, and develops — 
80 horse-power, using 28 cubic feet of water per minute. Determine, (a) the 
resultant efficiency, (b) the loss of head estimated at the jet, and (c) the 
of the mean velocity of the buckets to the actual velocity of the jet. 
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_ 6. Ina series of brake tests of a small Pelton wheel the following tabulated 
results were obtained :— 


65 | 67 | 54 | 47 44 | 35 2°9 2°1 10 | 00 
960 | 1360 | 1480 | 1800 | 1900 | 2240 | 2520 | 2800 | 3280 | 3580 


where W=effective load in lbs. on brake lever at 12 inches from axis of wheel, 
and N=speed of wheel in revolutions ye minute. The weight of water used 
in each test was 41°5 lbs. per minute, and the pressure of the water was 700 lbs. 
_ per square inch in the pipe behind the orifice. The diameter of the orifice was 
835 inch. Complete the above table by adding the brake horse-power and 
the efficiency per cent. Plot the brake horse-power and efficiency on a speed 
ase. Scales.—Horse-power, 2 inches to 1 horse-power; efficiency, 1 inch to 
20 cent. ; speed, 1 inch to 500 revolutions per minute. State the maximum 
eke biorse. power and the maximum efficiency. 
: 7. Show that the efficiency of a Pelton wheel is a maximum, neglecting 
frictional and other losses, when the velocity of the cups equals half the velocity 
of the jet. 25 cubic feet of water are supplied per second to a Pelton wheel 
thro a nozzle, the area of which is 44 square inches, The velocity of the 
_ cups is 41 feet per second. Determine the horse-power of the wheel, taking a 
reasonable value for the efficiency. [Inst.C.E.] 

8. A Pelton wheel is to run at 900 revolutions per minute. The head of 
water is 720 feet, and the maximum water supply is 15 cubic feet per minute. 
Determine the diameter of the wheel, the diameter of the nozzle, and the 

maximum power developed, assuming an over-all efficiency of 0°8. [U.L.] 
q 9. Explain why it may happen that when the opening through the nozzle of 
a Pelton wheel has a certain area the power of the wheel may be diminished by 
agg and also by decreasing the opening. 

10. The following particulars relate to a Girard impulse wheel. Using the 

notation of Art. 426, p. 490, 0,=19°, $,=36°, ¢.=15°, 7,=4 feet, r2=4°6 
feet. Total head=500 Feet, Absolute velocity of water at entrance = 85 per 
cent, of theoretical velocity due to total head. Volume of water entering wheel 
a second=8 cubic feet. Determine the velocities 1, ¢,, ¢g, %, Ug, and vy in 
feet per second, also the angle @,, the speed in revolutions per minute, and 
_ the horse-power of the wheel, neglecting losses in the wheel itself. 
: 11. In a Girard impulse wheel, using the notation of Art. 426, p. 490, 
— 0,=20°, ¢,=40°, g.=15°, r,=2 feet, r==2°5 feet, 1,=80 feet per second, and 
_ water passing through wheel per second =25 cubic feet. Determine the velocities 
C1, Co, Uy, Ug, aNd vy in feet per second, also the angle @,, the speed in revolutions 
th gaa and the horse-power of the wheel, neglecting losses in the wheel 
tse . 


12. A simple reaction wheel of the Barker’s mill type is supplied with water 
_ at a head of 10 feet. The combined areas of the orifices amount to 40 square 
_ inches, and the velocity of the centres of the orifices is 24 feet per second. 
_ Find the horse-power if the net efficiency is 60 per cent,, and find also the 
hydraulic efficiency. [U.L.] 
18. Certain experiments with a jet reaction wheel showed thai the maximum 
efficiency was obtained when c= ,/2gh (using the notation of Art, 427, p. 
491). Taking the coefficient of velocity for the orifices as 0°95, calculate the 
maximum efficiency and the percentage of the energy due to the head h which 
is carried away by the water leaving the wheel. 
14. A parallel flow impulse turbine works under a head of 64 feet. The 
_ water is discharged from the wheel in an axial direction with a velocity due to ~ 
a head of 4 feet. The circumferential speed of the wheel at its mean diameter 
_ is 40 feet per second. Neglecting all frictional losses, determine the mean vane 
_ and guide angles. [U.L.] 
s 15. The rim of an inward flow turbine moves at a speed of 30 feet per second, 
_ and the vanes are there at right angles tothe rim. Water enters the rim with 
a radial velocity of 5 feet per second. If the water is to enter without shock, 
what must be the angle between the rim and the guide blades? Find the 
weight of water entering per second if the circumferential area of all the open- 
_ ings of the rim is 2°4 square feet. [B.E.]} 
1 21 
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16. In an inward flow turbine the water enters the inlet circumfe: 
2 feet diameter, at 60 feet per second, and at 10° to the tangent to the circ 
ference. The water leaves the inner circumference, 1 foot diameter, with 
radial velocity of 5 feet per second. The peripheral velocity of the inlet 
of the wheel is 50 feet per second. Find the angles of the vanes at th 
and outlet surface. [ 

17. An inward flow turbine wheel works under a head of 60 feet, and 
380 revolutions per minute. The diameter of the outer circumference 
wheel is 24 inches, and of the inner circumference 12 inches, The ve 
the water entering the wheel is 44 feet per second, and the angle it ma 
the tangent to the wheel is 10°. Assuming the radial velocity of flow t 
the wheel to be constant, and that the water leaves the wheel in a rad 
tion, determine the direction of the tangent to the vane of the wheel 
inlet and outlet. Sketch a suitable form of vane. Determine the h u 
efficiency of the turbine. ' a. 

18. Using the notation of Art. 429 and the result proved in Art. 446, p. | 
apply Bernoulli’s theorem to show that in a radial flow-reaction turbine rae 


vb ug—ul ofc? 
29° (og 29 
where hf is the available or effective head at the inlet surface. 
Show also that in an axial flow reaction turbine 


29g 

where h, is the depth of the wheel. a 

19. The supply of water for an inward flow reaction turbine is 500 cubic fee 
per minute, and the available head is 40 feet. The vanes are radial at the inlet. 
the outer radius is twice the inner, the constant velocity of flow is 4 feet p 
second, and the revolutions are 350 per minute, Find the velocity of the 
the guide and vane angles, the inner and outer diameters, and the width of 
bucket at inlet and outlet. aie 
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431. Distinction between a Piston, a Bucket, and a Plunger.— A 

: “ei is generally a cylindrical piece which slides backwards and forwards 
‘inside a hollow cylinder. A piston may be moved by the action of fluid 
pressure upon it, as in a steam-engine or as in certain types of water 
_ pressure motors. A piston may, however, be used to give motion to a 
fluid, as in certain types of pumps. A piston is usually attached to a 
_ rod called’a piston-rod. Numerous forms of packing are used to prevent 
leakage past the piston. In the piston shown in Fig. 797 cup-leathers are 


PISTON. © 


Fig. 797. 


used for packing ; the pressure of the water acting on the inside of the cup 
presses the leather outwards against the cylinder. 

A bucket (Fig. 798) is a piston provided with one or more valves 
which permit of the fiuid passing through it in one direction. 

A plunger (Fig. 799) may be looked upon as a piston having the same 
diameter as its piston-rod. 

432. Bucket Pump.—Referring to Fig. 800, AB is a cylinder or 
barrel, in which is made to reciprocate a bucket C. A pipe DE, called 
the suction pipe, leads from the lower end of the barrel and dips into the 
water which the pump is required to raise. A pipe FH, called the delivery 
pipe, leads from the top of the barrel to the vessel into which the water 
is to be delivered. There are three valves, all opening upwards, one in 
the bucket, one at the top of the suction pipe, called the suction valve, 
and one at the bottom of the delivery pipe, called the delivery valve. 

The action of the pump is as follows. The bucket being at the 
bottom of its stroke, and the barreliapd pipes full of air at atmospheric 


500 APPLIED MECHANICS 


pressure, the bucket is pulled upwards, the valve in it being kept shut by 
its own weight and the excess pressure of the air above it. As the spac 
between the bucket and the suction valve increases, Hiaae 
the air in that space expands and its pressure falls. x 7 
This enables the pressure of the air in the suction ie 
pipe to lift the suction valve, and a portion of that t 
air then flows into the barrel below the bucket. 1 
The pressure of the air in the suction pipe there- : 
fore falls below the pressure of the atmosphere, 1 
| 
' 
| 
' 
! 
1 


and in consequence water is forced into the suction 
pipe from below by the pressure of the atmosphere 
outside until the water stands at such a height that 
the pressure at E due to that column of water, and 
the pressure of the air above it, is equal to the 
pressure of the atmosphere. During the down- hk 
ward stroke of the bucket the air beneath it is c ' 
compressed, the suction valve having closed, and ; 
when the compression is sufficient, the bucket valve B i 

\ 

\ 

' 


opens and a portion of the air beneath the bucket ret 
passes through it into the space above. In the D 
next upward stroke the air beneath the bucket is 
still further rarefied, and the water is forced by 1 
the pressure of the atmosphere to a greater height EES a 
in the suction pipe. This goes on until the water i i 
gets into the barrel. The bucket in descending Fra. 800. 
then enters the water, part of which passes through 
the bucket to the space above. The whole space below the bucket within 
the barrel and suction pipe is now full of water, and subsequent up strokes — 
of the bucket lift the water higher and higher, until it reaches the top « ‘” 
the delivery pipe. After this, during each up stroke, a volume of water 
equal to the volume swept through by the bucket is discharged through — 
the delivery pipe. 4 
Since the water beneath the bucket is held up by the pressure of the — 
atmosphere it is evident that the bucket in its highest position must not — 
be at a greater height above E than the height of the water barometer. — 
For a pressure of 14°7 lbs. per square inch the height of the water 
barometer is 34 feet. The height of the bucket above the level of the 
water at E is called the suction head. In practice the suction head is 
generally not more than about 26 feet. 
It may be observed that in the pump just described the dclivell - 
valve is not absolutely necessary, but during the down stroke of the © 
bucket it acts as a check on the suction roe in holding up the column 
of water. ‘ 
433. Force required to Work a Bucket Pump. —Once the barrel atid 
pipes of the pump are fully charged with water it is evident that, neglect- ~ 
ing the volume of the pump-rod, the volume of water delivered during 
each up stroke of the bucket is equal to the volume swept through by the 
bucket in one stroke. Let a=area of bucket in square feet; /= length 
of stroke in feet; h=total height through which the water is raised, in 
feet ; P = force (in Ibs.) required to lift the bucket, neglecting friction and ; 
the weight of the bucket and bucket-rod. 


PUMPS 501 


Weight of water raised in one up stroke = 62-3al. 
Work done in one up stroke = 62:3alh = Pl. 
Therefore P =62-3ah. That is, the pull on the pump-rod is equal to the 
weight of a column of water, whose base is equal to the area of the bucket, 
and whose height is the total head. Hence when friction is neglected, 
P is independent of the diameters of the suction and delivery pipes. 
During the downward stroke no water is raised, and only friction has to 
be overcome. Strictly speaking, a volume of water is discharged during 
the down stroke equal to the additional volume of pump-rod entering the 
barrel, but in the pump under consideration this may be neglected. 
Considering the effect of the pump-rod, if a, = effective area of bottom 
of bucket = 0°7854d?, where d is the diameter of the barrel, a, = effective 
area of top of bucket (a, is less than a, by the area of the section of the 
rod), h, =suction head, h. = delivery head, then P= 62°3(a,h, + ayhq). 
434. Plunger Pump.—Fig. 801 shows a short stroke plunger pump 
provided with ball valves. S is the suction valve, and D the delivery 
valve. The action of this pump 
during the out or suction stroke: is 
the same as that under the bucket 
of the bucket pump when the bucket 
is ascending. During the in or de- 
livery stroke the air within the pump 
is compressed and a portion of it is 
discharged through the delivery valve, 
and when the pump becomes charged 
with water a volume of water equal 
to the displacement of the plunger 
is discharged through the delivery 
valve during each delivery stroke. 
By the displacement of the plunger is 
meant the volume equal to the area 
of the cross section of the plunger 
multiplied by the length of its Fic. 801. 
stroke. 
A duplex pump, consisting of two plunger pumps side by side and 
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delivering into the same pipe, is shown in Fig. 802. The two plungers 
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is a continuous flow of water in 
delivery pipe. 


driven so that the delivery 
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during the time of the suction 
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436. Combined Plunger 


and Bucket Pump.—A 


Fig. 804. 
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‘ing water during the inward stroke. A bucket pump is also single-acting, 
discharging water during the outward stroke. By combining these two a 
p-acting pump is obtained, and this has two valves only. Fig. 804 
ows a compact form of combined plunger and bucket pump,* designed 
by Mr. Arthur Rigg. P is the plunger, and B the bucket. D and S are 
he delivery and suction air chambers respectively. The valves are of the 
annular seated ring type, provided with rubber-packed stop sockets. 
_ __ The area of the cross section of the plunger is half that of the barrel. 
Hence, during the up stroke, half of the water raised by the bucket goes 
' to fill the space left by the plunger, the other half going to the delivery 
: During the down stroke the plunger displaces the other half of 
the water raised by the bucket. 
_ 437. Continuous Delivery Pump for High Pressures.—For charging 
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hydraulic acumulators, in which the pressure of the water may be from 
700 to 7000 lbs. per square inch, the type of pump shown in Fig. 805 is 


* The Mechanical Engineer, January 18, 1908. 


504 APPLIED MECHANICS 


generally used. - The piston A has an area twice that of the piston: 
B. During the outward stroke the water to the left of the piston is dis- 
charged through the passage C and valve D to the accumulator, and 
water at the same time enters. by the suction valve E and passage F,. and. 
fills the space to the right of the piston. During the inward stroke ‘ 
water to the right of the piston is discharged through the passage Fa 
valve H into the passage K, but only half of this water goes through the 
valve D to the accumulator ; the other half goes by the passage C to the 
annular space in the barrel or cylinder to the left of the piston. A volume — 
of water, equal to half the volume swept through by the piston, - 
evidently discharged to the accumulator during each stroke. ‘The valve 
D is not absolutely necessary, but it acts as a check on the others when th e 
pump is not working. To make the valves close promptly they are load ed 
with springs, which consist of rubber rings separated by metallic washers. ~ 

438. Air and Vacuum Chambers.—In a pump of the single-acting 
type water is delivered during alternate strokes only, and the ioe , 
through the delivery pipe is therefore 
intermittent. The result of this is 
that in the neighbourhood of the 
delivery valve there is a great fluctua- 
tion of pressure due to the inertia of 
the water, and a consequent series of 
shocks. To remedy this defect an 
air chamber A (Figs. 806 and 807) 
is placed over or near the delivery 
valve D. 

The theory of the action of the 
air chamber is as follows. Referring 
to Fig. 808, the base line is a time > ‘1G. 807. 
base. The height of the straight line bi at a 
MN above the base represents the static pressure of the water due ~ 
to the head in the delivery pipe. The height of the line marked “total — 
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resistance” above MN represents the additional pressure required to 
overcome the friction in the delivery pipe. Suppose that the pump — 
starts from rest. The water in the delivery pipe being at rest, the — 
pressure of the air in the air chamber is equal to the static pressure of the 7 
water. At the beginning of the first delivery stroke the delivery valve — 
opens, and the water, flowing through, finds two passages open to it, 
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one leading into the delivery pipe, and the other leading into the 
air chamber. ‘To flow into the delivery pipe the entering water must 
_ exert a pressure greater than that due to the head of water in that pipe 
_ in order to overcome the inertia of the column of water and the friction 
in the pipe, but to enter the air chamber the resistance is practically 
only that due to the air pressure in it, and this pressure is only the 
_ static pressure due to the head in the delivery pipe. Hence the water 
_ coming from the pump barrel, taking the path of least resistance, enters 

the air chamber. As the water enters the air chamber the air‘in it is . 
‘compressed and the pressure rises gradually. This gradually increasing 
_ air pressure acts of course on the column of water in the delivery pipe, 
and sets it in motion gradually without shock. Up to the time A 
. (Fig. 808) all the water going into the delivery pipe has come direct 
- from the pump barrel, but the greater portion of the water coming from 

the pump barrel has gone into the air chamber. At the time A the 
velocity has increased until the flow through the delivery pipe is equal to 
the discharge from the pump, and after this a diminishing pressure is 
sufficient to keep up the delivery. The air now forces water from the 
air chamber, and in doing so it increases in volume and falls in pressure. 
At the time B the air pressure has fallen until it just equals the resist- 
ance. Up to this point the driving force on the water has been greater 
than the resistance, and therefore the velocity of the water has been 
increasing, and is now a maximum. After the time B the water con- 
 tinues to flow from the air vessel, although the air pressure is now less 
than the resistance, because of the kinetic energy in the moving water. 
At the beginning of the second delivery stroke tlie water from the pump 
has again two passages open to it. A quantity sufficient to keep up the 
flow at the now reduced velocity will go into the delivery pipe, but to 
send a greater quantity would mean increasing the velocity, and there- 
fore increasing the pressure above that in the air chamber, hence the 
remainder of the water enters the air chamber, and the pressure increases 
gradually. At the time C the air pressure is just equal to the resistance. 
Between B and C the air pressure, which is the driving force, has been 
less than the resistance, and the velocity has therefore been diminishing, 
and will have reached a minimum at C. Between C and D the air 
pressure increases, and at D the flow through the delivery pipe is again 
equal to the discharge from the pump. At E the velocity is again a 
- maximum, and at F the flow through the delivery pipe is again equal to 
the discharge from the pump, and so on. 

It is seen, therefore, that the air chamber makes the flow of water 
through the delivery pipe continuous, and shocks due to sudden changes 
of pressure are eliminated. 

The positions of the points A, B, C, etc., will depend on the char- 
acter of the motion of the bucket or plunger, the volume of air in the . 
air chamber, and the friction in the delivery pipe. 

The volume of the air chamber varies greatly in practice, being from 
two to six times the displacement of the bucket or plunger per stroke, 
and sometimes as much as ten times. 

_ An air chamber is not so necessary on a double-acting pump, but it 
__ is still advantageous, because the velocity of the piston not being uniform, 
the discharge through the delivery valves is not uniform. The capacity — 
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of the air chamber for a double-acting pump may, however, be less than — 
for a single-acting one. 
On the suction side of a pump the water in the suction pipe requir 
time to acquire, under the action of the pressure of the atmospher 
sufficient velocity to make it flow into the pump | 
barrel and completely fill the space left by the 
bucket or plunger ; and when the suction pipe is 
long, or when the speed of the pump is high, the 
-amount of water entering the barrel during the 
suction stroke may not be sufficient to fill it. 
Again, at the end of the suction stroke the suction 
valve is suddenly closed, and the water in the 
suction pipe is suddenly brought to rest and a 
shock: is produced. To remedy these defects a 
vacuum chamber V (Fig. 809) is placed on the 
suction pipe near to the suction valve 8. This 
vacuum chamber is not entirely devoid of air. When the water is ab 
rest the pressure of the air in the vacuum chamber, together with the 
pressure due to the head of water in the suction pipe, is equal to the 
pressure of the atmosphere. 
The theory of the action of the vacuum chamber is similar to that oft 5 
the air chamber, already discussed, but while the air chamber converts 
the intermittent discharge of the pump into a continuous flow in the — 
delivery pipe, the vacuum chamber converts a continuous flow in the 
suction-pipe into an intermittent flow in the pump. oa 
The volume of the vacuum chamber may be about half that of the ait 4 
chamber. he 
439. Pump Valves.—In nearly all pumps in which valves are Bs 
essential, the valves are operated automatically by the pressure of the 
water passing through them. The valves permit the water to pass freely — 
in one direction, but when the actuating force is removed, the valves close _ 
and prevent the return of the water. Kinematically, these valves are the — 
same as the pawl which permits a ratchet wheel or rack to move in one © 
direction only. dl 
There are many designs of valves in use in pumps, but it will only be 
necessary to refer to a few of them here. A simple conical direct lift valve 


Fig. 809. 
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is shown in Fig. 810, The body of this valve is a slightly arched dise — 
with a conical edge, which forms the face of the valve. The valve face 
beats on a corresponding conical seat, formed on a bush or on a part of | 
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“the valve casing. The valve is guided as it rises or falls by means of the 
central stem, forming part of the valve body, which slides in a hole in a 
bridge stretching across the opening below the seat. The amount of lift 
of the valve is determined by a stop on the casing above the valve. A 
‘modification of this type of valve is shown in Fig. 811. Here the body 
_ is made conical so as to direct the flow of water more gradually towards 
the opening, and thus reduce shock. This valve is guided by three 
east on it, which slide in the opening below the seat. In valves 

_ with conical faces and seats, the slant side of the cone is usually inclined 
at 45° to its axis. 

The valve shown in Fig. 812 differs from the one shown in Fig. 810, 
‘in having its face and seat flat, and in having the central stem above 
instead of below the valve. This stem slides in a guide forming part 
of the valve casing. The interior of this guide is in free communication 
_ with the interior of the casing through the small holes shown at the top, 
otherwise the stem would not rise and fall freely in the guide. The final 
grinding of the valve on its seat should be done when the guide is in 
position. The lift of the valve is limited by the collar on the stem 
_ striking the lower end of the guide. 
, Fig. 813 shows a ball valve. The ball is guided and its lift deter- 
_ mined by the cage surrounding it. 
In the valves just described the width of the seat may be as small as 
zz inch, and it is sometimes as much as } inch. The narrower the seat, 
_ the easier is it to make the valve tight, but the area of the seat must be 
sufficient to prevent the crushing of the material of the valve or seat. 
_ These valves are generally made of brass or gun-metal. 

Referring to Fig. 812, where the seat is flat, d is the diameter of the 
valve, and h its lift. The lateral opening through the valve is rdh, and the 


area through the seat is i” hence when these two are equal, = 


The valve is therefore full open when the lift is one quarter of the 
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Fig. 814. Fig. 815. Fia. 816. 


diameter. In practice the lift of single-beat metal valves working on 
metal seats, and actuated by the fluid, is generally considerably less than 
one quarter of the diameter, especially when the speed of the pump and 
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the pressure of the water are high. In the valves shown in Figs, 810: id 
811, the area through the seat is less than qo on account of the presence 


of the arrangements for guiding the valve.» These valves are therefore 
full open when the lift is something less than }d. 

An annular valve which has two seats is shown in Fig. 814. ay 
and d, are the diameters of the annular opening between the seats, a 
h the lift of the valve, then, neglecting the effect of the ribs between t the 


seats, the valve is full open when ai — d) = (dy +d,)h, that is, is : 


h=i(d,-d,). Tf d,=4d,, then h=}d,. 
The india-rubber disc valve is shown in Fig. 815. The thickness of 
the india-rubber is generally § inch to } inch for small valves, and m ay 
be as much as { inch in the largest sizes. The area of the seat or grat- 
ing in contact with the india-rubber should be sufficient to prevent. he 
pressure between them exceeding 40.lbs. per square inch. The peng 
forated guard limits the angular lift of the disc to about 30°. 
The Gutermuth valve, shown in Fig. 816, is an ingenious form of ff Ap 
valve. This valve is made from a sheet of special bronze of high” 
tenacity. Part of the sheet forms a spiral coil, the inner end of which i 
turned over and enters a slot in a spindle. The flat or uncoiled part 0 7 
the sheet forms the valve proper, and this is thicker than the rest. 
projecting ends of the spindle are rigidly held in bearings, so that 
flap is always in its correct position over the port. Before clampiagg 
down, the spindle is rotated until the spring of the coil is of the nece ary 
stiffness. The advantages claimed for this valve are, (1) the port 
entirely uncovered with a relatively small deflection of the metal of the : 
valve, (2) quite a small force exerted by the water is sufficient to 
deflect the valve, (3) the valve closes promptly when the flow ceases. 


440. Fluctuation of Delivery in Crank-driven Pumps.—In many 
cases the plunger or piston of a pump is driven through a crank and © 
connecting-rod, the crank being fixed to a shaft which has uniform — 
angular velocity. In other cases the plunger or piston is connected — 
directly to the piston-rod of a steam cylinder, and there is a crank shaft — 
whose crank is also connected to the piston-rod by a connecting-rod, On — 
the crank shaft is a heavy fly-wheel, which causes the angular velocity of | 
the shaft to be fairly uniform. 4 

In all such cases the velocity of the plunger or piston varies during” 
each stroke in a well-defined manner, and the curve which represents the — 
variation of the pent or piston velocity may be constructed as fully — 
explained in Art. 260, p. 300. The velocity of the water through the — 
delivery valve at any instant will evidently be proportional to the velocity ‘ 
of the plunger or piston at that instant. Hence a plunger- or piston- 
velocity diagram will also be a rate of delivery diagram. This disgraly 4 
may be drawn on a stroke base or, preferably, on a time base. 

First consider a simple plunger pump having one plunger. Due 
the suction stroke there is no discharge through the delivery valve, but — 
during. the delivery stroke the variation of the velocity of discharge is 
shown by the plunger-velocity diagram. The result for one revolution of 
the crank is shown at (a), Fig. 817, on a time base, 
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Next consider a double-acting piston pump. Here the delivery from 
one side of the piston takes place at the same time as the suction on the 
other side, and the variation in the rate of delivery through the delivery 
valves for one revolution of the crank is as shown at (4), Fig. 817, on a 
time base. 

The student should have no difficulty in constructing the rate of 


Fia, 817. 


delivery diagrams for cases where there are two or more plungers or 
pistons driven from the same crank shaft through cranks making known 
angles with one another, there being one delivery pipe for all. 

The resultant rate of delivery curve for a three-plunger pump is 
_ shown at (c), Fig. 817. The plungers are supposed to be all of the same 
_ size, and to be driven through cranks A, B, and C, which make angles of 
120° with one another. 

At (d), Fig. 817, is shown the resultant rate of delivery curve for a 
double-acting piston pump having two pistons driven through two cranks 
_ Dand E, which are at right angles to one another. The displacements of 
the pistons per stroke are assumed to be equal. 

441. Direct Driven Steam Pumps.—The shocks and irregularity in 
delivery which are almost inseparable from crank-driven pumps are to a 
large extent obviated in pumps in which a water piston is driven direct 
from a steam piston. In the latter type of pump the steam and water 
pistons are at opposite ends of the same piston-rod, and there is no fly- 
wheel and no crank shaft. The motion of the pistons being controlled 
mainly by the steam and water pressures, the pistons can more readily 
follow the moving water, the velocities of the pistons and water adapting 
themselves to one another without shock. 

In a pump the head of water in the delivery pipe is usually constant, 
and therefore when the water is in motion with fairly uniform velocity 
the resistance is fairly uniform. Hence the pressure of the steam on the 
steam piston must not vary to any great extent, unless means are adopted 
to store up energy during one part of the stroke and restore it during 
another. A fly-wheel will do this effectively, permitting the steam to be 
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used expansively, and therefore more economically. Hence the advantag 
of fly-wheel pumps. "oe 
Many contrivances, other than the fly-wheel, have been tried to e 
the direct driven steam pump to use the steam expansively. One, 4 
has been used with great success on large pumping engines, will ne 
described. This is the compensating cylinders of the Worthington pur 
engine. Fig. 818 shows a triple-expansion pumping engine having ! 
steam cylinders and a water cylinder in line, the three steam pistons and 


Lehn 


the water piston moving together. In the particular engine considered, 
the high pressure piston and the water piston are at opposite ends of a 
piston-rod connected to a cross-head A. The intermediate and low pres- 
sure pistons are connected by a central piston-rod B. The low pre 
piston is connected directly to the cross-head A by two other piston- 
which pass through the front end of the low pressure cylinder, but 
rods pass outside the intermediate and high pressure cylinders. CC : 
the compensating cylinders, which are mounted on trunnions to pe 
them to oscillate. The compensating cylinders are provided with rams, 


Fig. 818. — 
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on the outer ends of which are formed gudgeons, which work in bearin 03 
on the cross-head A. . 
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Detailed illustrations of a compensating cylinder and its ram are 
sown in Fig. 819. 

The compensating cylinders contain water, which is in free communi- 

with an accumulator under air pressure. During the first half of 

a stroke of the pistons the excess work done by the steam is used to push 

rams into the compensating cylinders, thereby compressing the air in 

e accumulator, and during the second half of the stroke the work done 

the first half in compressing the air is restored, the rams being 


_ forced out, and, as they now slope the other way, they assist in driving 


forward the cross-head. 
The action of these compensating cylinders presents an interesting 


problem which is worthy of careful study by the student. Dimensions 


and further particulars relating to the engine just described * will now 


be given, so that the problem may be fully worked out. 


The dimensions are as fcllows. Diameters of steam cylinders, 14, 


22, and 38 inches. Diameter of water cylinder, 104 inches, Stroke of 


all pistons, 24 inches. Diameter of rams of compensating cylinders, 
5 inches. Distance between axes of trunnions, 29} inches. Distance 
between axes of gudgeons, 13 inches. The pressure in the compensating 
cylinders is 515 Ibs. per square inch. 

The indicator diagrams taken from the steam cylinders are given in 


Fig. 820, while Fig. 821 shows these diagrams corrected to show effective 
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Fig. 820. Fig. 821. 


es per square inch on the several pistons for one stroke. The 
dotted lines on the intermediate and low pressure diagrams in Fig. 821 
represent the pressures on the intermediate and low pressure pistons per 


* Kindly supplied by the Worthington Pump Co., London. 
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square inch of high pressure piston to the same scale as the high p: e 
diagram. These various conversions were discussed in Art, 272, Pp. 314. 
Adding together the corresponding ordinates of these corrected diagrams | 
would give the total effective pressure on the three pistons per square 
inch of high pressure piston. 

It remains to construct the diagram which shall show the horizontal 
thrust on the cross-head due to the action of the compensating cylinders, — 
This is shown by the dotted curve % 


DE (Fig. 822) constructed on the 8 h aa 

base XX. To construct the curve '*8 a a 

DE, the first step is to find the 144 Pa 
, P 

pressure on the rams per square 49 

inch of high pressure piston. de 2 EA 

This amounts to nm | 4 
O-7854x OXI poe pe A 

07854 x 142 thie Pe nD 

per square inch for each ram, * Kye mays) 

neglecting the effect of the piston-  °X side what dae 5 

rod. As there are two rams, the 24 seat 

total effect is equal to 131°4 Ibs. 4g H18y 

per square inch of high pressure 72 Base 

piston on one ram. Referring a te (, 

now to Fig. 822, O is the axis of %*>-4@ te 

the trunnion of one ram, and XX_ 120 D: 


is the line of stroke of its gudgeon. Fic. 822. 
When the gudgeon is at F, the 
axis of the ram is OF. On OF make OH equal to 131°4 lbs. to the 
pressure scale of the high pressure diagram. Draw the horizontal line 
HK to meet the vertical line OK at K, then HK is the horizontal thrust — 
exerted on the cross-head by the rams. Make the ordinate FL equal to 
HK. Lisa point on the curve DE. For the first half of the stroke the 
horizontal thrust of the rams on the cross-head is reckoned as negative, 
since it is opposing the motion of the cross-head. 

The upper boundary line of the final diagram, shown shaded in Fig. — 
822, is determined by laying off the sum of the respective ordinates of — 
the corrected curves in Fig. 821 above the curve DE in Fig. 822. For 
example, ab=cd +ef + gh. 

The ordinates of the final diagram represent the resultant horizontal — 
driving force on the pump piston per square inch of high pressure piston. 
The total resultant driving force is of course obtained by multiplying the 
force shown by the shaded diagram by the area of the high pressure — 
piston. In constructing these diagrams, the effect of the various piston- — 
rods in diminishing the effective areas of the pistons has been neglected. 

Direct driven steam pumps are generally of the duplex type, there — 
being two sets of steam and water cylinders side by side with one common 
delivery pipe. 

442. Centrifugal Pumps.—The ordinary form of centrifugal pump — 
consists of a wheel, disc, or runner, provided with a number of vanes, — 
which revolves within a casing. When fully charged with water the 
revolving wheel carries the water round with it, and the centrifugal force — 
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of the revolving water causes it to travel outwards from the centre to the 
cireumference of the wheel. The suction or supply pipe leads the water 
to the centre of the wheel, and the delivery pipe takes it from the casing 
at the circumference of the wheel. The centrifugal pump is to a certain 
extent a reversed turbine, and the principles involved in the theory of 
the centrifugal pump are the same as for that of the turbine. 

Fig. 823 shows a type of centrifugal pump made by Messrs. W. H. 
Allen, Son, & Co., of Bedford, who kindly supplied the drawings from 


Fig. 823. 


which this illustration has been prepared. A is the wheel, which is of 
the shrouded type, provided with six vanes B between the shrouds. For 
pumping ordinary water the wheel may be made of cast-iron, but for salt 
or brackish water a gun-metal wheel is generally used. The wheel is 
keyed to a steel or bronze shaft C, which runs in white metal bearings D 
carried by the easing. Where the shaft leaves the casing there is a gland 
and stuffing box to prevent leakage. The water enters from the suction 
pipe connected to the pump casing at E, and flows to both sides of the 
wheel, entering the latter at its eye or centre opening. Passing through 
the wheel the water flows into the expanding chamber F, and thence into 
2K 
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the delivery pipe, which is connected to the pump casing at H. 
expanding chamber or volute F, which collects the water from the wheel, 
has a varying radial section proportioned to the quantity of water 
through it in a given time, so that the mean velocity of the water in the 
volute is uniform. 

The object of the volute is to gradually reduce the velocity of the 
water after it leaves the wheel, and so convert part of its kinetic energy : 
into pressure energy. 

A centrifugal pump will not act unless it is fully charged with water. 
A foot valve in the suction pipe will keep the pump charged once it has” 
been filled with water. A common method of charging large pumps is to — 
withdraw the air by means of a steam ejector; this requires that the 
delivery pipe be fitted with a valve, which is closed while the ejector is 
actin 

Coiaivatinls the ordinary centrifugal pump with a plunger or piston 
pump, the former is much more efficient at low lifts, say under 30 feet. 
The centrifugal pump also gives a uniform delivery, and having no 
valves, it is much better adapted for pumping dirty water. 4 

443. Design of Vanes of Centrifugal Pumps.—Referring to Fig. 824, ; 
7, and 7, are the inner and outer radii of the wheel respectively. In 
practice 7, generally lies 
between 27, and 37r,, and 
is frequently equal to 27). 
B,B, represents one vane. 
Water enters the wheel at 
B, in the direction B,V, 
with an absolute velocity 
v,, and moving over the 
vane, leaves the wheel at 
B, in the direction B,V, 
with an absolute velocity 
v,, The tangential velo- 
cities of the wheel at B, 
and B, are c, and ¢, re- 
spectively. The parallelo- 
grams of velocities at B, co PES pty” diner ey 3 
and B, are constructed 
as in the case of turbines. Sige 
B,U, =, is the relative velocity of the water and vane at B,, and ¢, is- 
the inclination of the vane at-B, to the tangent to the wheel at that ~ 
point. B,U,=w«, is the relative velocity of the water and vane at B,, 
and ¢, is “the inclination of the vane at B, to the tangent to the wheel — 
at that point. 

B,S, = 8, is the radial velocity of the water at B,,and B,S,=s, isthe — 
radial velocity of the water at B,. If A, and A, are the areas of the . 
circumferential sections of the wheel at radii 7 and r, respectively, then 

s,A,=s,A,. Generally s,=s,, then A,=A,. If 6, and 0, are the ~ 
breadths of the wheel at inlet and outlet respectively, A,= lard, , and 
A,=2mr,b,. Hence if A,=A,, b,r,=),r,. If the radial velocity of — 
the water throughout the wheel i is to be constant, then the breadth 6 at — 
any radius 7 is given by the equation br = 0,r;. 
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8,V, =, cos 0, =, is the velocity of whirl of the water as it enters 
the wheel, and § V. 9 =, 008 9, = wy is the velocity of whirl of the water 
as it leaves the w eel, 

It is generally cabal that the velocity of 
whirl at entrance is zero, that is, the direction 
_ of motion of the water at entrance is radial, as 
_ shown in Fig. 825. In this case tan ¢ =s,/¢,. 

The radial velocity of flow through ‘de wheel 
may be from 2. to 10 feet per second, and is com- 
monly about 5 feet per second. 

444. Work Imparted to the Water by the 
Wheel.—The increase in the angular momentum of 
1 Ib. of water in parsing through the wheel of a 


centrifugal pump is : L (wre —W,7,), and this is equal 


Fig. 825. 


to T, the turning moment on the wheel. Hence if 
is the angular velocity of the wheel in radians per second, the work 
done per second per pound of water passing through the wheel is 


To = ; (warQo — wr) = - (WoC —W,e,). (See also Art. 419, p. 482.) 


If w, is zero, then To=-t3. 
_ If H is the maximum theoretical head or the height to which the 


fc oo will raise the water, neglecting all losses, then obviously 


H= = (040 - w,¢,), and when w,=0, H= are 


445. Efficiencies of Centrifugal Pumps, —lIf v denotes the velocity 
of the water as it leaves the delivery pipe, then the energy or head loss 


on account of this velocity is 2 per lb. of water delivered. The loss of 


energy or head in friction in the suction and delivery pipes may be 
computed as in Article 404, p. 462. Let the loss due to friction in the 
pipes be denoted by hi, and let A be the actual height through which the 
water is raised by the pump, then H,=Ah+/, + is called the gross 
head or gross lift of the pump. 

The ratio of the gross head H, to the maximum theoretical lift H 
(see preceding Article) is called the hydraulic efficiency of the pump. 

Except in small lifts the term 5 is unimportant, and for small lifts 

the term h, is unimportant. The velocity v may be reduced by making 

the delivery end of the pipe bell-mouthed. 

The actual or commercial efficiency of a centrifugal pump is the ratio 
of the work represented by the product of the weight of water raised, 


and the height to which it is raised to the work done in driving the shaft 
of the pump. 


2 
The kinetic energy or velocity head (3:) of the water as it leaves the 
wheel can only be utilised for lifting the water by first converting it into 
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pressure energy by gradually reducing the velocity in an expé nding 
chamber or volute. If no part of the velocity head is utilised, then the 


theoretical lift is reduced from 202 ty Woke _ a > 
g g 2% 

446. Centrifugal Head Imparted to Water by Wheel of Centrifug; 
Pump.—Suppose the pump to be fully charged with water, and that 
wheel is rotating with angular velocity », but that 
no water is being delivered. The water within the 
wheel will have rotary motion only, and the centri- 
fugal force of this water will cause the pressure at 
the outer circumference to be greater than that at 
the inner circumference. 

To determine the difference of pressure at the outer 
and inner circumferences of the wheel due to the cen- 
trifugal force of the water in the wheel, consider (Fig. 
826) a wedge of this water of breadth > and angle 0, . 
as shown. ‘Take an element FH of this wedge at radius r ‘aaa thickneaall a 
dr. If w is the density of the water, then the weight of the element « 


2 
FH is whr6dr, and its centrifugal force is en To prevent. FH : 


from moving outwards in a radial direction the intensity of the pressure ’ 
on its outer face must exceed the intensity of the pressure on its inner ~ 
whrOdr - wr > dpa ’rdr ah ‘4 


difference of the intensities of the pressures on the outer and inner ends. | 
" ww'rdr wor 73 a and ; 
ve Soa 2 
if h, is the head equivalent to this difference of pressure, i. 
Ie w(rs —7i) _¢3 —er << 
er 29 A 

In order that the pump may discharge water through the delivery 
pipe the actual head must be less than the centrifugal head. 


447. Turbine Pumps.—A greater amount of the kinetic energy of — 
the water as it leaves the wheel of a centrifugal pump may be converted _ 
into pressure energy by providing suitably designed guide passages in — 
the chamber surrounding the wheel. The centrifugal pump then becomes — 
a turbine pump. A single wheel turbine pump will raise water to a much? i 
greater height than an ordinary centrifugal pump. 


448. Multi-stage Turbine Pumps.— Water may be pumped to alma 4 
any height by mounting a series of turbine pump wheels side by side on — 
the same shaft, each wheel being provided with a suitable casing. The 
water enters the eye of the first wheel, and is delivered through its’ = 
casing to the eye of the second wheel, and so on to the delivery pipe, | 
which leads the water from the casing of the last wheel. 

Fig. 827 shows a multi-stage turbine pump, as made by Messrs. — 
W. H. Allen, Son, & Co., of Bedford. This pump is provided with a — 
balancing arrangement, designed with a view to reducing the leakage of — 
water through the clearance between the balancing piston A and the 
bush B. The cylinder C is attached to the pump casing, and is provide ‘ 


face by an amount dp, and dp - bré = 


of the wedge of water within the wheel is 
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with a facing against which the radial facing on the balancing piston A 
runs with a small clearance. When the radial facings of the piston and 
cylinder touch one another there is a small clearance between the collars 
and the facings of the multi-collar thrust-bearing D, thus allowing the 
spindle a very small axial movement. This movement also gives a very 
small clearance between the two balancing facings mentioned above. 
When the leakage water from the periphery of the end wheel or 
runner enters from the annular chamber E to the chamber F it is not 
drained away directly, but passes between the two radial facings of the 
piston A and the cylinder C. The maximum clearance between these 
two facings is very small, and therefore only a very small quantity of 
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Fig. 827. 


water can pass into the chamber H, thus reducing the quantity which 
has to be drained away. 

In chamber F there will be a pressure which will vary with the head 
against which the pump is working, and also with the clearance between 
the piston A and the bush B, and between the piston A and the cylinder 
C. When water in the chamber F reaches a certain pressure it will 
force the runners and spindle to move in an axial direction, thus slightly 
increasing the clearance between the facings of the balancing piston and 
cylinder. The water in the chamber F will drain away through the 
increased outlet opening, and the two facings will move away from each 
other until the intensity of the pressure between them and also in the 
chamber F is so small that the thrust on the runners overcomes it, and 
brings the runners back into their first position, consequently the spindle 
will make a small reciprocating movement in an axial direction, thus 
materially helping to ensure perfect balance. 
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Exercises XXX. 


1. The diameter of the barrel of a simple bucket pump is 9 inches, and 
stroke of the bucket is 2 feet. The bucket-rod is driven through a connecti 
rod coupled to a crank which makes 25 revolutions per minute, The total h 
of water is 40 feet. How many cubic feet of water are raised per minute, 2 
what horse-power must be delivered to the crank if the efficiency of the pump i 
50 per cent, ? ; 

2. A bucket pump works under a mean suction head of 20 feet and a mean — 
delivery head of 40 feet of water. The diameters of the bucket and pump-rod — 
are 12 inches and 23 inches respectively, and the stroke is 3 feet. Taking into 
account the influence of the pump-rod, what is the pull on the rod during the — 
up stroke? Also, what is the volume of water discharged during (a) one up 
stroke, (b) one down stroke ? ; 2 . 

3. The suction and delivery heads of a plunger pump are 20 feet and 50 — 
feet respectively. The diameter of the plunger is 6 inches, and its stroke 10 — 
inches. The plunger makes 48 double strokes per minute. Calculate the force — 
required to work the plunger (a) during the suction stroke, (6) during the delivery — 
stroke, assuming that the efficiency of the pump is 50 percent. for the suction 
stroke, and 70 per cent. for the delivery stroke. Find also the horse-power 
required to work this pump. J 

4. In a shale mine, in order to drain one of the pits a treble-ram pump, — 
driven by an electric motor, is employed. ‘The rams are 94 inches in diameter 
by 12-inch stroke, they each make 34°75 double strokes per minute, the height to — 
which the water is lifted is 393 feet, and the total length of the 6-inch discharge 
pipe is 700 feet. Find: (i.) How many gallons of water are lifted per minute. — 
(ii.) The useful horse-power when the pumps are running steadily. (iii) The 
efficiency of the pumps if the B,H.P. of the motor is 50, (iv.) How many foot- 
pounds of work are done per minute in overcoming the friction in the pipe (the 
coefficient of friction is 0°0975). (v.) The B.H.P. required to lift the water and 
overcome the pipe friction, [B.E.] 

' 6. The cylinder of a double-acting piston pump has a diameter of 9 inches, 
and the piston-rod has a diameter of 2 inches, The piston-rod goes through one __ 
end of the cylinder only. The suction and delivery heads are 10 feet and 50 
feet respectively. Neglecting friction, calculate the force necessary to work the 
piston during the “tin” and ‘‘out”’ strokes. If the mean speed of the piston 
is 90 feet per minute, how many gallons of water does this pump deliver per hour, 

6. In a duplex Worthington pumping engine (see Fig. 818, p. 510) each of the 
two pump-pistonsis10}inches diameter, and the pump-rodsare3} inches diameter. __ 
The rate of pumping is 1,442,312 gallons per 24 hours. What is the mean speed ~ 
of the pistons in feet per‘minute? The head is 648 feet, including friction. 
What is the pump horse-power? The duty of the engine is 183,300,000 ft.-Ibs. 
per cwt. of coal, and the steam consumption is 12°1 lbs. per pump horse-power 
per hour. What is the weight of steam produced per lb, of coal used ? j 

7. Reproduce the indicator diagrams given in Fig. 820, p. 511, enlarging them 
to, say, twice the size shown, ‘Then, taking the particulars of the Worthington 
pumping engine given in Art. 441, construct, on a stroke base, the diagram 
whose ordinates show the effective driving force on the pump piston as described 
in Art. 441, but allow for the effect of the various piston-rods on the areas 
of the pistons, All the steam piston-rods are 24 inches diameter. On the final 
diagram add a horizontal line whose height above the base is the mean height of __ 
the diagram. Also add the line whose height above the base shows the resistance 
of the pump obtained from the particulars given in the preceding exercise.. If 
several students in a class should work this exercise, a number of them should 
et the diagram for the forward stroke, and the others for the return 
stroke. ar 

8. Show, by drawing the rate of delivery curves, that the fluctuation of 
delivery from a pump having two single-acting plungers driven through two 
cranks at right angles to one another is considerably greater than for one 
plunger only, : ty 

9. Draw the rate of delivery diagram for a pump of the type shown in Fig, 
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805, p. 503, the area of the piston-rod being half that of the piston. ‘Then 
construct the rate of delivery ram for two such pumps driven through cranks 
at right angles to one another, Take the length of the connecting-rods equal 

5 cranks 


to . 

10, A “three-throw ” deep well pump has three pistons each 6 inches diameter, 
with piston-rods 2 inches diameter, Stroke of each, 24 inches. The pistons are 
driven through a crank shaft having three cranks making 120° with one another. 
The connecting-rods are so long that the pistons may be assumed to have 
harmonic motion. Draw the rate of delivery diagram for this pump. 

11. A centrifugal pump with vanes curved back has an outer radius of 10 
inches and an inlet radius of 4 inches, the tangents to the vanes at outlet being 
inclined at 40° to the tangent at the outer periphery. The section of the wheel 
is such that the radial velocity of flow is constant, 5 feet per second ; and it 
runs at 700 revolutions per minute. Determine, (1) The angle of the vahe at 
inlet so that there shall be no shock, (2) the theoretical lift of the pump, (3) the 
velocity head of the water as it leaves the wheel. [U.L.] 

12. Determine the circumferential speed of the wheel of a centrifugal pump 
which is required to raise water to a height of 5 feet, having given that the 
efficiency is 0°6. The velocity of flow through the wheel is 4°5 feet per second, 
and the vanes are curved backwards so that the angle between their directions 
and a tangent to the circumference of the wheel is 20°. 

13. A centrifugal pump 4 feet diameter, running at 200 revolutions per minute, 
_ pumps 5000 tons of water fromi a dock in 45 minutes, the mean lift being 20 feet. 
The area through the wheel periphery is 1200 square inches, and the angle of 
the vanes at outlet is 26°. Determine the hydraulic efficiency, and estimate the 
average horse-power. Find also the lowest speed to start pumping against the 
head of 20 feet, the inner radius being half the outer, [U.L.] 


CHAPTER XXXI =. i 
SOME HYDRAULIC PRESSURE MACHINES 


449. Packing for Hydraulic Rams and Pistons.—To prevent — 
leakage of the water between a ram, plunger, or piston and the — 
cylinder various forms of packing are used. The U-leather packing 
shown in Fig. 828 has been extensively used. The water leaks past 
the ram as far as the packing, and, entering its interior, presses one side 
against the recess in the cylinder and the other against the ram. The 
greater the pressure of the water the greater is the tendency to leak, but 
in the U-leather packing the force with which the leather is pressed — 
against the ram and against the recess in the cylinder to prevent 
leakage is proportional to the pressure of the water. ‘This is one great 
merit of the U-leather packing. 

The U-leather packing is made from a disc or flat ring of leather, 
which is moulded between two cast-iron blocks, as shown in Fig. 829. 


The leather is softened in hot water and placed between the blocks, 
which are then pressed together in a hydraulic press or by bolts and nuts, 
the bolts passing through the blocks. The leather is kept in the mould 
for about twenty-four hours, when it is removed, and after it is dried, it 
is trimmed to the form shown in Fig. 828. 

The hat-leather packing is shown in Fig. 830. This is more commonly 
used for small rams, valve spindles, ete. 

The cup-leather packing is mainly used for pistons. A piston packed 
with two cup-leathers is shown in Fig. 797, p. 499. A cup-leather 
packing on a ram is shown in Fig. 839, p. 526. | 

Hat- and cup-leathers are moulded in a similar manner to the 
U-leather. 

The leather for hydraulic packings should be the best quality oak- 
tanned, sole leather. It is planed to a uniform thickness of about 
three-sixteenths of an inch. The flesh side of the leather is made the 


rubbing side of the packing. 
520 
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An objection to the U-leather packing is that the ram must be 
removed before the packing can be renewed, and this, in many cases, 
is very troublesome. In such cases the ordinary stuffing-box is generally 
used. The ordinary gland and stufling-box for hemp or other packing is 
shown in Fig. 799, p. 499. 

To give a smooth and non-corrosive surface to a ram, it is frequently 
sheathed with brass. Cylinders are also lined with brass for the same 
_ reasons and to make them non-porous at high pressures. 

450. Joints and Connections for Hydraulic Pipes. — Hydraulic 
mains are generally made of cast-iron. For a pressure of 800 lbs. per 
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square inch the diameter of these mains does not exceed 7} inches, 
The form of joint used for cast-iron hydraulic mains is shown in Fig. 831. 
The joint is made water-tight by a gutta-percha ring, which is forced into 
the V-shaped recess formed between the spigot and socket. 

For smaller pipes, solid-drawn steel tubes are used. A common form 
of joint for these tubes is shown in Fig. 832. Strong cast-iron flanges 
are screwed on to the ends of the tubes. One of the two flanges has 
a shallow socket to receive a spigot on the other. The joint is made 
water-tight by a leather or gutta-percha 
washer placed between the spigot and “Uy 
socket. The end of the spigot and the —Yy 
bottom of the socket in contact with the 
leather or gutta-percha have concentric Yi 
grooves turned on them, and the leather tay 
Z 


KOR , 
may | 


I _ 
is forced into these grooves. YZ 1a) 
A very convenient form of joint WY 
between a steel tube and a hydraulic Yj Yy 


cylinder is shown in Fig. 833. Ascrewed 

recess is formed in a boss on the 

cylinder, and into this is placed, first Fig. 833. 

a leather or gutta-percha washer, and 

then the end of the tube, on which is screwed a collar A. A gland B 
screwed into the recess completes the connection. 

451. Hydraulic Accumulator.—Hydraulic pressure machines are 
usually intermittent in their action, and their demand for power is 
therefore very variable. In an installation of these machines the 
pressure water is obtained from pumps, and it is desirable that the 
pumps should be kept, as far as possible, working continuously. This 
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necessitates the introduction of a hydraulic accumulator, which sha 
store up the pressure water when the pumps are delivering more th , 
required by the machines, and give it out again when the delivery of 
pumps is less than thé machines require. There are two principal ty, 
of the ordinary hydraulic accumulator. In the one type there is a fixe 
cylinder fitted with a loaded ram, and in the other there is a fixed rai 
on which is fitted a loaded cylinder. An example of the fixed ram tyy 
of accumulator is shown in Fig. 834, A is the ram, and B the cylinder 
When the delivery of the pumps is 
greater or less than is required by the 
machines, the water enters or leaves the 
cylinder at C through the ram, which 
is hollow. Resting on the flange at the 
lower end of. the cylinder is a strong 
cast-iron base D, which carries the 
remainder of the load. The remainder 
of the load may consist of a number of 
blocks of cast-iron, or, as in the form 
shown, D carries a cylindrical casing 
made of steel plates, which holds scrap 
iron,: stones, or other suitable heavy 
material. When at the bottom of its 
stroke, the load rests on the wood blocks 
shown. EE are two timber posts sunk 
in the-concrete foundation at their lower 
ends, and fixed at their upper ends to 
the walls of the building containing the 
accumulator, or in any other way con- 
venient, To the inside faces of these 
timber posts are attached steel or iron | 
channels, in which slide blocks attached 
to the load casing, as shown in the 
elevation, and more clearly in the cross 
section at (a). In this way the load is guided as it rises and 
A strong buffer or stop is provided to prevent the cylinder 
too high, and if there is only one accumulator, there are levers v 
are automatically brought into action at or near the top of the stroke, 
and which stop or restart the pumps. : 
In large installations where one accumulator would be inconvenie 
large two or more are used, in which case the second carries a hee 
load than the first, and the third a heavier load than the second. 
increase of load corresponds to an increase of pressure of about 20 Ib 
per square inch. The second accumulator does not come into action 1 
the first is fully charged, and the third does not come into action until the 
second is fully charged. Only when the last of the series is fully charg 
are the pumps stopped. a 
If d=diameter of ram in inches, p= pressure of water in lbs. per 
square inch, W=total moving load in lbs., and 4=stroke in feet, the: 
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neglecting friction, W=7e , and the capacity of the accumulator 4 
Wh ="@ph ft.bs. | : —_ 


_ diameter than the upper part AB. The 
lower end of the ram is fixed in the base 
_ shown, and the upper end (not shown) is 
rigidly held by a bracket attached to a wall 


cylinder which slides up and down on the 
ram. The lower and upper ends of the 
cylinder fit the larger and smaller parts of 
the ram respectively, leakage being prevented 
by packings, as shown. The cylinder is 


amount of the load depending on the water 


pressure required. Water enters or leaves & 


the accumulator by the pipe E, and passes 


| along a central hole in the larger part of the { 
ram ; this central hole communicates with the YJ 
| 


water space in the cylinder by transverse 
holes in the ram at B. When at the bottom 
of its stroke the cylinder rests on the 


props F. - 


If W=total moving load, d,=larger f 


diameter of ram, d,=smaller diameter of 
ram, and p=intensity of water pressure, 
then, neglecting friction, "(d] — d})p=W. 
From this it will be seen that if the difference 
between d, and d,, be Small, p will be large for 


a comparatively small value of W, but the 
capacity of the accumulator is small. 


than the differential accumulator. 


or in any other convenient way. D is the > 


loaded with cast-iron weights as shown, the // 
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~ 452. Tweddell’s Differential Accumulator.—In this accumulator 
there is a fixed ram ABC (Fig. 835), the lower part BC being of larger 
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If d is the diameter of the ram of an ordinary accumulator carrying 


the same load W under the same pressure p, then d= ,/(d}—d:). 
ordinary accumulator would therefore have a much more slender ram 


The 


_ The differential accumulator is usually comparatively small, say 
d, =6 inches, d,=5 inches, and a stroke of about 4 feet. 
_ The differential accumulator is used in connection with one hydraulic 


machine only, such as a hydraulic riveter, where the force exerted at the 
beginning of the operation is comparatively small, but at the end it must 
be large. The capacity of the differential accumulator being small, the 
load descends rapidly and with increasing speed, and as the operation of 
the hydraulic machine approaches the end, the falling load is brought 
quickly to rest, with the result that there is a considerable rise 
in the pressure of the water, and therefore a considerable increase 
in the force exerted by the hydraulic machine at the conclusion of its 


operation. 


453. Intensifying Accumulator.—An accumulator in which the 
load on the ram is produced by low pressure, water, say from the ordinary 
water supply; acting on a piston, is shown in Fig. 836, This is called an 
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intensifying accumulator, because the pressure of the water on a t 
piston intensifies the pressure of the water onthe ram. The low pi 


sure water enters at A. The action is obvious, and need not be 
described. 

If dis the diameter of the ram, D the diameter of the piston, pil 
pressure of the water on the ram, and P the pressure of the water one 
piston, then, neglecting friction, pa= FD? 

454. Hydraulic Intensifiers.— When a hydraulic machine, 
finishing the operation which it is designed to perform, has 
exert a much greater force than is required during the earlier 
the operation, the increased force may be obtained by the use of : 
intensifier. a 

The intensifying accumulator described in the preceding Article may 
used as an intensifier by first charging the smaller hydraulic cylinder wi 
water, and then introducing the power water from the pumps ints th 
larger cylinder at A. The effect of this will be to raise the pre 
of the water in the smaller cylinder and in the pipes leading a 01 ni 
Generally, however, the hydraulic intensifier has two rams instead 0 
a ram and piston. <a 

If d and d, are the diameters of the smaller and isigeed am 
respectively, p the pressure of the water supplied by the pumps, ang 
the intensified pressure, then, neglecting friction, p,d? = pd}. ‘a 

A hydraulic intensifier, which may be operated to give bie 
different higher pressures, as required, with the same pump pre 
is shown in Fig. 837.* <A is the smaller ram, and this is stati ona " 
B is a cylinder fitting over A, but it is also a ram eg 
C. While C is the cylinder for B, it is also the ram for D; a 
while D is the cylinder for C, it is also the ram for the fixed 0 OU 
cylinder E. + 

On the tension rods FF are placed vee HH, which ha 
lugs KK, which, when brought round into action by ae 
sleeves, prevent D from rising. The sleeves also have lugs LL, 
when brought into action, prevent C from rising. MM are har 
for turning the sleeves to put the lugs LL or LL and KK into or oui 
action. 

The cylinder B and the pipes eee | with it through the i inte 


* American Machinist, Nov. 5, 1904. 
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Attached to the large ram there is a straight round rod having a dia: ne 
equal to that of the inside of the lead pipe. This rod passes up 
the centre of the die. The lead i II 
in a molten state, is poured in Air screw. LuaGZ 
at D, and when it has solidified, WY — 
but while still hot, the large Charging screw y 


NX 
D 
ram is 


Zz 


, Y 
Y © 
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fpllsiididisiiplisisbisplisilisiss sles 


forced : 
up, and os ( Lever. } | 
the lead 

is squirted through the die on the end of 
the smaller ram, coming out at D in the 
form of a pipe. An enlarged section of the 
part of the apparatus in the neighbourhood 
of the die is shown at (a). 


SS 


Lowering screw: 


RSX WW i AANA 


<& 
SS 


Sa Be oe i asm an AS AS aS aS Sen) ase Os EGS wee et ee ae 


MQ 


E\ 


‘ie 
SS 


ss 


Fie. 838. Fig. 839. 


456. Hydraulic Lifting Jack.—Fig. 839 shows a hydraulic liftin 
jack made by Messrs. Tangyes of Birmingham. The ram is spread out 
at its lower end to form a base upon which the jack stands. To th 
top of the ram is attached a cup-leather to form a water-tight joir 
between the ram and the cylinder. The pump is screwed into the te De . 
the cylinder, and is surrounded by a casing attached to the cylinder 
The cover of this casing forms the bed for the load under which the jack 
is placed, or the load may be carried on the claw formed on the lower end 


— = 
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of the cylinder. The space round the pump in the casing forms a cistern 
for the water. A spindle, one end of which passes through the casing, 
carries at that end the hand lever, and inside the casing it carries a short 
crank, the free end of which works in a rectangular slot formed in the 
plunger of the pump. By this arrangement the oscillation of the lever 
causes the reciprocation of the plunger. The suction valve of the pump 
is at the side, and tho delivery valve at the bottom of the pump. The 
valves are loaded with light spiral springs. 

When the lever is worked the pump takes in water from the cistern 
and delivers it into the cylinder above the ram, and thus causes the 
cylinder and the load on it to rise. During the operation of raising the 
load the lowering screw 
must be screwed up tight. 

The inner end of the lower- rams . F. 

ing screw is conical, and Fi ‘\ 
forms a valve which, when : [0 ' } 
shut, closes the passage y ’ 

between the cylinder and . LY 
cistern outside the pump. eee 

To lower the cylinder the A Bsa D 
lowering screw is un- 
screwed, and the water 


may then flow freely from 
the cylinder to the cistern. 
When the jack is in 


use the air screw at the 
top should be slackened. ” 
Overlifting is prevented by 
the hole H in the cylinder 
allowing the water to 
escape when the proper 
lift is exceeded. Rotation 
of the cylinder on the ram sg 
is prevented by a key 
secured in the cylinder at 
the lower end by a set 
screw; this key fits in a 
keyway extending nearly 
the whole length of the 
ram. 

457. Hydraulic Crane. Cc 
—Comparing the principal —-4+- 
part of the mechanism of |,°:/ \" t 
a hydraulic crane with | 0o/!, : HT) 
the ordinary “block and nA) : ms | 
tackle.” In the block and he hs | 
tackle one force acting on ~ a a 
the “fall” of the, rope 
overcomes a greater by Fia. 840. 
bringing the two blocks 
closer together. In the hydraulic crane the action is reversed; the two 
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blocks or sets of pulleys are pushed apart by a great force, which is m 
to overcome a smaller force at the free end of the chain. One b 
attached to the bottom of a hydraulic cylinder, and the other to the 
A chain passes over the pulleys in the two blocks in the same manner 
in the ordinary block and tackle, the free end of the chain passing mo 
crane post and over guide pulleys to the load to be lifted. — 
Referring to Fig. 840, A is the stationary cylinder, and B the ram. 
Fixed to the bottom of the cylinder is the frame C carrying one set 
pulleys, and fixed to the outer end of the ram is the frame D carrying 
the other set of pulleys. One end of the chain is attached to the bre 
E on the fixed frame C. 
From the fixed end at E the chain passes over the pulley F, and #] 
down and up over the various pulleys, and finally passes up to and 0} 
guide pulleys in the frame of the crane to the load to be raised. Oe 
Neglecting friction, the load lifted is equal to the tension in the chain, 
which is equal to the total force on the ram divided by the number of 
straight lengths of chain which proceed from the pulleys on the ram. 


Exercises XXXL 


1. If a hydraulic power company charges 15 pence per 1000 gallons of w 
at a pressure of 750 lbs. per square inch, what is the cost per horse-power 
to the consumer ? 

2. How many ft.-Ibs, of work may be stored up ina hydraulic accumu 
whose ram has a diameter of 12 inches, and a lift of 13 feet, when the presst 
of the water is 750 lbs. per square inch? 

8. What is the pressure of the water in a hydraulic accumulator having a ram — 
11 inches in diameter when the total load is 45 tons and friction is neglected cm 

4. What must be the diameter of the ram of a hydraulic accumulator whic 
is to have a capacity of 100 horse- -power minutes with a water pressure 
1120 lbs, per square inch, if the stroke is 14 times the diameter of the ram? ig 

5. The ram of a hydraulic accumulator (Fig. 834, p. 522) is 12 inches pe 
diameter, and the total moving load is 55 tons, If the force required to pee 
the cylinder along the ram against the resistance of friction only is 2°5 tons. 
what is the pressure of the water, in Ibs, per square inch, (a) when the load i 
ascending with uniform velocity, (6) when the load is descending with unif 
velocity ? 

6. The ram of a hydraulic accumulator is 18 inches in diameter, the stroke is 
23 feet, and the water pressure is 1120 lbs, per square inch. If the useful work 
given up by this accumulator during one full downward stroke is utilised in — 
raising YW tons to a. height of 40 feet by means of a hydraulic crane whose ~ 
efficiency is 55 per cent., find W. If this work is donein three minutes, what is 
the gross horse-power of the crane? 

7. The ram of a hydraulic accumulator is 4 inches in diameter, The pressure 
of the water from the accumulator is to be 1°5 tons per square inch, and the — 
water is used to work the hydraulic ram of a testing machine, which is 9°5 inches — 
in diameter. (a) What total load must be placed on the 4-inch ram if 5 percent, — 
of the load is wasted in the friction of the cup-leathers, etc.? (6) What total — 
long is the testing machine capable of applying, if there is a further loss of — 

5 per cent, in the cup-leathers of the large cylinder? [B.E. ye 

8. The diameters of the two parts of the ram of a differential accumulator b 
(Fig. 835, p. 523) are 6 inches and 5 inches, and the stroke is 50 inches, If the 
pressure of the water is 1500 lbs. per square inch when the load is at rest or when’ 
it is moving with uniform velocity, what load is required, including the weight of © 
the cylinder? How many ft.-lbs, of work may be stored in this accumulator? 
What would be the diameter of the ram of an ordinary accumulator to carry the © 
same load with the same water pressure ? a 

9. The total moving load on a differential hydraulic accumulator is 3 tons, 4 
The diameters of the larger and smaller parts of the ram are 44 inches and — 
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_ 4 inches respectively. Neglecting friction, what is the pressure of the water in 


Ibs, per square inch? 

10. In an intensifying accumulator (Fig. 836, p. 524) the diameter of the ram 
is 4 inches, and the diameter of the piston is 20 inches, If the head of water on 
the piston is 60 feet, what is the pressure of the water on the ram in lbs. per square 
inch? If the stroke of the ram and piston is 30 inches, what is the capacity of 
this accumulator in ft,-lbs, ? 

11. On board ship an accumulator is used in which the ram is 9 inches 
in diameter, and the pressure of the water is 800 lbs. per square inch. The load 
is produced by steam pressure of 60 lbs. per square inch acting on a piston 
connected directly to the ram and working in a separate steam cylinder. 
rere friction, what must be the diameter of the steam piston ? 

12. A hydraulic intensifier is required to increase the pressure of 700 Ibs. per 
square inch in the mains to 3000 lbs. per square inch. The stroke of the 
intensifier is to be 4 feet, and its capacity 3 gallons. Determine the diameters 
of the rams, [Inst.C, E.] 

13. Referring to the hydraulic intensifier shown in Fig. 837, p. 525, if the 
diameters of the rams are 24, 4, 6, and 8 inches respectively, and if the pressure 
of the water introduced into the outer cylinder is 700 lbs. per square inch, what 
are the pressures, in lbs. per square inch, which may be obtained in the pipe 
leading from the interior of the smaller ram, neglecting friction ? 

14. What would the results of the preceding exercise be if the friction of the 


_ stuffing-boxes is allowed for, assuming that the frictional resistance of one 


stuffing-box, in lbs., is equal to 0°05PD, where P is the pressure of the water in 
lbs. per square inch, and D is the diameter of the ram in inches? 

15. Ina hydraulic press for squirting lead pipes (Fig. 838, p. 526) the larger 
ram has a diameter of 20 inches, and the smaller ram has a diameter of 5 inches. 
Find the intensity of the pressure on the lead when the water pressure is 1 ton 

r square inch, and the bore of the lead pipe is } inch. If the stroke of the ram 
12 inches, and the lead pipe weighs 1:1 lbs. per foot of length, find the length 
of pipe produced in one stroke if the lead weighs 712 lbs. per cubic foot. 

16. The diameter of the ram of a hydraulic jack is 3 inches, the diameter of 
the plunger of the pump is # inch, and the mechanical advantage of the lever is 
20. If the efficiency of this jack is 75 per cent., what weight will be raised by a 
force of 70 lbs. at the end of the lever? 

17. What is the efficiency of a hydraulic crane which uses 70 gallons of water 
at a pressure of 700 lbs. per square inch in raising a weight of 10 tons to a 
height of 27 feet? 

18. In a hydraulic crane the ram is 9 inches in diameter, and the velocity 
ratio (or the ratio between the velocity of the lift and the velocity of the ram) is 
10. The water is delivered to the crane under a pressure of 1200 Ibs. per square 
inch, and the mechanical efficiency of the crane is 52'per cent. Find (1) what 
load this crane will lift; (2) the quantity of water used in gallons per 35 feet 
lift. Why do these cranes have such’a low mechanical efficiency ? [B.E.] 

19. Calculate the displacement of the ram of a hydraulic crane, whose 
efficiency is 55 per cent., in order that, with a water pressure of 700 lbs. per 
square inch, it may raise a load of 5 tons to a height of 30 feet: Find the 
diameter of the ram if its stroke is six times its diameter. 

20. A hydraulic lift with ram, load, etc., weighs 10 tons, the ram is 9 inches 
in diameter, and the friction ia the mechanism is equal to 0°05 of the gross load. 
The accumulator is half a mile away, and is loaded to 800 lbs. per square inch ; 
the diameter of the supply pipe is 3 inches. Estimate the speed of ascent of the 
lift, if the loss of head in the pipe is 0°0005/v/d, 1 being the length in feet, 
d the diameter in feet, v the velocity of the water in the pipe in feet per 
second, [B. E.] 
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ANSWERS 


II. pp. 21-23. 


1. 66; 3°75; 19; 8:2, 2 210; 1584; 1824; 2952°9. ~ 
3. 22°5; 35; 19; 29°83, 4. 31°42; 28°27. 5. 6O1'6. 6. 0°0432. 
7, 142. 8. 0°489. 9. 0°449. 10.6 seconds. 11. 14 feet per second. 
12. 93:9 feet. 13. 22°5 seconds. 14. 00675; 16°59. > 
15. 1343; 25°66 seconds, 16. 224; 23°47; 1°91, 
17. 26°64 feet per second at 41° 21’ to the vertical. 
18, 25° 37’ north of east; 3°889 miles per hour. a) 
19. 48° 15’, assuming that the man is approaching the line of flight of the 
object. 20. 17°32 feet per second. ~ ae 
22. B, 5'8 feet per second; middle point of AB, 3-2 feet per second, © 
23. 12°42 lbs. 24. 258°75 feet. 25. 3821 lbs. ; 4631 Ibs. 
26. 2 minutes 4°6 seconds ; 54°72 miles per hour. : a 
27. 2:1, feet per second per second ; 10°23 tons. 28. 8°93 feet per second. 
29. 10°93 Ibs. 30. 3°22 feet per second per second. a 
31. (1) 844°7 Ibs.; (2) 1000 Ibs.; (8) 1155°3 lbs. 33. 2020 Ibs. 
34, 488°13 ft.-lbs, 


IIIa. pp. 28-30. 


1. 40°594. 9. 5727°6. 3. 514°3. 4. 366,000, 5. 47,099. 6. 302,467. 
7. 18. 8. 130°2 ft.-lbs. 9. 6. 10. 2200 Ibs. 11. 992°3, 12. 226,286. 
13. 30°55; 22,790; 170; 0:0035. 14. 44°24; £840. 

15. 10°02 Ibs. ; 83°3 per cent., 56°4 per cent., 74°2 per cent. 

16. 85; 112°5; 0°437; 15°5 lbs.; 0°573. 17. See Fig. 841. 


= 10 
2 Meéch. Advantage = 30. F=8-57. 
tae Efficiency = 14°3 per cent. +4 
6 Max. Mech. Advantage =33-3. . 
a 5 
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Fie. 841. j 
18. Q=0°02W+1. 19. 22°45. 20, P=0-162W+2'8; maximum efficiency _ 


=38°6 per cent. 
21. p=1'25, ¢=5; efficiency =57°14 per cent. 
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IIIb. pp. 32-33. 


1. 4489 feet ; 209°5 lbs, 2. 16°56 feet. 3. 0°863 lb, 

4 37°51; 261°24. 5. 44465 feet. 

6. 59°86 feet ; result independent of diameter of wheel. 

7. 7,339,185 in lb, and foot units; 1250 ft.-lbs. 

8. 54,000 ft.-lbs ; 118°6 tons, 9. 260,741 ft.-lbs. ; 237. 

10. 365,783 ft.-lbs. ; increases at the rate of 3°087 revolutions per minute per 

minute. 11. 173°5 feet. 12. 78°22; 0°039. ’ 

oe 13. 1,171,780 ft.-lbs. 14, 8°7 feet per second. 

; 15. (a) 6°77; (6) 11°43; (c) 2236 in lb, and inch units, 16. 778 feet. 
17. 17°3 B.Th.U. 18. 13°6 per cent. 19. 500°87; 171°73 tons, 
20. 508°8 lbs. 


= —. 
- 


IV. p. 41. 


1. Magnitude, 1-99; line of action inclined at 23° 57’ to the horizontal. 
2. Magnitude of resultant, 3°18; line of action inclined at 38° 56’ to the 
horizontal ; horizontal force, 2°48; vertical force, 2. 
8. Magnitude, 50; line of action, 1°2 inches from the force 20 and 0°8 inch 
from the force 30. 
4. Magnitude, 10; line of. action, 6 inches from the force 20 and 4 inches 
from the force 30. 
; 5. Magnitude, 30; line of action, 3°83 inches from A and 0°67 inch from B, 
’ 6. Magnitude, 2; line of action midway between A and B. 
7. P, 214; Q, 23%. 8. R,, 3x4; Ry, dye. 
9. Magnitude, 4°17; line of action inclined at 78° 17’ to AB, and cuts the 
latter at a point 1°4 inches to the right of A. 
10. Magnitude of force at A, 6°32; magnitude of force at B, 4°99; lines of 
action inclined at 75° 8’ to AB. 
11. Magnitude, 3°66; line of action inclined at 82° 42’ to AB, and cuts AB at 
a point 0°76 inch to the right of A. 
12. P, 4°14; Q,1°8; line of action of Q 1°41 inches above A. 


Va. pp. 49-50. 


1. 11°25. 1a. 28°75. 1b. Magnitude of P, 20 lbs.; line of action is perpen- 
dicular to BC, and cuts AC at a point # inch from A. 
2. Within the rectangle ABDE, 1°81 inches from AB, and 1°30 inches from AE. 
3. Within the triangle ABC, 1:06 inches from AC, and 0°69 inch from BC, 
3a. Within the triangle ABC, 0°96 inch from AC, and’0°61 inch from BC, 
4. The string cuts CD produced 2°65 inches from C. 
5. 0°89 inch below AB, and 0°39 inch to the left of AC. 
F 6. 0-87 inch above AB, and 0°63 inch to the right of AC, 
7. 9°01 feet to the right of A. 
8. 0°89 inch below AB, and 1°13 inches to the right of AC, 
9. 0°85 inch above AB, and 2°58 inches to the right of AC. 
10. 1°23 inches from OA, and 1°31 inches from OB. 
11. 1°61 inches below AB, and 0°98 inch to the right of AC. 
12. 1°90 inches below AB, and 1°78 inches to the right of CE. 
13. 17°6; 177,408 ; centre of pressure, 25 feet from ground. 


Vb. pp. 61-63. 


1. 265 in inch and Ib, units. 2. 2°146 in inch units, 

8. (a) 56°30, (b) 9°71, both in inch units. 

4. 549°1 and 364°5, both in inch units, 

5. 7=5°34 inches; I=1385 in inch units. 6. 3°61. 7. 15-4. 

8. 6°34, 9. 5°96 and 5°24, 10. 0-49. 11. 0°568. 13. 9°65 inches. 

14. (1) 8°9 square inches; (2) 3°1 inches; (3) 54°5. These answers are the 
means of five solutions. 
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15. 424 lbs.; 10°23 inches, 
16. Bending moment at centre, 27°5 foot-tons; ba hc force at 
1°4 tons. ‘ 
17. 37°5 foot-tons; 5 tons. 18. Tension in chain, 2640 lbs. 
19. Reaction at OC, 12°4 tons; reaction at D, 17°6 tons; bending mome 
centre, 43°6 foot-tons; shearing force at centre, 4°6 tons. 


Via. pp. 70-72. 


a. (1) 22,282; (2) 0°4456 ; (3) 0°0007427 ; (4) 24:95. 
2. (1) 25,133 lbs.; (2) 0°0256 inch. 3. 460°9; 4609.. 

4. (1) 0° 0432 inch ; (2) 4800 lbs. per square inch ; (3) 7248°5 Ibs. 

5. 9447 lbs. per square inch tensile stress in steel ; 6144 lbs. per square i 
compressive stress in copper; 0°2182 inch; 36,551 Ibs. 

7, (1) 19°9882 inches; (2) 24,083 lbs, per square inch; (3) 16,858 lbs, 
square inch, 8, 21°9875 inches; 7000 lbs. per square inch; 19-9951 inches. 

9. 500 feet ; increase in length, 0°18 inch. 10. 0°1055 inch, J 

11. (a) 6972 ft.-Ibs. ; (0) 8°21 ft.-lbs. ; (a) +(b) 849. 12. §. j 

13. 17,112 Ibs. per square inch; 0°041 inch. 14. 21,231 Ibs. per square ini 

15. 12,937 lbs. per square inch; 0°588 inch. 16. 1989 inch-lbs, 

17. 13,650 lbs. per square inch; 0°505 inch. 


VIb. pp. 78-79. 


=tearing efficiency per cent. E,=shearing efficiency per cent. Ey=co 
bined shearing and tearing efficiency per cent. * 


1, E,, 56°25; E,, 56°45; crushing stress, 36 tons per square inch. 
2. E,, 71'7; E,, 71°7; crushing stress, 23°61 tons per square inch. 
’ 3. p=3 inches; E,, 68°75; E,, 67°2. ; 
4, d=1,5; inches; p=4% inches; E,, 72°4; E,, 72°9. 
. Hy, 75°7; H,, 75°33; He, 70°2. 
. d=17% inches ; p=7} inches ; E;, 79°8; E,, 79°38; Ey, 79°6. 
. p=6% inches; K,, 84°9; E,, 85°2; By, 86°85. 
. p=74 inches; E;, 86°7; E,, 86°0; Ey, 90°5.. 
. Ey, 86°63; E,, 115°2; Ey, 87°6. 
10. p=7% inches; d= inch; E;, 88°9; E, 89°2; Hye, 88°9. 
11. E,, 68°2; H,, 71°8; E,, 84:1; E,, 89° 8; Ex, 86:1. 
12. 81°35 per cent. ; shearing of outer rivet and tearing between rivers 
next row. 
18. d=% inch; d,=}$ inch; E,, 82'5; E,, 84:9; Ey, 82:3. 
; 96 § inch; 89°8. 16. 140 Ibs. per square inch; 2-917 tons per squa 
inch. 
17. 9600 lbs. per square inch; 5 feet 4 inches. 18, 10,377. 
19. 200. 20. s=1‘ld; b=1°37d; t=0°38d. 
21. d=1°60; b=s=1'80; t=0°69. 
22. d,=1° 24d ; o=1 ‘5bd 3 t= 034d ; D=1°'65d ; D,=2°48d, 


Vic. pp. 84-86. 


1, 26,260; 2°46 inches, 2. 2941 Ibs. per square inch. 3, 3°4inches. = 
4, 2885; 5557 lbs. per square inch. 5. 6016 lbs, per square inch. 

6. 311,953 inch-lbs,; 35°7 ; 121°2 revolutions per minute. 7. 13,125. 
8. 14°39 inches. 9. 0°714; 50. 

10. (1) 14,181 Ibs. per square inch ; (2) 43,507 inch-lbs.; (3) 124°25, — 
11. 90°8; 15°7. 12. 1°87 inches; 5672 lbs. per square inch, 

13. 8°52 "inches ; 37 1s 057. 

14. Total twist, 3:7 degrees ; the diameters of the pulleys are not required, 
15. n=2°95 ; C= 11,980,000 Tbs. per square inch. 

16. 40°9 lbs.; 4°12 inches ; 7:02. 17. 4614. 18. 53°4 incl: 
19. 0°226 inch; 22 inches. 


2163; 2530; 1265. Shearing forces— 
500; '361 ; 632, 
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Vila. pp. 101-103. 


8. See Fig. 842. 
9. See Fig. 843. 
16. See Fig. 844. 
18. w=0'1. 

20. w=0°36. 

21. w=0°442. 

= w=0°87. 

24. Bending moments—1000 ; 2000; 


Fig. 842, Fig, 844, 


VIIb. pp. 111-112. 


1. 0°682; 1°484; 2°618. 2. 0°625; 1°484; 1°25. 

3. 197°34 inch-tons; 53 inch-tons, 4. 5°29 inches; 1°92. 

5. (a) 127°83; (b) 118°44. 12. d=7°59 inches; J=13°72 inches, 

13. d=7°61 inches; /=13°69 inches. 14. 5°02 sq. in.; 8 tons per sq. in, 
16. 33°8. 17. 2°693 inches; 56. 18. 70°76. 19. 3272°5 lbs. 

20. 6°71 inches; 7°89; 13,669. 21. 12 sq. in. ; 6% inches. 


VIII. pp. 133-137. 


1. 13°44 inches; 12°48 inches; 9°62 inches; 0°853 inch ; 395 feet 10 inches. 

2. Depths in inches, 7°53, 6°35, 4°40; deflection, 0°163 inch; radius, 
746°23 feet ; maximum stresses in lbs. per square inch, 7594, 7146, 6028, 4179. 

. 6°476 inches ; 0°0736 inch. 5. } inch. 

. 16,394 lbs, per square inch ; 0°874 inch. 7. 6667; 0°32 inch. 

:. 9600, 9. 13,989 lbs. ; 14, 961 Ibs. per square inch. 

10. (a) 1223 lbs. per square inch ; (6) 2°64 inches. 

11. (5) 1008 Ibs. ; (c) 12,150,000 ; (d) 388; (e) 43,200 lbs, per square inch, 

12. (a) 2°52; (¥) 2°10, 14. 0°367 inch, 15, YE. 

16. 2636 lbs, per square inch; 0°47 inch. 17. 0°03 radian=1‘72 degrees. 

18. Each side beam load 60 Ibs., stress 166% lbs. per square inch ; centre beam 
load 480 lbs., stress 333} lbs. per square inch, 

19. 18,000 lbs, per square inch; 68°9. 

21. Taking E =13,000 tons per square inch, maximum deflection= =“ inches, 
where I is the moment of inertia of the section of each girder in inch-units ; 
maximum deflection at 19°4 feet from left-hand support. 

22. 11°232 tons; 0°27 inch. 

23. Thrust =32 Jy tons ; bending moment zero at 2‘725 feet, 10°275 feet, and 
16 feet from fixed end. 

24. 45 foot-tons at ends; 15 foot-tons at centre; zero bending moment at 
4°5 feet from ends, 
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=i 


a 
pe. 


26. —312°5foot-tons; +175°8 foot-tons; 62°5 tons at centre; 18°75 tons at e 


wl2 , 3EIz 


aT: oe Py 


span in inches, E is in tons per square inch, and I is in inch-units. 
28. 10°51 tons, or 0°263 tons per foot. 29. 159% tons ; 444}$ tons; O54 te 


66°46 tons; 234°84 tons ; 73°7 tons ; — 2104 ‘foot- tons. 


. M,= - 2707 foot-tons ; M,,= — 1382 foot-tons. 35. 115; 100, 


IXa. pp. 151-153. 


2.1; 0866, 4. f= pq; tan 0= (2) 


wa inch-tons ; ~ jg ;—inch-tons, where L is the length of e 


x 


Fis 
2 
i U 


p=fcotd; q=ftand; s=f(tan @—cot 6). 6. 49,672; 12,418. 
z 9, 763. 8. 3-876 inches, 9. 3119. 10. 338°7. 11. 4 inches’; ; 2°98 inc 
12. Bending moment, 432 inch-tons; twisting moment, 288 inch-to 
stress, 0°5855 ton per square inch. 
13. 36,000 inch-lbs, at A; 3487 inch-lbs. at C. eis 
14. 36,000 inch-lIbs. at A; 26,358 inch-lbs. at C. ie 
15. (a) B, 4°47 inches ; G, 5°03 inches ; D, 4°75 inches ; a, 
(b) B, 4°68 inches; C, 5-05 inches; D, 4:77 inches, ie 
16. 345 lbs. per square inch. Ee 
17. Maximum shear stress § ton per square inch on each section ; im 
direct stresses § and }§ ton per square inch on the respective sections. 2 
19. 4324 tons per square inch; 1°035, a 
20. (a) 4500; (b) 3122; (ce) 6000 ; (d) 4500; (e) 4153; (jf) 22 
(g) 2068. 21. 0'81. re 
IXb. pp. 159-161. ; 
1. 12-108; 4-629 tons per square inch. 2. 20 tons; 4- ‘inch. 3. 4d. 7 
Soa rp compressive ; ; 3°298 tons “aa ca ‘ian 
inch. Tas "|. pee 
6. 1-674,/W ; compressive ; 4°09] tons per Bs; < Bea Mt 
square inch, 4 <@ —- 
7. (a) 2958; (0) 3471, 8. 0:336./W. S&, 3 Sul 
9. 3°32 tons per square inch; 3°53 tons 8 Bg sS> = 
per square inch. & ' Bs 
10. 55°55 feet. So ra 
12. 0:0736 cubic inch, or 0:0077 per cent. “5:6. ¥. Sn on 
13. 34 tons per square inch ; <3#, inch. Radius in inches. — 
14. (a) 0°00033; (b) 0°00029. Fig. 845. i 


15. E=29,878, 000 lbs. per square inch; 


C=11,672, 000 Ibs. per square inch ; K=22, 625, 000 lbs. per square inch ; Poisson 
ratio=0°2799. 


16. 5 inches ; 1000 lbs. per square inch, 17. 973. 18. 1°32 inches. . 
19. 1585 lbs. per square inch; 2300; 1877; 1603; 1415. 


X. pp. 168-169. 


1. 14-9 lbs. 2. 324-5 tons. 8. 24-13tons, 4. 42-4. 6. 4:10 inches. 
7. 4:11 inches; 37:4. 8. 12°65 inches; 10°12 inches, 9. 6°2 inches. 


10. 62,112 lbs, 11. ./7°66 inches ; 220°6 tons. 


12. 106: 3 tons, with factor of safety 5. 18. 1-045 inches. 


15. 4°7 inches; 0°47 inch. 


XI. pp. 187-190. 


3. (0) = Ses ag 3) 44; (d) ral ara 5040. 
ORs e=773 ; ; e= 26. yal Wir ae & a=673: 
8. c=11+5., rs 26° 31 tons per elon inch; »=0°29. 


10. 21°18 tons per square inch; 4=0°445, 11. 3°4 square inches 


b= 40. 


21. See Fig. : 
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XII. pp. 198-200. 
BH | CJ | GH | HJ | jx 3. 4. 
EL | DK | GL | LK Ee ss 
* nl 4 Bee an BK and GT | 5590 |] AD | 2814 
1677 Saas | 1500 559 500 OM ,, FR 4472 DB 2151 
DO ,, EP | 3354] pe | 2046 
2. Dead | Windon | Windon| Maxi JN +» JQ | 4000 fF] Be | 1771 
Load Left. Right. mum JL ,, J8 | 5000 
pc: JK ., JT | 5000 
BK | 3606 | 4250 | 3250 | 7856 JJ KL. TS| 0 * 
on | 2884 | 3417 | 3250 | 6301 || LM . SR | 1118 ra; 
DM | 2884 | 4750 | 3250 | 7634 |] MN » RQ/ 500 ]] AG | 3500 
Eo | 2884 | 3250 | 4750 | 7634 |] NO » QP | 1414]] BK | 2000 
FP | 2884 | 3250 | 3417 | 6301 OP 2000 || cK | 2236 
GQ | 3606 | 3250 | 4250 | 7856 DH | 2981 
gp | “721 | 0 | 2167 | 2888 EF | 5590 
PO | 800 0 2404} 3208 | rncce waderline de 1% | OH 
ON 1342 0 4031 5373 | notes compression. GH | 18638 
NM | 1342 | 4031 0 5373 HK| 943 
ML | 800 | 2404 0 3204 
LK | 721 | 2167 | 0 | 2888 
Kx | 3000 | 510s | 1502 | 8108 6 (a). | 6(b). | 6(c) 
In | 1800 | 1502 | 1502 | 3302 
JQ 3000 1502 5108 8108 AG 6°71 | 6°71 | 13°42 
aH | 6 | 6. \13 
AK |12 |12 |i8 
8 (a).|8 (>). 1] AM | 8 10 Ts 
: so} e |S liz 
BM and JY | 5218 | 3975 |] AP | 4:47) 8:94 | 13°42 
BM and GV | 15 ON ,, HX | 472|3230]] BP | 2 | 4 (6 
CO ,, FT| 24 DQ ,, GU | 4100 | 2857 || CN | 6 9 115 
DQ .,, ER | 27 ER ,, FT| 3354 | 2112|] DL’|10 /|11 /|18 
KP ,, KS | 24 SR ,, st|i18| 497]] BI | 9 9 15 
KN ,, KU | 15 SP ,, SV| 373]. 2481] FG | 3 3 16 
KL ,,KW| 0 LO ,, LW | 2236! 248]] GH | 6°71| 6-71,| 13°42 
AL ,, HW /18 LM ,, LY | 2609] 194]] HJ | 671) 6:71) 6-71 
LM ,, WV/21-21}) MN ,, YX} 471] 471]] JK | 671! 671] 6-71 
MN ,, VU | 15 NO ,,XW]} 500| 500]] KL | 4-47] 224|-0 
NO ,, UT|1273}}0P ,, WV} 943 | 157]].LM |. 4:47| 2°24/-0 
oP , TS| 9 PQ ,, VU-| 1000|.1000 |] MN |. F47| 2-24) -6-71 
PQ , SR| 42447 QR ,, UT 943 | 943 ]] NO | 4:47 2°24| 6°71 
QR 6 LS 2500| -.. || OP | 447| 3-9 | 1348 


8(b) continued.—Reaction at top hinge horizontal and = 1667 lbs. Reaction 
at each bottom hinge = 4333 lbs. and inclined at angle ¢ to vertical, tan ¢=y%). 
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9. X=11°8 outwards; Y=8'0 inwards; Z=6'7 outwards; force in A 
compression. 
ia. i 
14. Total thrust in top member=71°67 ; thrust in BJ, DL, EM, and FN: 
thrust in CK=20; tension in AJ and HN= 11'78; tension in AK= 
tension in AL and "HL=15'81 ; tension in HK = 27°49; tension in AM= 
tension in HM=14'91; tension in AN and HJ=8'50. 
16. ‘l'otal thrust in "top member=67°2; thrust in BF and DK=8; thrust | 
CH=16; thrust in EL=32; tension in AF, CF, CK, and EK=5:12; "tensi n in 
AH and EH =15°09 : tension in AL=53°64, — 


XVI. pp. 278-282. 


2.0=¢. 5. 1in7‘11. 7. 37,600; 5600. 8. 396; 454°9. 
9. 24°6. 10. 20°48, neglecting difference between length and base of p! 
12. (1) 0°30; (2) 0°26 ; (3) 0°24. 


bo 
_- 


13. | d 4 es 14 9 o4 a q 
| me. % | 257 | 28 | 182 | 183 | 166 | 159 | 1468 


14. 32°3 Ibs.; 36°8 per cent.; 8°2 lbs. 15. (1) 22,620; (2) 3343. 

16.0°193, © 1%.°71°2.3°1°68) 18. (1),51°6 Ibs.; (2) 48°5 lbs. 

19. To raise W, (a) 207 Ibs. ; (6) 203 lbs.; to lower W, (a) 1931 Ibs. ; (0) 
lbs. 20. (a) 203°6 lbs. ; (b) 196°5 lbs. 

21. (1) P=550 Ibs. ; (2) P=598 ite. ; (1) R=1260 lbs. ; (2) R=1291 Ibs, 

23. (a) 4885 lbs. ; (6) 4603 lbs. . 515 Ibs. 25. 0°34, 

26. 135°7, 27. 352°3, 28. 7-1. oN 128 Ibs, 

30. 0:00066 Ib. ; 0°0264 ; 37°7:1. 

31. Horse- -power= 1866 K, if V is in feet per second. 

32. 257 lbs. ; 39 lbs. 33. 1174 lbs. ; 8:5 lbs. 34. 0°22, 

35. 34. 36. (a) 215 lbs. ; (b) 497 Ibs. 


XVIIa. pp. 294-296. 


1. 98; 63°91 lbs. 2. 128 ft.-lbs.; 10°15 feet per second ; 11 feet per second, 

3.1411. 4. Mean pressures, (a) 99; (b) 99°25 (c) 95° 4 for forward § 
and 103 for return stroke. 

5. 60°5 feet per second. 6, 2°48. 7. 2°8. 8. 28°09 feet per second. 

9. 1:21. 10. Velocities: 19; 30; 36; 39. Accelerations: 8; 1°4; 0°9 

11. When ¢=0°075 second, angular velocity =8°3, and angular accele 
=17'4; 8679 ft.-lbs. P 

12. I.: (a) 6%; (b) 2°32; (c) 84; (d) 0°644. II.: (a) 10; (6) 4°01; (c) 5; 
1°93. III.: (a) 134; (0) 6° 55; (c) 68; (d) 4°51, 

13. (a) 10°72; 5 (6) 4°23 ; (c) 4; (d) 1°07. 

14. x=10, v=25°43.; 2=30, v= 42: 15; *=50, v=51'5; «=70, v= BT'B4 5 
x=45 to x=55, time= 6-194 second ; from x=0 to ¢= 75, time = 2°24 secon 

15. Stops at 18°2 feet ; time from start to stop, 1°92 seconds. 

16. Time average of force=262"4 Ibs. ; Space average of force=267°9 Ik 
average velocity = 12°73 miles per hour; distance =653'5 feet. 

17. Length of stroke, 9°46 feet ; time for up stroke, 1°12 seconds, 


XVIIb. p. 299. 


1. 1226 lbs. 2. 0°495 second. 3. 3°25 1bs. 4. 1°107 seconds. "1 4 
5. 612 inches. 6. 2°06 seconds, 7. 289. 8. 2°972 in lb. and foot units. ~~ 


— a? ee ee 
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XVIIL pp. 309-312. 
1. (1) 7°07 ; (2) 8°20; (3) 9°74. 


@)e@| 134] .. | 162/184] .. | ... | 1°97 | 19°30 
| 


pineal 


v | 50 | 6-0 | 5-97 | 4°03| 6°55 | 5°49 7-24 | 2°76 7°28 4°93 
| 


4. 400; 641. 5. 104 and 42 feet per second. 

6. (1) 104; (2) 117; (3) 136. See Fig. 846. 

7. (1) 190; (2) 182; (3) 176. See Fig. 847. 8. 218°8. 

11. (1) 2°32; (2) 5°36; (3) 12. 

12. Piston, 1148; shaft, 759 ; cross-head pin, 126; crank pin, 989. 


Y= 45 
Yp=2 


Fig. 846. 


Fra. 848. Fig. 847. 


13. (1) 31°5; (2) 77°7; (3) 0. 14. Length of stroke, 16°16 inches. 

15. Radius of crank, 2°806 inches ; (a) 28°6 by construction ; (b) 36°1 by con- 
struction ; 1°17:1,; for curves, see Fig. 848! 

16, (a) 1°47; (b) 10°88; (c) 420. 17. 58 inches; 1°51:1. 

18. 1°38:1. 19. Velocities of sliding in feet per minute.—At C, 125; at E, 
109 or 275; time ratio of cutting and return strokes, 2°73. 

20. 132 feet per minute. 
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XIX. pp. 322-328. 


1. 30°5, assuming exhaust pressure to be atmospheric ; 3, s420m 2. 
3. (a) 2554 lbs. ; (6) 1277 Ibs. 4. 1100 lbs. 7h 
6. 15:1 and 8°1 lbs. per square inch of piston, both downwards ; aT 
tions per minute ; 28°5 lbs. per square inch of piston, downwards. 
7. (a) 0°105 ; (d) 07129. : 
8. Coefficient of fluctuation of energy, (a) 0°16; (0) 0:18. iam 
Ratio Maximum torque (4) 9-42; (b) 2°58. | 
mean torque ar 
9. 42:02 lbs. ; 9°45 lbs. ; 55°43 Ibs. ne 
10. Forward stroke: 38°4 lbs. 3 TA lbs, ; 59°2 Ibs. Return stroke ; 46°3 | 
Co 


11°7 lbs. ; 53°1 Ibs. 
ax 109, 495 Ibs. ; 133,390 ft.-lbs. 
12. 0°049. 13. 0°044. ee 
14. : ; 4. 
16. (i.) mean of nine solutions, 0-076. . ; . Si 
17. (6) ae 
18. 15,258. 19. 284,462 ft.-Ibs. 20. 1392. 21. 5742 1bs. 22. 101°6. ok ‘ 
23. 84° 879 and 85: 121 revolutions per minute ; 2760°5. 24 
24. 27°54. 25. 0°00137. 26. 1118°5; 50,994 ft.-Ibs. or 
27. 404; 606 revolutions per minute. i 
28. M=38; I=15,377 in |b. and foot units. 29. 30,000 ft.-lbs, a 
30. 1:2. 31. 41,671 in lb. and foot units ; 207. i 
XX. pp. 341-343. ae 
2. 24° 35'3 50° 50’; 51:2; 56°7. 8. 0°92 inch; 1:05 inches, re 
5. 6°33 5 10: 98; 3° 18. = 
6. 6°33 5 11:07: 3°06. a J 
7. See Fig. 849. re +P Le — 
8. 4°93 lbs.; 196 to 221 re- > “eR "7 A: 
volutions per minute. * SE: \ Vv. 
9. 0°82 inch. IAL wi LT TNL 
10. (1) 3°18; (2) 212, 222, TV It VN TTT 
234; (3) 221, 232, 245; (4) 223 *. s Ae 
212, 202 ty 
11. 1°45. 75 70_ 65 60° a 
12. 198 and 212; 198 to 224 REVS. PER MIN. a 
revolutions per minute. = 
13. 673 inches; 2°23 Ibs. at MiG. 849, 


sleeve ; 13°3 revolutions per minute, or 5-54 per cent. 
14. 411 revolutions per minute; 100°8 lbs. ‘ 
15. T=16°84 lbs.; Q=695:2 Ibs. 16. (a) 290; (6) 111-7 lbs. ee 


XXI. pp. 361-362. Z 

1. 284°8. 2. 48:4 1bs, 3, 4°61. 60°12 feet. 3 

5. Emergency stop from speed of 60 miles per hour deisaia 2+ 16=18 sect 
and the distance covered in that time is 880 ape! retardation cone 
gravity =0°171; a el force = 383 lbs. per ton. (a) 120°96 ; (8) 89° 6. 


4 ng 
t 


7. 4°27. 8. 34°86. 9. 5°51. 10. 1°14. 12. 2742, a 
XXII. pp. 372-374. — | E 
1. (a) 3141°6 ; (6) 32332; 2°83. 2. 29:2 inches; 7:3 inches. - cs 


3. (a).1458°3; (b) 1423°4; 2°45. 4. 7°79 inches. ig 
5. (a) 196-46 ; (b) 196-01. 6, (a) 182°52; (b) 182-51. ee 
7. Open belt: (a) :193°30; (6) 193°14; 0°08. . ‘Crossed belt: Fr a) 2 

(5) 20838 0°41. 8. 24°95; 9°45; 37°80; 174-40. 


d=10; Dy=24'64; dy=16'43; Dy=13-57; ay QT 14; l= =168-85 0 
iciedsoa. 
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10. d,=10; Dyg=24; d,=16; D,=13} ; d,=26§ ; 2=170°8 ; all in inches, 
21. 10°25; 12°34; 14°25; all in inches, 
12. Band d, 14°20; C ande, 12°17; D and d, 10°04; all in inches. 
13. 183°S2 lbs, ; 91°91 Ibs, 14, 123°75 lbs. ; 68°75 lbs, 
15. (1) H=14°91; (2) H=13°37, 16. (1) H=58°47; (2) H=53°95, 
17. (1) 6=5°13 inches ; (2) b=5°43 inches, 
18. (1) d= 16°76 inches ; (2) b= 18°68 inches, 
19. (1) f=302 Ibs. per square inch ; (2) f=344 lbs. per square inch. 
20. (1) V=2514 ft. per minute ; (2) V=2710 ft. per minute. 21. 80°9, 
22. Maximum horse-power= 20°56, when v= 96°91 feet per second. 
25. 19°15 ; 42°61 Ibs,; 4°29, 26. 125°5. 27. 14 feet Ginches, ~* 
28. Velocity, 170 ; horse-power, 167. 
29. Maximum horse-power= 200, when v=176, 30. 1°5; 7°3. 


XXIII. p. 387. 


1. 23°75 inches ; 0°7854 inch, 2. 0°9425p’; 1°2566p’. 
3. 4° 5; (1) 7and 9; (2) 29 and 35, 


XXIV. pp. 393-396. 


1. 14°8 inches, 59-2 inches. 2. 20, 90, 39°39. 3. 450; 1003°5 lbs. 4 16, 

5. 60. 6. (a) 1423; (5) 19°8 seconds; (ce) 1465 lbs. 7. 1°573. 

8. (1) 0; (2) +49; (3) —51. 

§. n revolutions ver minute anti clockwise ; straight line through centre of A ; 
ellipse, centre at centre of A, major axis equal 3 times distance between centres 
of A and ©, minor axis equal } major axis. 10. 50 in same direction. 

11. (1) +95 (2) —25°2. 12. 62°95 inches. 13. 44. 

14. 74 in same direction. 15. —176. 16. 30 to 1. 

17. 62 and 29}} revolutions per minute in same direction as arm ; 206°45 lbs, 

18. +70. 19. (1) 0; (2) +80; (3) —48. 

20. 240 revolutions per minute in same direction as E, 

21. (1) +21; (2) —22°8. 


XXV. pp. 411-413. 
6. (a) 23°56; (b) 35°34, 


XXVIa. pp. 417-419. 


1. 75 Ibs. ; 126° 52’. 2. 861°5 Ibs. ; 108° 26’ to first radius ; 25:3 Ibs, 

3. 36°1 Ibs,, 15 lbs. 4. 9°386, 4°614; 102°8, 

5. 572°2 lbs., 381°4 lbs.; 20 lbs. 6. 24°64 lbs. on A, 20°36 lbs. on B. 

7. 6415 lbs. on the bearing nearest to the crank, and 1480 lbs, on the other; 
541 lbs. in the plane nearest to the crank, and 283°4 lbs, in the other. 

8. 201 Ibs. each; left-hand balance weight 157° 37’ in advance of left-hand 
crank; right-hand balance weight 202° 23’ in advance of right-hand crank. 

9. Forces on bearings.—Left-hand, 50:2 Ibs. ; right-hand, 120-5 lbs. Balance 
weights.— Left-hand, 12-6 lbs. ; right-hand, 38°1 lbs. If the 10 lbs. mass leads, 
then the 12-6 lbs. mass is 159° 58’ ahead, and the 38-1 lbs, mass is 127° 20° 
ahead of the 10 Ibs. mass. 

10. 37°8 lbs. in plane P at 227° 5’; 34-5 Ibs. in plane Q at 34° 1’. 

11. «=83°67 lbs. ; angle between D and A, 37° 51’. 


XXVIb. pp. 428-430. 


1. Zinch; 4087 Ibs. 2. 0-004 inch. 8. 382 Ibs. ; 2554 Ibs. ; 1264 Ibs. 
4. 787 lbs. ; 0,=0,=23° 12’ (see Fig. 692, p. 423°. 

5. 311°5 lbs. ; 0, =0,= 22° 23’ (see Fig. 692, p. 423). 

6. 333 lbs. ; 0, =0,=5° 43’ (see Fig. 693, p. 424). 

7. 162 Ibs. in each driving wheel, and 68 lbs. in each trailing wheel. 

8. 366 lbs. in each driving wheel, and 108 lbs, in each trailing wheel. 
9. 2-46 tons. 10, 56 tons, 11. 360 lbs. and 240 lbs. 
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12. 385 lbs. and 175 lbs.; all cranks in same plane, intermediate © 
opposite side of shaft to outside cranks. 
13. X,.271 lbs., 19° 24’ in front of C, A leading; Y, 550 lbs., 70° 27 in r 
of B, A leading. i 
14. C, 5411 Ibs,, 103° 58’ behind B; D, 3530 lbs., 52° 28’ behind A. 
er 


XXVII. pp. 436-438. 


1. 9600 Ibs, 2. 9°45; 0-51 Ib. 3. 69:2; 416, 4. 22,670. 5, 8392 me 

6. 253% tons ; 3 103 ft. 7. 7°30 tons; 13° 04 tons. 

8. 3:245 Ibs. in each bottom screw, 0°649 lb. in each top screw. 4 

9. 604°5 lbs., 641°5 lbs, ; in horizontal line 0°4 inch below, and canal dist a 
from, centre of door; 623 Ibs. 10. 6°59 feet. 11. 5586 lbs, 

12. 444°3 tons ; 8: 3 feet. 13. (i.) 6; Ibs.; (ii.) 1144 lbs. 

14. 4:2 inches from bottom ; 10°21. 165. 1: 798 feet; 1°752 feet. 

16. 4300 tons at beginning of voyage. 18. 2°. 


XXVIIla. pp. 454-456. i 3 7 


1. 19°3.lbs. per square inch ; 1:92 inches. 2. 1°22 lbs. per square inch, 
3. 31:0 lbs. per square a 4, 48°11 cubic feet per second. 5, 1924. 
6. 2520. 7. 3:48 inches. 8. (1) 650; (2) 1300. ; 
9. 5°67 radians per second, ‘10. 78-2 feet per second. 11, 8°7 feet per s 
12. 40: 4 feet per second. 13. (i.) 25°38; (ii.) 25°39. 

15. 0613; 0°957; 0641. 16, °622. 

17. 1481 with coefficient of discharge, = 0°61. 

18. 3 hours 6 minutes 49 seconds with coefficient of discharge=0°62, _ 
19. 64 seconds with coefficient of discharge = 0°62, 

20. 8 seconds with coefficient of discharge= 0°62, 

21. 37 minutes 19 seconds, 22. 0°619. 23. 89°7. 24, 91°9. a 
25. 8°88 feet. 26. 22:1 cubic feet per second with k=0°6. a 
27. 10°3 inches with k=0°6. 28. 4°87. a 
29. 2°64h! cubic feet per second ; 672. a 
30. Total discharge about 6480 cubic feet. 31. 13°7 inches. 32. 130,489. 


a 


XXVIIIb. pp. 472-475. 


1. 32'8. 2. 61:8. 38. 0°655 inch; 1:99 inches ; when k=0°66. 

4. 30,8053; 1419. 5. 126,367,280; 5470. 6. (1) 2:47 feet ; (2) 1°17 feet. 

7. 4°92. 8. 519 feet. 9. 169. 10. 13:5 cubic feet per second, 11. 0°73 3 oc 

12. Discharge, 2°33 cubic feet per second; hydraulic gradient, 1 in . : 
pressure head, 15-5 feet. 13. 1: ,/2. 

14. 46, 100 ; 8390 gallons, or 18:2 per cent. 15. 158°5 feet. 

16. 3° 55, assuming that the total loss of head is i hassles to the difference i in 
levels of the two ends of the pipe. 
17. 2:12 and 1°52 cubic feet per 
second. ~ 
18. 59°8 cubic feet to B, and 69:3 
cubic feet to O. 19. 70°1 feet. 

20. 2°75 inches, 22. 527. 

23. The curves are shown in Fig. 
850. Total loss of horse-power asked 
for=6'94. 

24. 5°50 inches. 

25. 4°15 inches ; 840 Ibs. per square 
inch ; 303°2. 

26. s=6'5 feet; d=3'72 feet; 
b=12°84 feet. 

29. 3:17 feet per second ; 976 cubic Fig. 850. — 
feet per second. 

30. 1°49 feet. 31. G6 feet; 1 in 3517. 32. 476. 35. 84,790. © 
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XXVIIIc. pp. 483-484. 


1. (a) 38 Ibs.; (4) 19 Ibs. 2. (a) 152 lbs, ; (5) 59°4 Ibs. 3. 0°863, 
4. um horse-power=9°59 at 25 feet per second. 
6. 1831; 29°2 per cent. 6. 1393 ; 22-2 per cent, 
7. 2973; 41°1 per cent. 8, 220 lbs. 9. (a) 126 lbs. ; (4) 56 lbs, 
10. 12F0; 93°83 per cent. 11. 974 lbs, ; 67°3. 
12. (a) 72°6 Ibs, ; (5) 18:1 lbs, 
13. Acute angles between AB and the tangents to the vane at entrance and 
exit, 53° 48’ and 36° 12’ respectively. Pressure on vane, 0°645 lb. 
14. Acute angles between horizontal and tangents to yane at entrance and 
exit, 73° 41’ and 47° 16’ respectively. Pressure in direction of motion 68-4 Ibs, 
15. Direction of total pressure inclined at 7° 56’ to direction of motion of 
bucket or vane. Magnitude of total pressure, 193°7 lbs. Pressure in direction 
motion, 191°8.lbs. Maximum efficiency 4, when velocity of buckets is 82°8 feet 
per second. 
16. 9317 ft.-lbs. 17. 862-6 lbs. 
18. 34-7 feet per second ; 25-7 ; 2051 lbs. ; 21-9 miles per hour. 


XXIX. pp. 496-498. 


1. 6600. 2. 63°7. 3. 4°03. 

5. (a) 75°7 per cent. ; (b) 181 feet ; (c) 0°459:1. 

6. Maximum B.H.P.=1°61; maximum efficiency, 79°3 per cent, 

7. Taking efficiency at 80 per cent., horse-power = 2355. 

8. Mean diameter of wheel, 2°28 feet ; diameter of nozzle, 0°461 inch; horse- 
power, 16:3. 

10. ¥,=152°5; ¢,=75°9; ¢g=87°3 3 wu, =84'5; %=94°9; 1,=24°9; 0,=—99°; 
revolutions per minute=181:2; horse-power=318°5. 

Il, ¢,=u,=42°57 5 cg=tg=53'21; %=13'9; 0,=—82° 30’; revolutions per 
minute = 203-3 ; horse-power = 273. 

12. 5°4; 81:5 per cent. 13. 68°7 per cent.; 11:8. 

14. (Referring to Fig. 795, p. 494) 0,=41° 13’; angle U,B,C,=78° 54’; 

=21° 52’. 
ee 15. 9° 28’; 747-6 lbs. 16. Inlet, 48° 54’; outlet, 11° 19’. 

17. At inlet, 65° 9 to the tangent to the periphery; at outlet, 21° to the 
tangent to the periphery ; 89 per cent. 

19. Velocity of outer periphery of wheel, 35°8 feet per second; guide angle, 
6° 23’; vane angle at exit, 12° 37’; outer diameter, 1-95 feet; inner diameter, 
0-975 feet; widths at inlet and outlet, 0°34 feet and 0°68 feet respectively, 
neglecting thickness of vanes. 


XXX. pp. 518-519. 


1. 22:09; 3°34. 2. 2851 Ibs. ; (a) 2°25 cubic feet ; (b) 0°102 cubic feet. 
_ 8. (a) 489°3 Ibs. ; (b) 873°8 lbs. ; 1°65. 

4. (i.) 319°7 ; (ii.) 38°07 ; (iii.) 76°1 per cent. ; (iv.) 39,560; (v.) 39°27. 

5. 1638 lbs. ; 1583 lbs. ; 14,496. 6. 141°5; 196-7; 10 lbs. 

11. (1) 11° 34’; (2) 104°6 feet; (3) 47°6 feet. 12. 23°7 feet per second. 

13. 60 per cent. ; 250; 198 revolutions per minute. 


XXXI. pp. 528-529. 


1. 1°71 pence. 2. 1,102,700. 3. 1061 lbs. per square inch. 4. 14°76 inches, 
5. (a) 1139; (6) 1040. 6. 40°24; 66°22. 

7. (a) 19°84 tons; (6) 101°01 tons. 8. 12,959 lbs, ; 53,996 ; 3°32 inches. 

9. 2013. 10. 649; 20,388. 11. 329 inches. 12. 4°70 inches; 9°73 inches. 
13. 1792; 4032; 7168. 14. 1720; 3890; 6934. 

15. 16°16 tons per square inch; 87°4 feet. 16. 74 tons. 17. 53°4 per cent. 
18. (1) 3970 Ibs. ; (2) 9°63. 19. 6°06 cubic feet; 13 inches, 

20. 1°53 feet per second, 
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Absorption dynamometers, 347 

Accelerating effect of gravity, 1 

Acceleration, 16 

Acceleration diagrams, piston, 303 

Acceleration, piston or slider, 301 

Acceleration-space diagram, 287 

Acceleration-time diagram, 286 

Accumulator, hydraulic, 521 

Accumulator, intensifying, 523 

Accumulator, Tweddell’s differential, 
523 

Addendum circle, 376 

Addition of vectors, 13 

Air chamber, 504 

Algebraical formulz, 2 

_ Aluminium-copper alloys, tests of, 184 

American turbine, 493 

Analogies of linear and angular mo- 
tions, 31 

Angle, friction, 261 

Angle of repose, 261 

Angle of twist of shaft, 80 

Angular acceleration, 16. 

Ange acceleration of connecting-rod, 


Angular momentum, 21 
Angular motion, 15 

Angular motion diagrams, 290 
Angular velocity, 16 

Angular velocity of connecting-rod, 305 
Annealing, 180 

Annular valve, 508 
Anti-friction curve, 267 

Are of approach, 379 

Are of contact, 379 

Arc of recess, 379 

Arch, three-hinged, 197 
Arithmetical mean, 3 
Arithmetical progression, 3 
Artificial head, 433 

Autoloc, 411 

Axial flow turbines, 493 

Axis, instantaneous, 18 

Axis, neutral, 104 

Axle, friction of, 270 


Axode, 18 


Balancing, 414 et seq. 
Balancing of locomotives, 422. 


Ballast, 244 

Ballast guards, 244 

Ball, fracture of, 176 

Ball valve, 507 

Balls, crushing strength of, 189 (Ex. 7) 

Band and block brakes, 345 

Band brakes, 344 

Barker’s mill, 491 

Barlow’s curve, 443 

Barlow’s formula for thick cylinders, 
161 (Ex. 20) 

Bath lubrication, 274 

Bazin’s channel formula, 470 

Beam sections, equivalent, 105 

Beams and bending, 87 et seq. 

Beams and girders, 214 

Beams, continuous, 126 

Beams, deflection of, 113 et seq. 

Beams of uniform strength, 107 

Beams, resilience of, 132 

Beams, shear stresses in, 148 

Bearings for girders, 221, 289-242 

Bearings, methods of lubricating, 273 

Behaviour of materials in testing ma- 
chine, 170 et seq. 

Belgian truss, 203 

Belt dynamometer, 362 (Ex. 11) 

Belt dynamometers, 357 

Belt gearing, 363 et seq. 

Belt gearing for non-parallel shafts, 368 

Bending bevond elastic limit, 109 

Bending by forces in different planes, 


Bending combined with tension or com- 
pression, 153 


: Bending moment and shearing force 


diagrams, relations between, 92 


.Bending moment diagrams, 59, 88 


Bending moment, equivalent, 144 

Bending, moment of resistance to, 
104 

Bending moments on beams, 87 

Bending, positive and negative, 88 

Bending, stresses induced by, 103 

Bending to circular are, 113 

Bernoulli’s theorem, 439 

Bevel wheels, 384 

Bevis-Gibson torsion meter, 360 

Bibliography, 13 
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Binomial theorem, 3 

Block brake dynamometer, 347 
Block brakes, 345 

Bob-weights, 427 

Bocorselski’s universal joint, 407 
Bollman truss, 200 

Bolster plate, 221 

Booms of open web girders, 234 
Booms or flanges, 217 

Borda’s mouthpiece, 460 

Bow’s notation, 36 

Bow-string girder, 233 

Box girder, 216 

Braced girders, 231 et seq. 
Bracing, overhead and sway, 247 
Bracing, secondary, 201, 236 
Brake strap, 282 

Brakes and dynamometers, 344 et seq. 
Brasses, tests of, 182 

Breaking load, 68 

Breast wheels, 486 

Bridge floors, 242 

Bridges, cantilever, 131 

Bucket, 499 

Bucket, Doble, 488 

Bucket, Pelton, 488 

Bucket pump, 499 

Bull engine, 293 

Buoyancy, centre of, 436 


Camber and deflection of girders, 223 

Cam follower, motion of, 397 

Cams, 397 

Cams, cyclindrical, 401 

Cams, interference in, 404 

Cams, rotating, 399 

Cams, sliding, 398 

Canal lock, time of filling, 450 

Cantilever, 89 

Cantilever bridges, 131 

Cantilever, deflection of, 113, 114 

Carnegie Z-bar column, 61 (Ex. 6) 

Centimetre, 2 

Centre, instantaneous, 17 

Centre of buoyancy, 436 

Centre of curvature, 9 

Centre of parallel forces, 44 

Centre of pressure, 47, 433 

Centre of stress, 47 

Centre, virtual, 17 

Centres of gravity, 45 

Centrifugal force, 19, 20 

Centrifugal force of revolving mass, 
414 

Centrifugal pumps, 512 

Centrifugal tension in belts, 369 

Centrifugal tension in revolving hoop, 
76 


Centripetal force, 19 
Centrode, 18 
Centroids, 45 

Chain gearing, 370 
Chain, Renold’s, 371 
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Coefficient of cubical elasticity, 66 


Chain, slider crank, 308 - 
Chain, swinging block slider-crank, 
Chain, turning slider-crank, 308 
Change speed gears, 389, 
Channels, flow of water in, 470 
Chézy’s formula, 465 
Circle, friction, 270 
Circle of curvature, 9 
Circular pitch, 375 — 
Circumferential pitch, 375 o 
Coefficient of contraction, 447 a 


Coefficient of discharge, 448 
Coefficient of elasticity, 66 
Coefficient of elasticity of volui 
Coefficient of fluctuation of e 
Coefficient of fluctuation of spe 
Coefficient of friction, 260. 
Coefficient of rigidity, 66 
Coefficient of transverse elasticit; 
Coefficient of velocity, 447 
Collars, friction of, 266 
Columns and struts, 162 e¢ seq. 
Combined plunger and bucket - 
502 


; 


Compensating lever on dynamor 
349 


Composition of forces, 34 
Composition of velocities and a 
‘tions, 17 
Compound strains and stresses, 
8eq.. a 
Compressibility of mercury, 431. 4 
Compressibility of water, 431 ; 
Compressive strain, 64, 65 
Compressive stress, 64, 65 
Concrete beams, reinforced, 109 — 
Conical valve, 506 
Connecting-rod, angular accelera' 
of, 30 us 


305 
comeing distribution of ¥ 
) 
Constant of integration, 7 
Construction of parabola, 10 
Continuous beams, 126 
Continuous delivery pump for — 
pressures, 503 
Continuous girders, advantsgaial 
disadvantages of, 130 
Conversion of space-, velocity-, a 
ration-time diagrams, 288 
Copper-aluminium alloys, tests of, | 
Copper-tin alloys, tests of, 183 
Copper-zinc alloys, tests of, 182 
Corrugated iron, 204 
Cottered joints, 17 
Counterbracing, 233 d 
Counter efficiency of a machine, 2 "i 
Coupled locomotives, 425 a 
Couples, 44 
Coupling, Oldham’s, 408 


Coupling, universal, 405 

Crane, hydraulic, 527 

— =P 316 at 

Crank effort diagrams, 

Cranked shaft, stresses in, 146 

Critical load for a long column, 162 

Critical velocity of water in pipes, 
461 

Crossed arm governor, 332 

Cross girders, 242 

Crushing strength of materials, 186 

Cubical elasticity, coefficient of, 66 

Cubic equations, 3 

Cup-leather packing, 520 

Curb roof truss, 198 (Ex. 8) 

Current, radiating, 442 . 

Curtain plates, 234 

Curvature, centre of, 9 

Curvature, circle of, 9 

Curvature, radius of, 9 

Curve, anti-friction, 267 

Cycloid, 11 

Cycloidal curves, 11 

Cycloidal teeth, 378 

Cylindrical cams, 401 


Cylindrical shells, thin, 76 


pensy formula, 463 
Deck bridge, 242 
Definite integral, 7 

Deflection due to circular bending, 113 
Deflection of beams, 113 et seq. 


- Deflection of cantilever, 113, 114 


Detent, 408 
Diagram, acceleration-space, 287 
Diagram, acceleration-time, 286 
Diagram, effort-space, 283 
Diagram, effort-time, 284 
Diagram, load strain, 69 
Diagram of work, 25 
Diagram, velocity-space, 287 
Diagram, velocity-time, 286 

, angular motion, 290 


Diagrams r 
' Diagrams, bending moment, 88 


<a of governor, effort and power, 
- 33 


, Shearing-force, 88 
Diagrams, stress-strain, 68, 186 
rece pitch, 375 

iaphragm plates, 219 
Differential Fabsamolakes; Tweddell’s, 
523 


Differential coefficient, 6 
Differential gear, 391 

Direct driven stéam pumps, 509 
Discharge, coefficient of, 448 
Doble bucket, 488 

Double-acting piston pump, 502 
Drowned orifices, 449 

Drowned weirs, 453 

Dynamics, 1 

Dynamometers, 347 


Dyne, 2 
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Eddy current brake dynamometer, 353 
Efficiencies of centrifugal pumps, 515 
Efficiency of a machine, 27 
Efficiency of inclined plane, 262 
Efficiency of riveted joint, 73 
Efficiency of screws, 264 

Effort, 26, 283 

Effort, crank, 316 

Effort diagrams, piston, 313 
Effort of governors, 338 
Effort-space diagram, ‘283 
Effort-time diagram, 284 
Elasticity, 66 

Elasticity, modulus of, 66 

Elastic limit, 66 

Elastic strength, 68 

Electrical units, 26 

Ellipse, momental, 57 

Ellipse of stress, 147 

Elongation of test piece, 171 
Empirical formulz for struts, 166 
End posts, 239 

Energy, 30 

Energy, fluctuation of, 319 
Energy of water, 439 

Engineer's units of force and mass, 18 
English truss, 202 

Epicyclic train dynamometer, 356 
Epicyclic wheel trains, 391 
Epicycloid, 11 

Equations to parabola, 10 
Equilibrium polygon, 37 
Equivalent beam sections, 105 
Equivalent bending moment, 144 
Equivalent twisting moment, 144 
Equivalent uniform dead load, 93 


are 2 
Euler’s theory of long columns, 164 
Exponential series, 3 


Face of tooth, 376 

Factor of safety, 68 

Fan brake dynamometer, 352 
Fast and loose pulleys, 366 
Fatigue of metals, 179 

Fink truss, 200, 203 
Fish-bellied girder, 216 

Flank of tooth, 376 

Flats, 217 

Flitch beam, 135 (Ex. 19) 
Floating bodies, 436 

Fioor plating, 244 

Floors, bridge, 242 

Flow of water in channels, 470 
Flow of water in pipes, 465 
Flow through cyclindrical mouthpiece, 


Fluctuating loads, effect of, 178 

Fluctuation of delivery in crank-driven 
pumps, 508 

Fluctuation of energy, 319 

Fluctuation of energy, coefficient of, 320 

Fluctuation of speed, 322 
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Fluid friction, 460 
Fluids, 431 
Fly-wheels, 321 
Foot-pound, 24 
_ Foot-ton, 24 
Force, 18 
Force, moment of a, 20, 42 
Forced lubrication, 274 
Forced vortex, 443 
Forces, composition of, 34 
Forces, lettering of, 36 
Forces, parallelogram of, 34 
Forces, polygon of, 35 
Forces, resolution of, 34. 
Forces, resultant moment of a system 
of, 43 
Forces, triangle of, 34 
Formule for shafts, 82 
Forth Bridge, 132 
Fottinger’s torsion meter, 359 
Foundation bolt, 79 (Ex. 20) 
Fourneyron turbine, 493 
Fracture by shearing in tension and 
compression tests, 175 
Fracture by tension in torsion tests, 
176 
Fracture in tension test bar, position 
of, 173 
Framed structures, stress diagrams for, 
191 
Francis turbine, 493 
Francis’s formula, 452 
Free vortex, 443 
French truss, 203 
Frequency of contact of wheel teeth, 
376 
Friction and lubrication, 260 et seq. 
Friction angle, 261 
Friction axis of a link, 271 
Friction circle, 270 
Friction, fluid, 460 
Friction of an axle, 270 
Friction of band on pulley, 277 
Friction of governors, 334 
Friction of pivots and collars, 265 
Friction of screws, 262 
Friction of sliding keys, 275 
Friction ratchets, 410 
Function of a governor, 329 
Functions of 7,1 
Funicular polygon, 36, 38 


pant on fluctuation of energy 
‘in, 

Gases, ist. 

Gearing, belt, rope, and chain, 363 
et seq. 

Gearing, toothed, 375 et seq. 

Gears, change speed, 389 

Geometrical mean, 3 

Geometrical progression, 3 

Girard impulse wheel, 489 

Girder, bow-string, 233 
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Girder, box, 216 

Girder, fish-bellied, 216 
Girder, hog- -backed, 216 
Girder, lattice, 232 
Girder, Warren, 231 
Girder, wind, 246 

Girders, braced, 231 et seq. 
Girders, plate, 214 et seg. 
Governors, 329 et seq. 
Gradient, hydraulic, 463 
Gramme, 2 ‘ 
Gravity, accelerating effect of, te 
Gravity, centres of, 45 

Guest’s formula for shafts, 145 
Gutermuth valve, 508 


Hardening, 182 f 
Hardening effect of overstraining, - 
Harmonic motion, simple, 296 — 
Hat-leather packing, 520 
Head, artificial, 433 ~ 
Head race, 485 2 
Heat, mechanical equivalent 8h a 
Helical springs, 83 
Helical teeth, 386 
Hog-backed girder, 216 
Hollow shaft, 82 
Hooke’s joint, 405 
Hooke’s law, 66 
Hoop tension, 76 
Horse-power, 26 
Howe truss, 232 
Humpage’s gear, 392 
Hunting cog, 376 
Hurdy-gurdy, 487 
Hydraulic accumulator, 521 
Hydraulic crane, 527 
Hydraulic gradient, 463 
Hydraulic intensifiers, 524 
Hydraulic lifting-jack, 526 
Hydraulic mean depth, 461 : 
Hydraulic press for making lead p’ 
525 
Hydraulic preemies machines, 520¢ 
Hydraulics, 1 ms 
Hydraulics, general principles of, 
et seq. 
Hydrodynamics, 1 
Hydrostatics, 1, 431 et seq. 
Hyperbolic logarithms, 4 
Hypocycloid, 11 


Impact of jet oncup, 479 
Impact of jet on flat vane, 475 
Impact of jet on succession of va 
477 
Impulse, 19 
Impulse turbines, 493 ; 
Inch-pound, 24 i 
Inclined plane, efficiency of, 262 
Indefinite integral, 7 - 
India-rubber disc valve, 508 
Indicator diagrams, 313 — 
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Inertia curves, 57 

Inertia, moment of, 21, 50 
Inertia of reciprocating 8, 315 
Inertia, principal axes of, 56, 58 
Inertia, rotational, 21 
Instantaneous axis, 18 
ap ~" 17 
Integral culus, 6 

Intensifiers, hydraulic, 524 
Intensifying accumulator, 523 
Interference in cams, 404 
Internal teeth, 382 

Inversions of mechanisms, 308 
Involute teeth, 380 

Inward flow turbines, 493 


Jack, hydraulic lifting, 526 
Jack, screw, 279 (Ex. 14) 

Jet reaction wheels, 491 

Jockey Lo nea 368 

Joint, Hooke’s, 40. 

Joint, tie-bar, 75 

Joints, cottered, 77 

Joints for hydraulic pipes, 521 
Joints in boom plates, 235 
Joints, riveted, 72 

Jonval turbine, 493 

Journal bearings, friction of, 272 


Keys, friction of sliding, 275 

Kinematical equations, 16 

Kinematics, 1 

Kinetic energy, 30, 439 

Kinetic energy of rotating body, 30 

Kinetics, 1 

King-rod, 202 

Klein’s construction for piston accelera- 
tion, 

Knot, 16 

Kutter’s channel formula, 471 


Lamé’s formulz for thick cylinders, 
159 

Lattice girder, 232 
Law of a machine, 27, 28 
Laws of friction, 260 
Lead-tin alloys, tests of, 184 
Lettering of forces, 36 
Lifting jack; hydrautic, 526 

y le, 
Limithoe angle of resistance, 261 
Linear acceleration, 16 
Linear velocity, 16 
Link polygon, 37 
Linville truss, 232 
Liquids, 431 
Load, 64 
Loaded governors, 333 
Loads, fluctuating, 178 
Loa beets dictions . 

m, 6 

Tnainotives balancing of, 422 
Locomotives, coupled, 425 


Logarithmic ise 3 

Logarithms, 4 

Loss of e nergy or’ head, 448 

pte h due to friction in pipe, 

Loss of head due to obstructions in 

8, 458 

Loss of head due to sudden contraction 
of pipe, 457 

Loss of head due to sudden enlarge- 
ment of pipe, 456 

Lowell formula, 452 

Lubrication, bath, 274 

Lubrication, forced, 274 

Lubrication, pad, 274 

Lubrication, ring, 274 

Lubrication, splash, 275 

Lubricator, needle, 273 

Lubricator, syphon, 273 

Luders’ lines, 175 


Machines, 26 

Machines, hydraulic pressure, 520 et seq. 

Marlborough wheel, 389 

Mass, 18 

Maximum shear stress due to combined 
twisting and bending, 144 

Mechanical advantage of a machine, 27 

Mechanical equivalent of heat, 31 

Mechanical properties of steel after 
heat treatment, 179 

Mechanics, 1 

Mechanisms, miscellaneous, 397 et seq. 

Mercury, com ressibility of, 431 

Metacentre, 486 ~ 

Metals, fatigue of, 179 

Meters, torsion, 358 

Method of sections, 196 

Miner’s inch, 448 

Mitre wheel, 384 

Mixed flow turbines, 493 

Moduli of various sections, 105, 106 

Modulus of beam section, 105 

Modulus of elasticity, 66 

Modulus of elasticity of materials, 187 

Modulus of rupture, 109 

Moment of a force, 20, 42 

Moment of inertia, 21, 50 

Moment of inertia, fundamental ex- 
amples, 52 

Moment of inertia theorems, 51 

Moment of momentum, 21 

Moment of resistance of shaft to tor- 
sion, 81 

Moment of resistance to bending, 104 

Momental ellipse, 57 

Moments and centroids, 42 et seq 

Moments of inertia of various sections, 
105, 106 

Moments, principle of, 44 

Momentum, 19 

Momentum, angular, 21 

Momentum, moment of, 21 
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Mortice wheel, 376 

Motion and force, 15 e¢ seq. 

Motion, Newton’s laws of, 19 

Motion, simple harmonic, 296 

Mouthpiece, Borda’s, 460 

Mouthpiece, flow through cylindrical, 
458 

Multi-stage turbine pumps, 516 


Napierian logarithms, 4 
Nautical mile, 16 

Needle lubricator, 273 
Neutral axis, 104 

Neutral surface, 103 
Newton’s laws of motion, 19 
Nominal and actual stresses, 170 
Normal pitch, 381 

Notched bars, 174 

Notches, rectangular, 451 
Notches, triangular, 453 
N-truss, 231 


Obliquity of action between wheel 
teeth, 379 

Oil hardening, 182 

Oldham’s coupling, 408 

Open web girders, 231 et seg. 

Orifices, large rectangular, 450 

Orifices, partially submerged, 453 

Orifices, submerged, 449 

Oscillating engine mechanism, 308 

Otto cycle, 320 

Outward flow turbines, 493 

Overhead bracing, 247 

Overshot water wheels, 485 

Overstraining, hardening effect of, 
177 


Packing for hydraulic rams and pis- 
tons, 520 

Pad lubrication, 274 

Parabola, construction of, 10 

Parabola, equations to, 10 

Parallel flow turbines, 493 

Parallel forces, centre of, 44 

Parallelogram of forces, 34 

Path of approach, 379 

Path of contact, 378 

Path of recess, 379 

Pawl, 408 

Pelton wheel, 487 

Pendulum pump, 309 

Pendulum, revolving, 329 

Pendulum, simple, 299 

Pent roof truss, 198 (Ex. 5) 

Periodic time, 297 

Permanent set, 66 

Pheenix column, 61 (Ex. 8) 

Piezometers, 464 

Pin wheels, 382 

Piston, 499 

Piston acceleration, 301 

Piston acceleration diagrams, 303 
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Piston effort diagrams, 313 

Piston velocity diagrams, 300 

Pit work, 293 ° 

Pitch circle, 3875 

Pitch line of toothed wheel, 375 

Pitch of teeth, 375 

Pitch surfaces of toothed wheels, 

Pivot, Schiele’s, 267 

Pivots, friction of, 265 

Plane motion, 15 ae 

Plate girder, worked example, 223 — 

Plate girders, 214 et seq. "ae 

Plate girders, riveting “of, 220. - Sm 

Plate girders, weight of, 223 

Plunger, 499 

Plunger pump, 501 

Pneumatics, 1, 431 

Poisson’s ratio, 155 

Polygon, funicular, 36, 38 

Polygon of forces, 35 

Polygon, vector, 13 

Poncelet water wheel, 487 

Porter governor, 334 

Positive and negative bendiem an 
shearing, 88 

Potential energy, 30, 439 

Pound, 18 

Power of governors, 338 

Power transmitted by belts, 369 

Power transmitted by wire ropes, 

Power transmitted through a pipe, 

Pratt truss, 231 

Pressure, centre of, 47, 433 

Pressure energy, 439 

Pressure, resultant of, 433 : 

Principal axes of inertia, 56, 58 

Principal axes of stress, 141 

Principal stresses, 141 a 

Principal stresses due to combined 
bending and twisting, 143 . 

Principle of moments, 44 

Prony brake, 347 

Proof load, 68 

Proof strength, 68 

Proof stress, 68 

Proportions of teeth, 376 ” 

Pullen’s friction brake dynamomet : 
350 s 

Pulleys, stepped, 364 

Pump, pendulum, 309 

Pump valves, 506 

Pumps, 499 ¢¢ seg. 

Purlins, 201 


Quadratic equations, 2 
Queen-rod, 202 
Quick return motion, Whitworth, ; 


Rack, 382 

Radian, 16 

Radiating current, 442° 

Radius of curvature, 9 

Radius of curvature of beam, 103 


Radius of gyration, 21 
Rafters, 201 


Rail bearers, 242 

Railway brakes, 346 

Railway bridge floors, 242 

Rankine-Gordon formula for struts, 166 

Ratchets, 408 

Rate of work, 26 

Ratio, Poisson’s, 155 

Reaction of jet, 479 

Reaction turbines, 493 

Reciprocal figures, 37 

Reciprocating parts, inertia of, 315 

Rectangular notches, 451 

Rectilinear motion, 15 

Reinforced concrete beams, 109 

Relations between bending moment 
and shearing force diagrams, 92 

Relations between ¢, E, OC, and K, 156 

Relative motion, 15 

Renold’s chain, 371 

Resilience, 69 

Resilience of a beam, 132 

Resolution of forces, 34 

Resolution of velocities and accelera- 
tions, 17 

Rest and motion, 15 

Resultant moment of a system of forces, 
43 

Resultant pressure, 433 

Resultant vector, 13 

Retardation, 16 

Reversal of shearing stress in beams, 
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Reversed efficiency of a machine, 27 
Reversible ratchets, 409 
Reverted wheel trains, 391 
Revolving pendulum, 329 
Revolving vane, action of jet on, 482 
Rigidity, coefficient of, 66 
Rims of pulleys, 365 

lubrication, 274 

Ring, strength of, 154 
Riveted joints, 72 . 
Riveting in booms, 235 
Riveting of plate girders, 220 
Rolled joists, 214 
Roller for cylindrical cam, 402 
Roller, fracture of, 176 
Rollers, crushing tests on, 189 (Ex. 8 
Rolling load, 93 
Roof coverings, 204 
Roof coverings, weight of, 210 
Roof trusses, details of, 205-210 
Roofs and roof trusses, 201 et seq. 
Root circle, 376 
Rope brake dynamometer, 351 
Rope pulley, 366 
Ro motion, 15 
Rotating cams, 399 
Rotating guides for sliding piece, 275 
Rotational inertia, 21 
Rupture, modulus of, 109 
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Safety, factor of, 68 

Saw-tooth truss, 202 

Scalar quantities, 12 

Schiele’s pivot, 267 

Scotch turbine, 492 

Screw-jack, 279 (Ex. 14) 

Screws, efficiency of, 264 

Screws, friction of, 262 

Secondary bracing, 201, 236 

Section modulus figures, 105 

Sections, method of, 196 

Sensitiveness of governors, 335 

Series, 3 

Shaft, angle of twist of, 80 

Shaft, moment of resistance to torsion, 
81 

Shafts, formule for, 82 

Sharp-edged orifices, flow through, 447 

Shear stress equivalent to two normal 
stresses, 140 

Shear stresses in beams, 148 

Shear stresses on planes at right angles, 
equality of, 139 

Shearing by forces in different planes, 
101 

Shearing force at concentrated load, 91 

Shearing force diagrams, 59, 88 

Shearing forces on beams, 87 

Shearing, positive and negative, 88 

Shearing strain, 64, 65 

Shearing strength of materials, 187 

Shearing stress, 64, 65 

Shock, 69 

Silent ratchet, 410 

Simple conical pendulum governor, 332 

Simple harmonic motion, 296 

Simple pendulum, 299 

Simple strains and stresses, 64 et seq. 

Simple torsion, 79 

Slates, 204 

Sleepers, 244 

Slider acceleration, 301 

Sliding cams, 398 

Slider-crank chain, 308 

Slider velocity diagrams, 300 

Sliding friction, 260 

Sliding keys, friction of, 275 

Slope of bent beam, 114 

Soaking, 182 

Space average and time average of a - 
force, 284 

Speed, 15 

Spherical shells, thin, 76 

Splash lubrication, 275 

Springs, helical, 83 

Statical friction, 260 

Statics, 1 

Steam pumps, direct driven, 509 

Step pulleys, 364 

ee pe teeth, 386 

Stiffeners, web, 219 

Stiffness of a beam, 115 

Strain, 64 
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Strain, compressive, 65 

Strain, shearing, 65 

Strain, volume, 65 

Strains and stresses, compound, 138 
et seq. 

Strains and stresses, simple, 64 e¢ seq. 

Straining pulleys, 368 

Strength, 68 

Strength, elastic, 68 

Strength of a ring, 154 

Strength of wheel teeth, 107 

Strength, proof, 68 

Strength, ultimate, 68 

Stress, 64 

Stress, centre of, 47 

Stress, compressive, 64, 65 

Stress diagrams for framed structures, 
191 et seq. 

Stress diagrams for wind pressure, 194 

Stress, ellipse of, 147 

Stress, principal axes of, iat, 

Stress, shearing, 65 

Stress, tangential, 65 

Stress, ultimate, 68 

Stresses in a cranked shaft, 146 

Stresses induced by bending, 103 

Stresses, nominal and actual, 170 

Stress-strain diagrams, 68, 186 

Stringer plates, 234 

Submerged orifices, 449 

Successive differentiation, 9 

Suction tube, 496 

Suppressed weir, 451 

Sway bracing, 247 

Swinging-block slider-crank chain, 308 

Swinging slider-crank, 309 

Syphon lubricator, 273 


Tail race, 485 

Tangential stress, 65 
Teeth, cycloidal, 378 
Teeth, helical, 386 

Teeth, internal, 382 
Teeth, involute, 380 
Teeth, proportions of, 376 
Teeth, stepped, 386 
Tempering, 182 

Tensile strain, 64 

Tensile strength of materials, 187 
Tensile stress, 64 


Tension test bars, long versus short, 174 


Theorem of three moments, 126 

Theory of long columns, 164 

Thick hollow cylinders, 158 

Thin cylindrical shells, 76 

Thin spherical shells, 76. 

Three-hinged arch, 197 

Three moments, theorem of, 126 

Through bridge, 242 

Tie-bar joint, 75 

Tiles, 205 

Time average and space average of a 
force, 284 
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Time of flow through an orifice, 4 

Toothed gearing, 375 et seq. 

Torque, 20, 25 

Torricelli’s theorem, 446 

Torsion meters, 358 

Torsion, simple, 79 ae 

Tower’s experiments on friction, 
272 

Tractrix, 267 

Train of wheels, 388 

Tramway rail section, 62 (Ex. 14) 

Transformation of moments of ing 
56 

Transmission dynamometers, 347 = 

Transverse elasticity, coefficient of, 

Travelling loads, 93, 98 

Triangle of forces, 34 

Triangles, formule for, 5 

Triangular notches, 453 

Trigonometrical formule, 4 

Trough floors, 244 re, 

Truss, Belgian, 203 

Truss, Bollman, 200 

Truss, English, 202 

Truss, Fink, 200, 203 

Truss, French, 203 

Truss, Howe, 232 

Truss, Linville, 232 

Truss, Pratt, 231 

Truss, saw-tooth, 202 

Truss, Whipple- Murphy, 231 

Turbine pumps, 5 

Turbine, Scotch, ae 

Turbine, Whitelaw’s, 492 

Turbines, classification of, 493 

Turbines, impulse, 493 

Turbines, reaction, 493 

Turning moment, 25 

Turning slider-crank chain, 308 

Tweddell’s differential accum 
523 

Twisting moment, equivalent, 144 


U-leather packing, 520 
Ultimate crushing strength of 1 
rials, 186 
Ultimate shearing strength of mate- 
rials, 187 ye 
Ultimate strength, 68 
Ultimate stress, 68 “a 
Ultimate tensile strength of mate 
187 | 
Unbalanced effort, 283 
Undershot water wheels, 487 
Uniform velocity, 15 
Universal coupling, 405 
Useful load, 64 


Vacuum chamber, 506 a 
Valves, Bil 506 a 
Vanes of centrifugal pumps, 514 a 
Variable velocity, 15 ; 
Vector, 12 


Vectors, addition of, 13 

Velocities of water in pipes, 461 
Velocity, 15 

Velocity, coefficient of, 447 

Velocity diagrams, P toh or slider, 800 
Velocity of approach, 447, 452 
Velocity of whirl, 483 

Velocity ratio in belt gearing, 363 
Velocity ratio of a train of wheels, 388 
Velocity ratio of a machine, 26 
Velocity ratio of follower and cam, 404 
Velocity-space diagram, 287 
Velocity-time diagram, 286 

Vena contracta, 447 

Venturi water meter, 440 

Victor turbine, 493 

Virtual centre, 17 

Virtual slope of pipe, 464 

Volume strain, 65 

Vortex, 443 


Wall plates, 202 

Warren girder, 198, 231 
Water, compressibility of, 431 
Water, energy of, 439 

Water meter, Venturi, 449 
Water, weight of, 1, 436 
Water wheels and turbines, 485 et seg. 
Web bracing, 235 

Web plates, 218 

Web stiffeners, 219 

Weight, 18 
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Weight of plate ers, 223 
Weight of roof ines 210 
Weight of water, 1, 436 
Weirs, 451 
Weirs, drowned, 453 
Wetted perimeter, 461 
Wheel teeth, strength of, 107 
Wheel trains, 388 
Wheel trains, epicyclic, 391 
Wheel trains, reverted, 391 
Wheels, bevel, 384 
Wheels, pin, 382 
Whipple-Murphy truss, 231 
Whirl, velocity of, 483 
Whirling liquids, 444 
Whitelaw’s turbine, 492 
Whitworth quick return motion, 308 
Wilson-Hartnell governor, 342 (Ex. 16) 
Wind girder, 246 
Wind pressure, 194, 246 
Wind ties, 201 
Wire rope pulley, 366 
Wire ropes, power transmitted by, 370 
high and pet UL ~ et ef. : 
ork by an oblique force, 
Work, apse of, 25 
Work in raising a system of weights, 
24 


Work in turning, 25 

Working load, 68 

Working stress, 68 

Worthington pumping engine, 510 


Young’s modulus, 66 


Printed by BALLANTYNE, HANSON & Co, 
at Paul’s Work, Edinburgh 


Demy 8vo0, 407 pages, with over 800 Illustrations, 78: 6d. 


NEW EDITION, Revised and Enlarged 


(Thirteenth Impression). 


A MANUAL OF 
MACHINE DRAWING AND DESIGN 


BY 
DAVID ALLAN LOW 


(WHITWORTH SCHOLAR), M.I.Mrcu.E. 


AND 


ALFRED WILLIAM BEVIS 


(WHITWORTH SCHOLAR), M.I.MECH.E. 


‘‘ A thoroughly practical book, welladapted to be used as a guide in the drawing 
office, . . . The whole book is characterised by thoroughness.”—Fngineering. 

“For its size it is the best work on machine drawing within reach of the 
student.”—English Mechanic. 

“This is a really excellent publication. . . , The book deserves to be highly 
commended,”—Glasgow Herald. 

“The book is in every way a credit to the authors, and a model of what a 
technical text-book ought to be.”—The Practical Engineer. 


By DAVID ALLAN LOW 


TEXT-BOOK ON PRACTICAL, SOLID, AND DESCRIP- 
TIVE GEOMETRY. Crown 8vo. 


Part I, With 114 Figures, 2s. 
Part II, With 64 Figures, 3s. 


PRACTICAL GEOMETRY AND GRAPHICS With over 


800 Illustrations and over 700 Exercises. 8vo, 7s, 6d, net. 


AN INTRODUCTION TO MACHINE DRAWING AND 
DESIGN. With 153 Illustrations and Diagrams. Crown 8vo, 2s. 6d, 


A POCKET-BOOK FOR MECHANICAL ENGINEERS. 
Fep. 8vo, 7s. 6d. 


THE DIAGRAM MEASURER. An Instrument for Measuring — 
the Areas of Irregular Figures, and specially useful for determining the 
Mean Effective Pressure from Indicator: Diagrams from Steam, Gas, and 
other Engines. With full instructions. 1s, ; 


LONGMANS, GREEN AND CO. 
39 PATERNOSTER ROW, LONDON 
NEW YORK, BOMBAY, AND CALCUTTA ° 


PLEASE DO NOT REMOVE 
CARDS OR SLIPS FROM THIS POCKET 


UNIVERSITY OF TORONTO LIBRARY 


ee ie 


as 


cs 


bist 


4 
4 
‘ 


